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In (173) the existence of analogues of the Cauchy kernel was proved, and in
(379) the index was computed, the number of solutions and the solvability con-
ditions for the Riemann boundary-value problem on closed Riemann surfaces
were found. The solutions themselves of the Riemann problem and analogues
of the Cauchy kernel have so far been constructed explicitly only in the case of
a torus (1Y), given by an algebraic equation.

In the present note, analogues of the Cauchy kernel are constructed explicitly
on the Riemann surface R of genus 2, given by the algebraic equation:

w? = f(2), where f(2) = (1 —22)(1—k%2%)(1 -h%22), 0<h<k<l (1)

On this basis, a solution in closed form is given for the Riemann boundary-value
problem on fR.

1. We shall write points of the surface R in the form of ordered pairs (z, w),
(1,0), (t,v), (p,&), ... of complex numbers connected by equation (1). By
++/f(2) we denote the continuous branch of the root, single-valued in the
z-plane cut along the rectilinear segments [—1/h, —1/k], [—1,1], [1/k, 1/h],
defined by the condition: lim, o, o;(4++/f(2)) = +1. The sets of points
of the surface R of the form (z,4++/f(z)) and (z,—+/f(2)) will be called,
respectively, its upper and lower sheets. The sheets are glued along the
indicated segments. On each sheet there is a point at infinity. We de-
note these points respectively by (0o, +00), (00, —00). The canonical cuts
Ay, Ay, By, By of the surface 8 are chosen and oriented as indicated in
Fig. 1. The dashed lines here are those lying on the lower sheet.

Fig. 1

sovietrxiv.org/items/ru-197001.65396 Machine Translation


https://sovietrxiv.org/items/ru-197001.65396

In the computations we agree to contract the canonical cuts to doubly traversed
rectilinear segments joining the branch points. A basis of Abelian differentials
of the first kind (1112) on R is formed by the differentials

dr/¢,  Td7/¢,  (T,() €R. (2)

Introducing the notation

/1/h ﬂ _x /l/h dr o /l/k dj e /1/k rdr o
ke 1Cl ’ k1<l ’ LIl ’ A ¢ ’
(3)

it is easy to compute the period matrix of the differentials (2). We shall need a
complex-normalized basis of differentials of the first kind on ‘R, i.e. such a

basis whose A-periods form the identity matrix. This basis is expressed through
(2) and (3) by the formulas:

1 dr 1 TdT.

~ldr 1 7dr id’]’ 1 7dr
4K ¢ 4H ¢’

duy(7,¢) = duy(1,¢) = 4K?_ET' (4)

The period matrix of this basis has the form

i1 (H K’ 1 (H K’
10 - (=+—=] (-5

2\ H K 2\ H K (5)
oy L(H KN i K

2\ H K 2\ H K

2. As the simplest analogue of the Cauchy kernel on J9& one may take the
expression

w+ ¢ dr
20 T—2

(z,w) €R, (7,() €R. (6)

Let us formulate its properties.

1) With respect to the variable (7, (), expression (6) is an Abelian differen-
tial of the third kind on R with three simple poles at the points (z,w),
(00, +00). The residue at the first point is (+1), and at the other two it
is (—1/2).

2) With respect to the variable (z, w), expression (6) is a meromorphic func-
tion everywhere on R with a simple pole at the point (7,¢). In addition,

there are two poles of order 2 at the points (oo, 4+00), near which the
expansion
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w+¢ dr  ikh (dT TdT
e =y (TR ) @

takes place, where the dots denote regular terms. From (7) it is clear that the
coefficients of the positive powers of z form the basis (2) of differentials of the
first kind.

Properties 1) and 2) are easily proved by expanding expression (6) in powers of
the local parameter in neighborhoods of the indicated poles. Here, in neighbor-
hoods of the points (oo, +00), the variable o = 1/7 is used as a local parameter of
the point (7, (). In neighborhoods of branch points, for example (7,¢) = (0, 1),
the variable 0 = v/7 — 1 is used as a local parameter. In neighborhoods of the
remaining points (7, (), the local parameter is taken to be 7. The same remarks
apply to the variable (z,w).

Let L be a finite smooth curve on R, and let g(7, {) be an H-continuous function
of the points of this curve. The Cauchy-type integral with kernel (6)

1 w4+ g(1,0)
dz,w)=— | —— dr, ,w)ER—L, 8

(z,w) 27TZ/L 20 T—=2 g (2, w) ®)
represents a function ®(z, w), analytic on R— L, admitting at the points (z, w) =
(00, +00) poles of order 2. From (7) the principal parts of the expansions of

the function ®(z,w) in neighborhoods of the points (oo, +00) are easily found.
These expansions show that the equalities

TdT

/L 97, OF =0 / (7,07 =0 (9)

ensure analyticity of the function ®(z,w) everywhere on R — L. From property
1) there follows the relation

w+¢ dr  dr
2¢ T—z T—2

+... as (1,0) = (z,w). (10)

It follows from this relation that ®(z, w) is H-continuously extendable to L, and
its limiting values ®* (¢, v) (from the left) and &~ (¢,v) (from the right) on L are
related by the Sokhotski formulas:

v+¢9(1.9)
2¢ T—1t

E(t,v) = ﬁ:%g(t,v) + /L dr,  (t,v)eL, (11

where the integral is understood in the sense of the principal value.
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3. For constructing the solution of the Riemann boundary-value problem on
R, a single kernel (6) is not sufficient. We shall give several other analogues
of the Cauchy kernel.

