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1. Let H be a separable Hilbert space. Consider the set of all Bochner-
measurable functions f(z) (—oo < z < o0) with values in H, for which

/ 1 @) dz < oo.

This set of functions forms a new Hilbert space H; (also separable), if the scalar
product in it is defined by the equality

(F(@), g(@)) g, = [ (F(2), 9(2)) 1 d

Let P(z) and Q(x) (—oo < x < o) be families of operators in H. In the space
H, consider the differential expression

l(y) = —(P(z)y") + Q(x)y, (1)

defined on some set of functions D C H; (derivatives are understood in the
strong sense).

It can be shown that, under certain restrictions on the families of operators
P(z) and Q(z), the differential expression I can be extended to a self-adjoint
operator L in H;.

In the work of B. M. Levitan (1), the operator Green’ s function of the operator
L was studied for P(z) = E, where E is the identity operator in the space
H. The principal aim of the present note is the study of the operator Green’ s
function of the operator L for P(z) # E.
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2. We list the main restrictions on the operators P(z) and Q(z) under which
we have been able to study the operator Green’ s function of the operator
L:

1) Forall z (—oo < & < o0) and all f € H,

Tn(fmf)HS (P<x)f7f)HSM(f7f)H7

where m and M are constant positive numbers.

2) The operator function P(x) (—oo < x < 00) is everywhere uniformly
differentiable.

3) The operators Q(z) are self-adjoint in H for almost all z, and for all
(almost all) = there exists a common everywhere dense in H set D{Q(z)},
on which the Q(x) are defined and symmetric*.

4) The operators Q(z) are uniformly bounded from below; that is, there exists
a constant number d < oo such that for almost all  and all f € D{Q(z)},

Q@) f, flg = —d(f, fu-

5) There exist constant numbers A > 0, 0 < a < 3/2 such that for all « and
|z — &| < 1 the inequality

l[Q(€) — Q(@)]Q™*(x)| g < Alx —¢|

holds.
6) For |z —¢| > 1,

| K (€) exp{—3l|z — €|}y < B
where w = {K(z) + pP ' (z)}¥/?, K(z) = P Y?(2)Q(z)P~'/?(z), and B is a
constant number.
* Thus, we admit that the operators Q(z) may be unbounded in H.

7) For all z and £ from (—o0, 00)

Q) P2 (2)Q (x|, < By, [JQEP(2)PY2(€)Q(E)|,, < Ba,

where B, B, are constants.

Suppose that Q(z), for almost all x, is the inverse of a completely continuous
operator. Then K(z), too, for almost all x, is the inverse of a completely
continuous operator. Denote by £;(z) < fy(z) < By(x) < -+ the eigenvalues
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of the operator K(x), with respect to which we shall assume that they are
measurable functions. Without loss of generality, one may assume that 3, (z) >
1.

8) The series

S 42 )
=1

converges and its sum F'(z) is a function of the class

Ly(—00,00), i.e. / F(z)dx < oo.
—o0

3. If conditions 1), 3), and 4) are satisfied, there exists a Friedrichs self-
adjoint extension of the operator [. We denote it by L. The operator L
in H, is bounded below by the same number d. Therefore, if © > d, then
there exists the inverse operator (L + uE)~' = R,,. The following holds.

Theorem 1. If conditions 1)—8) are fulfilled, then the operator R, for all
@ > d, is an integral operator with operator kernel G(x,n;u), which is an
operator function in H, depending on two variables z and 1 (—oco < z,n < 00)
and on the parameter u, and satisfies the following conditions:

a) G(x,n;u) is strongly continuous in the variables (z,7);
b) there exists a strong derivative 0G/dn, and

oG oG
gl . o 0N — _P—l

the equality being understood in the sense of equality (0.5) of paper (1);

c)
—(G%P(n)):7 +G{Q(n) + nE} =0,

the equality being understood in the sense of equality of item c) of paper (1);
d) G*(z,n;p) = G(n, 25 ).
Here the asterisk denotes the adjoint operator in H.

4. The theorem is proved by the method of paper (1), using some results
from (?) and the following lemmas.
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Put

1
gz, m;p) = §P’1/2(w)w”e*‘mf”‘”P*”Q(@

and consider the integral equation

G, 1) = (e, 1) — / 9,6 10[Q(E) — QUa)|GIE,m: 1) de+

+ [ [P e ep(—lo — )P @R ~ P@) + g4(a. & P (©)]

xXG(&,m; ) d§ = g(x,m; ) — NG. (2)

Consider the Banach spaces X, X,, Xép) (p>1), X§S>, Xés>, Xff) (s <0), whose
elements are operator functions A(x,s) in H (—oo < z,s < 00) (the definitions
of these spaces are given in paper (1)).

Lemma 1. If the operator functions P(z) and Q(z) satisfy conditions 1)—7),
then for sufficiently large p (u > ) the operator N is a contraction operator

in the spaces X, X, X§s>,Xés>, and Xfls).

