
Soviet-era science, translated into English

ON THE THEORY OF
SOLUTIONS OF
NONLINEAR
OPERATOR
EQUATIONS
MATHEMATICS

1970

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-197001.65203

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-197001.65203


Abstract
Full Text
UDC 517.948:513.88

MATHEMATICS

Ya. D. MAMEDOV, V. M. MUSAEV

ON THE THEORY OF SOLUTIONS OF NON-
LINEAR OPERATOR EQUATIONS
(Presented by Academician A. N. Tikhonov on 4 V 1970)

Let 𝐸 be a Banach space. By 𝐸𝑇 denote the space of continuous abstract
functions 𝑥(𝑡) (0 ≤ 𝑡 ≤ 𝑇 ) with values in 𝐸 and with norm

‖𝑥(𝑡)‖ = max
0≤𝑡≤𝑇

‖𝑥(𝑡)‖𝐸.

By 𝑆 and 𝑆𝑇 denote balls, respectively, in 𝐸 and 𝐸𝑇 , with centers at the point
𝑥(0) and radii 𝑟.

Let 𝐹(𝑡, 𝑥, 𝑦𝑡) be a nonlinear Volterra operator for fixed 𝑥 (i.e., for fixed 𝑡 it acts
from 𝐸𝑡 into 𝐸), and for fixed 𝑡 and 𝑦𝑡 an “ordinary”nonlinear operator (i.e.,
an operator acting in 𝐸).

The article is devoted to the study of solutions of the equation

𝑥(𝑡) = 𝑥(0) + 𝐹[𝑡, 𝑥(𝑡), 𝑥𝑡] (1)

in 𝐸𝑇 .

An example of equation (1) may be, for instance, the following integral equation
of Uryson–Volterra type

𝑥(𝑡, 𝑠) = Φ {𝑡, 𝑠; ∫
𝑇

0
𝐾1[𝑡, 𝑠, 𝜎, 𝑥(𝑡, 𝜎)] 𝑑𝜎, ∫

𝑡

0
𝐾2[𝑡, 𝑠; 𝜏 , 𝑥(𝜏, 𝑠)] 𝑑𝜏} . (2)

In the case when 𝐹(𝑡, 𝑥, 𝑦𝑡) does not depend on 𝑥, equation (1) was first in-
vestigated by A. N. Tikhonov (1). (Further investigations of such equations
were considered, for example, in works (2−5).) In the case when the operator
𝐹(𝑡, 𝑥, 𝑦𝑡) depends only on 𝑥, equation (1) is an “ordinary”nonlinear operator
equation, for the solution of which a considerable number of fixed-point princi-
ples and approximate methods are known. Equation (1) in its general form is
studied here for the first time.
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By 𝜑(𝑡, 𝑢𝑡) denote a scalar Volterra operator acting from 𝑀+
𝑇 into (0, ∞) for

fixed 𝑡 ∈ [0, 𝑇 ], where

𝑀+
𝑇 = {0 ≤ 𝑢(𝑡) ∈ 𝐶[0, 𝑇 ]; max

0≤𝑡≤𝑇
𝑢(𝑡) ≤ 2𝑟} .

Below we shall assume everywhere that if a monotone, bounded sequence 𝑢(𝑛)(𝑡)
(0 ≤ 𝑡 ≤ 𝑇 ) converges pointwise to 𝑢(𝑡), then

lim
𝑛→∞

𝜑(𝑡, 𝑢(𝑛)
𝑡 ) = 𝜑(𝑡, 𝑢𝑡).

1. First suppose that, for any fixed abstract function 𝜉(𝑡) ∈ 𝑆𝑇 , the operator
equation

𝑥(𝑡) = 𝑥(0) + 𝐹[𝑡, 𝑥(𝑡), 𝜉𝑡] (3)

has a unique solution 𝑥(𝑡) ∈ 𝑆𝑇 , and it can be found.

For an approximate solution of equation (1), we construct successive approxi-
mations as follows:

𝑥(0)(𝑡) = 𝑥(0), (4)

𝑥(𝑛)(𝑡) = 𝑥(0) + 𝐹 [𝑡, 𝑥(𝑛)(𝑡), 𝑥(𝑛−1)
𝑡 ] (𝑛 = 1, 2, …).

Theorem 1. Suppose that the operator 𝐹(𝑡, 𝑥, 𝑦𝑡) is defined on the topological
product 𝑅 = [0, 𝑇 ] × 𝑆 × 𝑆𝑟, is continuous, bounded, and satisfies the condition

