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The possibilities afforded by sequential procedures in estimation theory consist,
first, in enlarging the stock of parametric functions admitting unbiased estimates
(see, for example, ("4, "1)), and, second, for those functions for which unbiased
estimates exist from a sample of fixed size, in some cases better sequential
estimates can be indicated. The present note is devoted precisely to the latter
aspect of the theory of sequential estimation.

In Sec. 1 a definition is given of optimality of a sequential estimate in a certain
class; in essence it is analogous to Wald’ s definition of optimality of a sequential
test for distinguishing two hypotheses.

Optimal sequential estimates within the class of invariant procedures for the
scheme with a shift parameter are indicated in Sec. 2. Of interest, in our
opinion, is Theorem 4, which establishes a certain integral relation between the
risk and the mean-sample-size function for optimal estimates.

1. Let a family of probability distributions F,(x), § € ©, be given on (R, B).
A sequential estimate is a decision function which is completely determined
by a stopping rule (st. r.) and a terminal decision.

Denote by (R*°, B*) the measurable space of all numerical sequences w =
{z1,2,,...} and consider an increasing sequence of o-algebras F; C F, C -+ C
F_ C B*, where F,, C B". A stopping rule, consistent with the sequence
F = {F,} (we denote all such rules by M), is a random variable (r.v.) 7 = 7(w
with values in the set of positive integers such that the event {r =n} € F,.

By a terminal decision d we shall mean a countable collection of functions

d={0,(zy), Ox(x1,29), o\ 0,(T1,-,Tp)s 15

its meaning is that, having stopped at the moment 7 = n, we use én as an
estimate of the parameter 6.

Definition 1. We shall call the pair |7, d] a sequential estimate.
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The risk of the sequential estimate [r,d], corresponding to the loss function
r(0,0), is defined as follows:

Ry[r,d] = Eeﬂ”(éﬂw) (w), 0).

Definition 2. A sequential estimate [7,,d,] is called optimal in the class
(M, D), where D is a certain set of terminal decisions, if: 1) 7, € Mp, dy € D;
2) from the conditions 7 € My and E,7 < Ey7y for all § € O it follows that, for
every d € D, one has

RO [T07 dO] < RG[Ta d]

also for all 8 € ©.

2. In the scheme of direct measurements the observations x; have the form
x; = 0+¢,;, where 6 is the (unknown) value of the measured quantity, and
€, are the observation errors, which are usually assumed to be independent
identically distributed r.v.” s. Let P(e; < z) = F(z); then P(z; < x) =
P(o+

+e;, < ) = F(x — 0), and therefore the parameter 6 is called the location
parameter. We shall indicate an optimal sequential estimate of € R! within a
certain class (M, D) and 7(6,0) = (6 — 0)2.

In sequential estimation of the location parameter it is natural to use invariant
stopping rules, i.e., to put F; = ¢ and, forn > 2, F, = 0(zy — @1, ... , T, — X1,
where () denotes the o-algebra generated by the vector £. Note that when
invariant stopping rules 7 € 9 are used, we never stop at the first step (with
probability 7 > 1), and therefore the countable set of functions determining
the terminal decision may be specified without the first component 51. As D
we take the set of those d which are formed by functions én satisfying, for any
¢ € R, the condition

5n(x1 +e¢ oz, +c)=c+ én(acl, ey X )

With this choice of the class (M p, D), every sequential estimate [7, d] belonging
to this class differs from an unbiased estimate of the parameter € only by an
additive constant.

Put

t, =t (Tq,...,2,) =

n

Jj1++mn —EO (xl ++xn
n

R).

Theorem 1. Suppose that on (R, B) a family of distributions F'(z—#@), € R*,
is given; then every sequential estimate [7.,¢], where 7, satisfies the condition

n > 2, and introduce the terminal decision ¢ = {t,t3, ..., ,,...}.
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Ey(t2 +er.) = inf Ey(t2+e7), >0, (1)
€ TEM R

is optimal in the class (M, D).

It follows from the results of (?) that such a stopping rule 7, exists and Py(7. <
o00) = 1. As a consequence of this general theorem we obtain two others, the
formulations of which are more convenient.

Theorem 2. Suppose that the distribution F'(x) is such that, for every n > 2,

Ey(t2 | F,,) = const = D

n:

If 9y € My and Py(ry = N) = 1—a, Py(tg = N +1) = «, where N is an
integer and 0 < o < 1, then the sequential estimate |7y, t] is optimal in the class
(M, D); moreover E,7y = N + a and the variance of the estimate

Dgt :(lfOZ)DN‘i“OéDN_,'_l

To

Examples: normal distribution

N@©,0);  t,=( +-+a,)/n=18 B3| F,) =0%/n;

exponential distribution with density p(z) = e® for > 0, p(z) = 0 for = < 0;

t, = min z; — 1/n; Ey(t2 | F,) = 1/n?.

" 1<i<n

Theorem 3. Suppose d,, = d,, (2, ...,7,) = Ey(t2 | F,,), and the distribution
function F'(z) satisfies the following condition: for every n > 2 and € > 0, from
the inequality

Eo(dyio | Fopy) —dpyy < —¢
it follows that
EO(dn+1 | Fn) - dn < —€.
Then the sequential estimate [7,,t], where
o ={k: Eo(dpyy | Fr) —dy = —¢},

is optimal in the class (M, D).

sovietrxiv.org/items/ru-197001.63843 Machine Translation


https://sovietrxiv.org/items/ru-197001.63843

Example: the uniform distribution with density p(z) = 1 for |z| < 1/2, p(z) =
0 for x > 1/2.

Denote z(,,) = min, ;,, z; and 2™ = max, ;. z;; then

by = (x(n) + x<n))/2;

1 1
dy = o5tz =2")% Ey(dy | F) = o 14z =) (1420 —a,)

and

7. = min{n : 2" — Ty 21— V24¢}.

It was already indicated in () that this sequential estimate is better than the
estimate constructed from a sample of fixed size; however, nothing was known
about its optimal character.

The theorem given below makes it possible to establish a lower bound for the
variance of an arbitrary sequential estimate [7,d] in the class (M, D).

Theorem 4. Suppose that for every € > 0 there exists a unique stopping rule
7. which realizes the infimum in (1). Then the mean number of observations
q(g) = Ey7. of the optimal sequential estimate [7_,t] and

the magnitude of its variance D(e) = Ep(t, — 0)? are related by

o) =- [ wdg(z) = / T ) dy,

6Te

where the first integral is understood as a Stieltjes integral, and the second as
a Riemann integral.

~.

Corollary. For any sequential estimate |7, d], where 7 € 9 and
d=1{0,,0s,...,0,,..} €D, the inequality

By, — 0)* > /E ¢ (y) dy. @)

holds.

Example: the uniform distribution, ¢(¢) = 1/+v/3¢, and from inequality (2) it
follows that for every sequential estimate |7, d]
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Ey(6, —0)* > ~(Epr).

| =
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