In all the Banach spaces considered above, equation (2) has a unique solution,
which can be obtained by iteration if and only if the operator function g(x,n; u)
belongs to the corresponding space. It is easy to verify that g(x,n;p) € X5 =
Xél). Therefore G(x,n; 1), for sufficiently large p (p > pg), also belongs to X,
provided only that the operator functions P(z) and Q(z) satisfy conditions 1)—
7). If, in addition to these conditions, condition 8) also holds, then g(z,n; u) €
X,, and, consequently, G(z,n; u), for sufficiently large pu (u > pq), is also an
element of the space X,.

Lemma 2. Let the operator functions P(x) and Q(x) satisfy conditions 1), 3),
4), 6) and 7), and the condition: for |z —n| <1,

[Q 12 (@)@ ()|, < C.

where C' is a constant.

Then the operator function g(x,n; 1) belongs to the space Xfll/Q), ie.

o0

sup / llg(z,m; 1)@ (), dn < 0.

—oo<r<o0 J_

If Q(z) also satisfies conditions 2), 5), then G(z,n;u), for sufficiently large

1> [y, also belongs to the space Xfll/ 2),
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Lemma 3. Let the operator functions P(z) and Q(x) satisfy conditions 1), 3),
4), 6) and 7), and the condition: for |z —n| <1,

[Q V2 (@)@ 2(m)|,, < C.

Then the operator function 92g/9n? (n # x) belongs to Xi_l/m, i.e.

o0 || 92
sup /Ha ngl/Q(U)

— dn < oo.
—00<T<00 8772 g

H

Now let " € (d, po]. Consider the integral equation

Glarym ') = Gl ) + (u— ') / Gla,si)Cls.m i) ds,  (3)

where G(z, s; ) is the Green operator function of the operator L, constructed
above, for p1 > . By the preceding,

| e s as) e <o (@

Here |G(x, s; )|, is the Hilbert—Schmidt norm of the operator G(z, s; 1) in H
for fixed (z, s; u). By virtue of (4) (see (1,3)) the integral operator

Af = / Gla,s:m)f(s)ds,  f(s) € H,

is completely continuous in H;. Since p — p’ is a resolvent point of the op-
erator A (see (%)), the integral equation (3) has a unique solution G(z,n;u’).
Splitting the integral operator in (3) into a finite-dimensional operator and an
integral operator whose norm is sufficiently small, one can show that the oper-
ator G(z,n; ") is uniformly bounded in H. By virtue of the properties of the
Green operator function G(z,n; i), one can prove that G(z,n; 1’) is the (unique)
Green operator function of the operator L for p’ € (d, ).

5. Analogous results can be obtained in the case of the half-line (0,00). Let
the operator functions P(x) and Q(x) be defined on the half-line (0, c0)
and satisfy conditions 1)—8). Consider the operator

ly) = =(P(@)y") +Qx)y,  (0<z <o0) (5)

and adjoin to it the boundary condition at zero

where h is a constant self-adjoint operator in H (possibly unbounded).
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Let us show how the analogue of the function g(x,n; u) is constructed. Put

K(z) = P7P(@)Q@)P ' *(x),  w={K(x)+pP ()},

X(n) = P~Y2(x)[chwn + hw ' shwn] P~/2(x) (0 < z,m < 00).

Then

( X(n)PY2(a)(w+ B) e P2 (z), ity <,
g\x,n; 1) =
P‘l/Q(az)e_"”’(w + h)_lPl/Q(x)X(a:), if g >z

It is easy to verify that the function g(x,n; 1) satisfies the conditions:

0? 7]
P@)5s = Q@ +uble.  (5L-hg) =0
n=0
99 _ % =—P ().
877 n=x+0 877 n=x—0

Having constructed the function g(x,n; 1), one can set up an integral equation
analogous to equation (2) (the limits of integration will now be 0 and oo), and
then prove the existence of an operator function G(x,n; ), which is the kernel
of the operator (L + uFE)~!, where L is the Friedrichs extension of the operator
(5) + (6).

The operator Green’ s function on a finite interval is studied analogously. We
note that a problem of this type was considered in the works (4.

6. As an example, consider the eigenvalue problem for an operator of the
form

0 0
3 () ) ) + ateute) = ), )
ulp =0 (8)
in the cylindrical domain
I =II((z4, 3) € Q; —00 < 2y < 0), x = (21,75, %3),

where  is a plane simply connected domain of the (x5, z5)-plane, and T' is
the boundary of the cylinder II. The coefficients a,(x) are positive, uniformly
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bounded functions on II, and ¢(x) — 400 as || — 400 (by another method,
for more general domains, the analogous problem with a,(z) =1 (i = 1,2,3)
was studied in a paper by A. G. Ramm (%)), Equality (7) can be rewritten in
operator form (in the present case H = L,(2), H; = Ly(Q, —0c0 < z; < 00))

4 (p(zl)d“) +{Q(y) — AE}u =0,

dx,

where

Qz)u = _ 9 (az(x)§52> 0 (ag)(az)%) +q(z)u, P(z) = a,(2)E.

0, Oy Oz

Applying the results set forth above to this case, one can study the properties
of the Green’ s function of problem (7) + (8) and derive an asymptotic formula
for the number of eigenvalues of this problem.

In conclusion, I express my deep gratitude to B. M. Levitan for posing the
problem and for his great attention to the work.
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