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TERING LENGTH ON HYDROGEN
(Presented by Academician I. V. Obreimov, 16 IX 1969)

Recently, a line of work has been developing that is connected with the ap-
plication of Faddeev equations for the three-particle scattering matrix (1) to
atomic problems (see, for example, (2−4)). Interesting results were obtained in
(3) for the scattering of slow electrons by the hydrogen atom. For the even
amplitudes the authors used a separable expansion (the Hilbert—Schmidt ex-
pansion). This leads to an infinite system of Fredholm-type integral equations
for the coefficients of the expansion of the exact amplitude in the eigenfunctions
of the kernel of the two-particle scattering problem. Retaining a finite number
of terms in the separable expansion of the even amplitudes cuts off this sys-
tem. For 𝐿 = 0 (𝐿 is the total angular momentum of the three particles), the
energy of the bound state (the ion H−) and the position of resonances in the
elastic region were calculated. It turned out that the separable series in this
problem converges rapidly, and already the first 2–3 terms give good quantita-
tive agreement (within several percent) with experiment and with variational
calculations.

It seems of interest to us to investigate the convergence of the separable expan-
sion for the scattering amplitude, and not only for the problem of calculating
bound and resonant states. The position of bound states is determined by the
zeros of the determinant of the system of integral equations, whereas the ampli-
tude is equally sensitive to the magnitude of the“numerator.”If the convergence
here also proved to be sufficiently rapid, this would give hope that the method
could be applied to a very broad class of problems in atomic physics, for exam-
ple to the scattering of slow electrons by alkali metals. In the present note we
present the results of calculations of the singlet and triplet scattering lengths
on the ground state of the hydrogen atom.

The formula for the total elastic-scattering cross section (for electron energy
tending to zero) has the form
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The quantities 𝜒(𝑖)
10(0) are determined from the solution of a system of integral

equations analogous to system (3.14) of (3):
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The kernels 𝐾𝑖𝑗
𝑛𝑙,𝑛′𝑙′ and the free term 𝜂(𝑖)

𝑛𝑙 are known, although very cumbersome,
functions. The kernels have the following properties:

𝐾12
𝑛𝑙,𝑛′𝑙′(𝑞; 𝑞′) = 𝐾21
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These properties make it possible to transform system (2) into a system for the
functions 𝜒(+)

𝑛𝑙 = 𝜒(1)
𝑛𝑙 + 𝜒(2)

𝑛𝑙 , 𝜒(−)
𝑛𝑙 = 𝜒(1)

𝑛𝑙 − 𝜒(2)
𝑛𝑙 , and 𝜒(3)

𝑛𝑙 *.

Formula (2) was obtained with the aid of the separable expansion of the pair
amplitudes entering as kernels in the original Faddeev equations (3,4):

𝑡(𝑖)
𝑙 (𝑝𝑖; 𝑝′

𝑖; 𝐸) =
∞

∑
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(𝑡(𝑖)
𝑙 is the partial scattering amplitude of particles 𝑗 and 𝑘, 𝑗 ≠ 𝑘 ≠ 𝑖; in (2) and

(4) the following numbering of particles is adopted: 1, 2 are electrons, 3 is the
proton). Here 𝜑(𝑖)

𝑛𝑙 (𝑝𝑖; 𝐸) is the momentum representation of the eigenfunctions
of the radial Schrödinger equation with the potential 𝑉𝑖(𝑟𝑗𝑘)/𝜆(𝑖)

𝑛𝑙 (𝐸). The index
𝑛, numbering the terms in the expansion (4), may be interpreted as the principal
quantum number.