The “discontinuous” analogue of the Cauchy kernel:

w4+ (¢ dr / w+& dp / w+E& dp
2¢ T—2z Jyu 26 p—z Jyu 26 p—=z
1 dr
dwiew)(T:¢) = g p T —2K 2K
Tgﬁ —2H —2H

The algebraic complement of the element

w+ (¢ dr
20 17—z

of the determinant is equal to 8 K H; therefore, with respect to the variable
(1,¢), expression (12) has exactly the same properties as (6). In particular,
relation (10) remains valid. With respect to the variable (z,w), the integrals in
the first row of determinant (12) have discontinuities of the first kind along the
curves A; and A,, respectively. This follows from the fact that the integrals
may be obtained by formula (8), where one should take g(7,{) = 2mi, and
as L use, respectively, the curves A; and A,. If the first row of determinant
(12) is expanded in powers of z in a neighborhood of the points (0o, +00) and
(7) is used, then the corresponding values are found to be +2miduq(7,¢) and
+27i dus (7, ¢), where the latter (z,w) expression (12) has a unique simple pole
at the point (z,w) = (7, () and discontinuities of the first kind along the curves
A, and A,. Using formulas (11), it is easy to compute the increments that
the kernel (12) receives when the point (z,w) passes through the lines A; and
A,. These increments turn out to be, respectively, equal to +2widu,(7,()
and +27i duy (7, (), where the latter differentials are computed by formulas (4).
For the Cauchy-type integral with kernel (12), Sokhotski formulas analogous
to formulas (11) are valid. The absence in the kernel (12), for (z,w) # (7,(),
of poles makes it convenient for constructing the solution of the homogeneous
Riemann problem.

For constructing the solution of the nonhomogeneous Riemann problem, “mero-
morphic” analogues of the Cauchy kernel are needed, i.e. such analogues which,
with respect to the variable (z,w), have no lines of discontinuity, but have poles
at a finite number of prescribed points. The existence of such kernels is proved
in (1). For the Riemann surface %R given by equation (1), every meromorphic
analogue of the Cauchy kernel is expressed explicitly through (6) and (2). Hav-
ing no space for proving this assertion, we restrict ourselves to an example. On
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R take two points («,a) and (3, b), finite, distinct from the branch points, and
such that o # 3. The expression

w+¢ wH+a w+b
dr T—z a—2z p—2z

2(a—p)¢ T o 8
1 1 1

(13)

is a meromorphic analogue of the Cauchy kernel, having, with respect to the
variable (z,w), simple poles at the points (7,(), («, a), (8,b), and regular at the
remaining points of the surface 8. With respect to the variable (7, (), expression
(13) has exactly the same properties as (6). In particular, for the Cauchy-type
integral with kernel (13), the Sokhotski formulas are valid, and the integral itself
is a piecewise-meromorphic function on fR, having two simple poles at the points

(o, a) and (8,0).

4. Consider the homogeneous Riemann boundary-value problem on k. We
seek a function ®(z,w), analytic on R — L, H-continuously extendable to
L, under the boundary condition:

Dt (t,v) = G(t,v)P (¢, v), (t,v) € L, (14)

where L is a closed, smooth, finite, oriented curve, and G(t,v) # 0 is a given
H-continuous function of points of this curve. The mutual position of the curve
L and the canonical cuts on fR is immaterial. Fix on L an arbitrary point
(tg,vo). Select a branch of the function In G(¢,v) with a discontinuity at the
point (ty,vy), and assume that this branch enters into all the formulas given
below. Introduce the integer » equal to

1
% :Re{ﬂ [lnG(tO—0,110—O)—lnG(tO+0,v0+O)]}.
T

Fix on R an arbitrary finite point (zy,w,) and denote

(z,w) (z,w)
ul(za ’LU) = / d’u’l(Tv C)a u2(Z7 ’LU) = / du2(7-7 <>7 (15)

(20,wq) (2z0,w0)

the normalized basis of Abelian integrals of the first kind on $R. We shall assume
that in the integrals (15) the path of integration does not cross the canonical
cuts. The general solution of problem (14) is given by the formula:

B(ev0) = oz w) exp{ 5 [ G0 de (7.0

L
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(21,w1) (29,ws)
- / dw(z,w)<7—a C) - / dw(z,w)(Ta C) +2m [mlul(za w) + Myl (27 w)}
(z0,w0) (20,wo)
(16)

where dw, (7, () is the discontinuous analogue of the Cauchy kernel (12), and
the paths of integration in the integrals from (z(,w) to (z;,w;) do not cross
the canonical cuts. The points (2, w;), (25, wy) € R and the integers my, mqy
are found from the following Jacobi inversion problem:

1
uy (21, wy) + uy (29, W) = i /IHG(TaC) duy (7,¢) +ny+
L

o\m " k)™M T2 \H  K)"?
1
u2(’z17w1) +u2(227w2) = TTI'Z /IHG(T, C) du2<T7 C) + TL2+
L

Li(H K Li(H K
o\m " K)™MTae\Hm TR )"

where n; and n, are also unknown integers which, however, do not enter into
formula (16). The function ¢(z,w) entering into (16) is an arbitrary meromor-
phic everywhere on R (algebraic) function whose divisor is a multiple® of the
divisor (ty,v9) " (20, wg) (21, w; ) (24, wy). It may be taken in the form

p(z,w) = [P(z)w+ Q(2)]/R(2),

where P(z), Q(z), R(z) are polynomials in z, the degrees and coefficients of which
are found from the conditions expressing the multiplicity of the function ¢(z, w)
with respect to the divisor (¢, vy) *(2g, wo) 2(21, Wy ) (29, w5).

5. Using the apparatus of Riemann theta-functions, for solving the inversion
problem (17) one can give a simple algorithm reducing the determination of the
points (z;,w;) and (2,5, w,) to quadratures and arithmetic operations.
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