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1. In this paper a priori estimates and sufficient conditions for stability
with respect to the right-hand side are obtained for three-level difference
schemes defined as the operator-difference equation

Boy" ™ + Byy" ™ + Boy" = ¢",  n=0,1,.., (1)

where B, are linear operators acting in a linear normed space H, y" € H,
" € H. It is assumed that the initial values y°,y' € H are given and that the
operator B! exists.

Introducing the grid w, = {t,, = n7, n =0,1,...,7 > 0}, we write equation (1)
in canonical form (see (1))

Byz+72Ryft+Ay:@n7 n:()v]-a"'a yO’yl EH; (2)
where y = y" ™ = y(t, 1), y; = (¥ —y")/(27), gz = (y" 72 = 29"+ y") /72,

A= By + B, + By, R=05(B,+ By), B=1(B,— By).

The stability of scheme (2) was studied in the works of A. A. Samarskii (,?)
by means of the method of energy inequalities. The estimates obtained in the
present paper are based on reducing (2) to an equivalent two-level scheme and
on using the method of separating stationary inhomogeneities (). This made
it possible to simplify the a priori estimates and to eliminate some restrictions
inherent in the method of energy inequalities. In addition, a number of new
estimates are obtained.

2. We shall assume that H is a Hilbert space (real or complex) in which the
scalar product (y,v) and the norm |y| = 1/(y,y) are defined.
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An operator A : H — H is called nonnegative (A > 0) if (Az,x) > 0 for all
x € H, and positive (4 > 0) if (Az,z) >0forall0 £z € H. If A*=A4>0,
then one may introduce the space H 4, consisting of elements y, v, ..., € H, with
scalar product (y,v), = (Ay,v) and norm |y|4 = v/ (Ay,y).

In addition to the basic space H, we shall consider the space H?> = H x H,
whose elements are vectors x = {x!, 2%}, ** € H; addition and multiplication
by a number are defined componentwise, and the scalar product and norm are
given as follows:

(o) =@ho) + @), lyl=Vy), y={"y} v={vv}
An operator C' = (C,p) : H* — H? is defined as a matrix with elements
Cop:H— H, e

Cx = {Cyz" + C1p2?, Ozt + Cppa?}, C=(Chp), == {z" 2%}

We represent scheme (2) in the form of a two-level scheme in the space H?

ynJrl :Syn—"_gona n:0717“'7 yO:{y07y1}€H27 (3)

where y,, = {y", "'}, 0, = {0, By'¢"}, S = (S,p),

Si1 =0, Sip=F, Sy = —B;' By, Syy = —By'By, (4)

B,=B/(2r)+R, B,=A—2R,  By,=-B/2r)+R. (5

Using the methods of [5], one can show that the following is true.

Lemma. Let operators A, B, R : H — H be given, with A and R self-adjoint
operators. Define the operator S = (S, 3) with components (4) and the operator
D = (D,z) with components

D,y = Dyy = R, Dy, =Dy =0.54A—R. (6)
Then, if the operator inequalities

A>0, 4R—A>0, ReB=0.5(B+B)>0, (7)

hold, then D is a nonnegative operator in H?, and for any x = {z',2%} € H?
the estimate
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[Szlp < )b, (®)
is valid, where

lel?, = (Dz,z) = Fla? + 2|3 + |22 — 21 -

In what follows we shall assume that the operators A = A(¢,) and 4R — A =
4R(t,) — A(t,) satisfy the following Lipschitz conditions with respect to ¢:

(1 - CIT)A(tn—l) S A(tn) S (1 + CIT>A<tn—1)7 n= 17 27 L)

AR(t,) — A(t,) < (1+e17)(4R(t, 1) — Alt, 1)), (9)

where ¢; > 0 is a constant independent of 7 and n.