The first approximation in the separable expansion of the pair amplitudes cor-
responds to 𝑛 = 1, 𝑙 = 0 (the 1𝑠-approximation). In this approximation, for
singlet scattering we have a system of two integral equations

𝜒(+)
10 (𝑞) = 𝜂(2)

10 (𝑞)+∫
∞

0
𝑑𝑞′2𝐾12
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𝜒(3)
10 (𝑞) = 𝜂(3)

10 (𝑞) + ∫
∞

0
𝑑𝑞′2𝐾31

10,10(𝑞; 𝑞′)𝜒(+)
10 (𝑞′). (5)

The inhomogeneous term 𝜂(1)
10 = 0 by virtue of the boundary conditions (3) (it is

assumed that before scattering the bound state is formed by particles 2 and 3).
The solution of system (5) presents no serious difficulties. The integral terms
were written in the form of an integral sum. Truncating each sum at ∼ 30 terms
reduces (5) to a system of 60 linear algebraic equations. Its solution on the M-2
computer at the Institute of Theoretical and Experimental Physics takes less
than a minute of machine time. In this way we obtained 𝜒(+)

10 (0) = −1.22,
i.e., the singlet scattering length in the 1𝑠-approximation is 𝑎+

1𝑠 = 6.01. Thus,
already the first term of the separable expansion gave a very good result. The
value 𝑎+

1𝑠 agrees to hundredths with the presently accepted best value of the
singlet scattering length 𝑎+ = 5.961, obtained from variational calculations (5).
For triplet scattering in the lowest 1𝑠-approximation we have one integral equa-
tion:

𝜒(−)
10 (𝑞) = −𝜂(2)

10 (𝑞) − ∫
∞

0
𝑑𝑞′2𝐾12

10,10(𝑞; 𝑞′)𝜒(−)
10 (𝑞′). (6)

The solution of equation (6) gives 𝜒(−)
10 (0) = 0.632; in this case the triplet scat-

tering length is 𝑎−
1𝑠 = 3.12. The best result for the triplet scattering length,

obtained by the variational method, is 𝑎− = 1.768 (5), i.e., it differs from ours
by almost a factor of two.

* In Ref. (3) additional conditions are imposed on the functions 𝜒(𝑖)
𝑛𝑙 : for total

spin of the two electrons 𝑆 = 0,

𝜒(1)
𝑛𝑙 = (−1)𝑙𝜒(2)

𝑛𝑙 , 𝜒(3)
𝑛𝑙 = 0

for odd 𝑙; for 𝑆 = 1,

𝜒(1)
𝑛𝑙 = (−1)𝑙+1𝜒(2)

𝑛𝑙 , 𝜒(3)
𝑛𝑙 = 0

for even 𝑙. These conditions are incompatible with system (2); their use seems
to us superfluous and erroneous. (This should lead to an incorrect estimate
of the higher approximations in Ref. (3).) The identity of the electrons is in
fact manifested in the conditions (3); the Pauli principle is already contained in
expression (1).

Thus, we see that the situation is different in triplet and singlet scattering. The
physical reason for this difference apparently lies in the fact that the lowest
1𝑠-approximation in the triplet case does not contain the amplitude of electron–
electron (𝑒−𝑒) scattering, whose magnitude can to a large extent determine the
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final result. The contribution of the 𝑒 − 𝑒 amplitude to triplet scattering arises
from the next approximation in the separable expansion (4), which corresponds
to taking into account terms with 𝑛 = 2, 𝑙 = 0, 1 (the 2𝑠-, 2𝑝-approximation).
In the 1𝑠 − 2𝑠 − 2𝑝 approximation, determining the function 𝜒(−)

10 (𝑞) leads to
a system of 4 integral equations. At present we are unable to investigate its
solution. This problem is not difficult, but it requires computers more modern
than the M-20, which has a relatively small machine memory.

Note added in proof. After the manuscript had been sent to press, the authors
learned from a notice in Phys. Rev. Lett., 22, No. 23 (1969), in the section
“Abstracts of articles to be publ. in P. R.,”of the existence of an article by
J. Chen, K. Chung, P. Kramer, “Faddeev equations for atomic problems. II,”
received by the editors of Phys. Rev. on 14 February 1969 and devoted, in
particular, to the consideration of analogous questions.
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