‖𝐹(𝑡, ̃𝑥, ̃𝑦𝑡) − 𝐹(𝑡, 𝑥, 𝑦𝑡)‖ ≤ 𝐿‖ ̃𝑥 − 𝑥‖ + 𝜑(𝑡, ‖ ̃𝑦𝑡 − 𝑦𝑡‖) (0 ≤ 𝐿 < 1),

where the Volterra operator 𝜑(𝑡, 𝑢𝑡) (0 ≤ 𝑡 ≤ 𝑇 , 𝑢 ∈ 𝑀+
𝑇 ) is nondecreasing with

respect to its second argument, the equation

𝑢(𝑡) = 1
1 − 𝐿𝜑(𝑡, 𝑢𝑡) (5)

has only the zero solution, and

𝑀 = max {max
𝑅

‖𝐹(𝑡, 𝑥, 𝑦𝑡)‖,
1

1 − 𝐿 max
0≤𝑡≤𝑇

𝜑(𝑡, 2𝑟)} ≤ 2𝑟. (6)

Then there exists a unique solution of equation (1), and it is the limit of the
successive approximations (3), with the rate of convergence determined by the
formula
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‖𝑥(𝑛)(𝑡) − 𝑥(𝑡)‖ ≤ 𝜀(𝑛)(𝑡),

where {𝜀(𝑛)(𝑡)} is determined from the equalities

𝜀(0)(𝑡) = 𝑀,

𝜀(𝑛)(𝑡) = 1
1 − 𝐿𝜑(𝑡, 𝜀(𝑛−1)

𝑡 ) (𝑛 = 1, 2, …).

Now, for an approximate solution of equation (1), we construct approximations
as follows:

𝑥(𝑛)(𝑡) = 𝑥(0) (0 ≤ 𝑡 ≤ 𝑇 /𝑛),

𝑥(𝑛)(𝑡) = 𝑥(0) + 𝐹 [𝑡 − 𝑇 /𝑛, 𝑥(𝑛)(𝑡), 𝑥(𝑛)
𝑡−𝑇 /𝑛] (𝑇 /𝑛 ≤ 𝑡 ≤ 𝑇 ), (7)

𝐹[0, 𝑥(0), 𝑥0] = 0 (𝑥 ∈ 𝑆𝑇 ).

Theorem 2. Suppose that the operator 𝐹(𝑡, 𝑥, 𝑦𝑡) is defined on the topological
product 𝑅, is continuous, bounded, and satisfies the condition

‖𝐹(𝑡 + Δ𝑡, ̃𝑥, ̃𝑦𝑡+Δ𝑡) − 𝐹(𝑡, 𝑥, 𝑦𝑡)‖ ≤ 𝐶|Δ𝑡| + 𝐿‖𝑥 − ̃𝑥‖ + 𝜑(𝑡, ‖ ̃𝑦𝑡 − 𝑦𝑡‖),

(0 ≤ 𝐿 < 1, 0 ≤ 𝑡, 𝑡 + Δ𝑡 ≤ 𝑇 ),

where the Volterra operator 𝜑(𝑡, 𝑢𝑡) (0 ≤ 𝑡 ≤ 𝑇 , 𝑢 ∈ 𝑀+
𝑇 ) is nondecreasing in

𝑢𝑡, equation (5) has only the zero solution, and

a) for any fixed 𝛿 ∈ [0, 𝐶𝑇 /(1 − 𝐿)] the equation

𝑢(𝑡) = 𝛿 + 1
1 − 𝐿𝜑(𝑡, 𝑢𝑡)

has a unique solution from 𝑀+
𝑇 .

Then there exists a unique solution of equation (1), and it is the limit of approx-
imations (7), with the rate of convergence determined by the formula

‖𝑥(𝑛)(𝑡) − 𝑥(𝑡)‖ ≤ 𝜀(𝑛)(𝑡),
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where 𝜀(𝑛)(𝑡) are solutions of the equations

𝑢(𝑡) = 𝐶𝑇
(1 − 𝐿)𝑛 + 1

1 − 𝐿𝜑(𝑡, 𝑢𝑡).

2. Now suppose that we cannot find a solution of equation (3), but assume that,
for any fixed abstract function 𝜉 ∈ 𝑆𝑇 , the Volterra equation

𝑥(𝑡) = 𝑥(0) + 𝐹(𝑡, 𝜉(𝑡), 𝑥𝑡) (8)

has a unique solution 𝑥(𝑡) ∈ 𝑆𝑇 , and that it can be found.

In this case we construct the successive approximations as follows:

𝑥(0)(𝑡) = 𝑥(0),

𝑥(𝑛)(𝑡) = 𝑥(0) + 𝐹 [𝑡, 𝑥(𝑛−1)(𝑡), 𝑥(𝑛)
𝑡 ] (𝑛 = 1, 2, …). (9)

Theorem 3. Let the operator 𝐹(𝑡, 𝑥, 𝑦𝑡) satisfy all the conditions of Theorem 1,
with the only difference that condition (6) is replaced by the following condition.

For any fixed function 𝛼(𝑡) ∈ 𝑀+
𝑇 , the scalar equation

𝑢(𝑡) = 𝐿𝛼(𝑡) + 𝜑(𝑡, 𝑢𝑡)

has a unique solution 𝑢(𝑡) ∈ 𝑀+
𝑇 , and it can be found.

Then equation (1) has a unique solution, and it is the limit of the successive
approximations (9); moreover, the rate of convergence is determined by the
formula

∥𝑥(𝑛)(𝑡) − 𝑥(𝑡)∥ ≤ 𝜀(𝑛)(𝑡),

where 𝜀(𝑛)(𝑡) are solutions of the equations

𝜀(0)(𝑡) = 2𝑟𝐿 + 𝜑(𝑡, 𝜀(0)
𝑡 ),

𝜀(𝑛)(𝑡) = 𝐿𝜀(𝑛−1)(𝑡) + 𝜑(𝑡, 𝜀(𝑛)
𝑡 ) (𝑛 = 1, 2, …).

3. In the preceding paragraphs we assumed that we can find a solution of
equation (3) or (8). If this is impossible, then some approximate method may
also be used to find solutions of these equations. For example, in this case the
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successive approximations for an approximate solution of equation (1) may be
constructed by the equalities

𝑥(0)(𝑡) = 𝑥(0), (10)

𝑥(𝑛)(𝑡) = 𝑥(0) + 𝐹 [𝑡, 𝑥(𝑛−1)(𝑡), 𝑥(𝑛−1)
𝑡 ] (𝑛 = 1, 2, …)

or

𝑥(𝑛)(𝑡) = 𝑥(0) (0 ≤ 𝑡 ≤ 𝑇 /𝑛), 𝑥(0)(𝑡) = 𝑥(0),

𝑥(𝑛)(𝑡) = 𝑥(0) + 𝐹 [𝑡 − 𝑇 /𝑛, 𝑥(𝑛−1)(𝑡), 𝑥(𝑛)
𝑡−𝑇 /𝑛] (𝑇 /𝑛 < 𝑡 ≤ 𝑇 ), (11)

𝐹[0, 𝑥(0), 𝑥0] = 0 (𝑥 ∈ 𝑆𝑇 ).

Theorem 4. Let the operator 𝐹(𝑡, 𝑥, 𝑦𝑡) satisfy all the conditions of Theorem
1. Suppose, in addition, that the condition

max
𝑅

‖𝐹(𝑡, 𝑥, 𝑦𝑡)‖ ≤ 𝑟 (12)

is fulfilled.

Then equation (1) has a unique solution, and it is the limit of the successive
approximations (10); moreover, the rate of convergence is determined by the
formula

∥𝑥(𝑛)(𝑡) − 𝑥(𝑡)∥ ≤ 𝜀(𝑛)(𝑡),

where 𝜀(𝑛)(𝑡) is determined from the equalities

𝜀(0)(𝑡) = 𝑀,

𝜀(𝑛)(𝑡) = 𝐿𝜀(𝑛−1)(𝑡) + 𝜑 [𝑡, 𝜀(𝑛−1)
𝑡 ] (𝑛 = 1, 2, …), 𝜀(𝑛)(𝑡) = 𝑀.

Theorem 5. Let the operator 𝐹[𝑡, 𝑥, 𝑦𝑡] satisfy all the conditions of Theorem
2, with only the difference that condition a) is replaced by condition b): for any
fixed 𝛿 ∈ [0, 𝐶𝑇 ] and for any fixed function 𝛼(𝑡) ∈ 𝑀+

𝑇 , the scalar equation

𝑢(𝑡) = 𝛿 + 𝐿𝛼(𝑡) + 𝜑(𝑡, 𝑢𝑡)
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has a unique solution 𝑢(𝑡) ∈ 𝑀+
𝑇 , and it can be found.

Suppose, moreover, that condition (12) is fulfilled.

Then equation (1) has a unique solution, and this solution is the limit of the
successive approximations (11), with the rate of convergence determined by the
formula

‖𝑥(𝑛)(𝑡) − 𝑥(𝑡)‖ ≤ 𝜀(𝑛)(𝑡),

where 𝜀(𝑛)(𝑡) are the solutions of the equations

𝜀(0)(𝑡) = 2𝑟𝐿 + 𝜑(𝑡, 𝜀(0)
𝑡 ) + 𝐶𝑇 ,

𝜀(𝑛)(𝑡) = 𝐿𝜀(𝑛−1)(𝑡) + 𝐶𝑇 /𝑛 + 𝜑(𝑡, 𝜀(𝑛)
𝑡 ).

The proofs of all the theorems given above are based on theorems on Volterra
operator inequalities (see, for example, 6) and are carried out by the“majorant
method”7.

4. Let us note that the sequences 𝜀(𝑛)(𝑡) appearing in the theorems given
above converge uniformly to zero.

Let us also note that in all the theorems given above one can take, for example,

𝜑(𝑡, 𝑢𝑡) ≡ ∫
𝑡

0
𝐿0(𝑠)𝑢(𝑠) 𝑑𝑠,

where

𝐿0 = ∫
𝑡

0
𝐿0(𝑠) 𝑑𝑠

is subject to certain conditions. In this case one can write an explicit expression
for 𝜀(𝑛)(𝑡).
Finally, let us note that the general theorems obtained can be applied, according
to the standard scheme, to the investigation of equation (2).
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