3. We now show that conditions (7), (9) ensure the stability of scheme (2)
with respect to the right-hand side.

Theorem 1. Let, in scheme (2), A(¢,) and R(t,,) be self-adjoint operators
satisfying the Lipschitz conditions (9). If, for each n, the stability conditions
(7) hold, then for the solution of problem (2) the estimate

Wni1l o, ) < 2T 9olpoy + 19°0a-1(0)) + 1™l a1 )+

+ Z Tpr [H@gn’ lave,,) +a H‘pn/_lnA*l(tn/)]a (10)

n’=1

holds, where

pr=vV1+er,  elia =A1 00, er= (" —e" /T,

”yn+1H2D(tn) = zly™ + y””i(tn) + Jly"tt — yn”?{(tn),%A(t")- (11)

Proof. Represent the solution of problem (3) in the form of the sum

Yp = Uy, + Wy, n=01,.., (12)

where the functions w,, and v,, satisfy the equations

(E—S(t,))Wui1 = @n, n=0,1,..., Wy = Wy, (13)
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Un+1 :S(tn)vn+5(tn>(wn+liwn)ﬂ n:()a]-a"'a Vg =Yg — Wy-

Using the lemma given in item 2, we verify the validity of the estimate

[ons1llpe,) < 1SE)valpe,) + 15E) (Wnin —wo)lpe,) <

< ”UnHD(tn) + Hwn+1 - wnHD(tn)'

Next, taking into account the Lipschitz conditions (9), we obtain

lvallpe,) < pillvnlpe, ) n=12.., pr =V (1 +eT).

so that

lvnsilpe, ) < pillvnlpe, )+ 1w —walpe, )

The solution of equation (13) is the vector

Wpy1 = {A71 (tn)(pn7 A71 (%)‘Pn}

and, consequently,

Wy — Wy, = T{(A7 "), (A"}

An elementary calculation shows that

|1 = wallp,) = TIAT (E)e™ )il ace,)-

We now use the following estimate, obtained in (4):

(A7 el A,y < leflasq,) +ele™ Haaq,)-

Thus, for the solution of problem (14) the estimate

an+1”D(tn) < P1||Un||D(t y+ T [”90{””,4*1(%) + 61”(10”71“14*1(%)] )

n—1

is valid, whence we obtain

(14)
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n
[onllpe,) < PT ool + Y 7o [lef Tare,) + ™ Ha,)] -

n’=1

Finally, from the inequality

1Yns1lpe,) < lwnsilpe,) + lvniilloe,) = 1941w, + lvnialpe, )

taking into account that

ol ooy < 1%ollpo) + 1°0a-1(0)

we obtain (10).

4. In (5), conditions of stability of scheme (2) with respect to the initial data
were obtained which are more general than (7), necessary and sufficient.
It can be shown that the operating conditions (5) ensure the stability of
scheme (2) also with respect to the right-hand side. More precisely, the
following holds.

Theorem 2. Let the operators A, B, R of scheme (2) be self-adjoint and inde-
pendent of n. Then, if the stability conditions

(1—p)?

~ p?—1

A B+ R+ A>0,

21p

~ o~ 21 1 2
JB_A=F—lp, 0+p)
27p p

R—AZ>0,

1~ 241
Bl (2 —1R>0,
T 27

are satisfied with a constant p > 0, then for the solution of problem (2) the
estimate

194100 < " (lwollp + 1% 51 ) +ple™ 30+ D 2™ ™ —pe™ 7 14,
n’/=1
(15)
is wvalid, where

1
lynl = 20"+ oy 15+ 1™ = oy I s 5
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The proof is only technically more complicated than that of Theorem 1; therefore
we shall not give it.

Estimate (15), valid for any p > 0, is rather cumbersome because the norm
ly,.|lp depends on p. For p > 1 one can obtain sufficient stability conditions in
the simpler norm (11). To this end, let us write (2) in the form of a two-level
scheme

By, + Ay = ¢, (16)
Where y = yn = {05(yn+1 + yn)’ yn+1 - yn}, yt = (yn+1 - yn)/T’ (,On = {(pn’ 0}7

A= (‘Aaﬁ)v B = (Baﬁ)a
A= A, Ag = Ay =0, Ay =R — iA,

By, = B+ 0.57A, By = =By = 2By, = 1(R— 1 A).
Such a representation makes it possible to apply directly certain theorems on
the stability of two-layer schemes (3*) to the three-layer scheme (2). Thus,
applying Theorem 3 of (%) to (16), it is not difficult to show that the following
is valid.

Theorem 3. Let, in scheme (2), the operators A and R be self-adjoint, let the
Lipschitz conditions (9) and the operator inequalities be satisfied

—1
A>0, R-1a>0, ReB+%TZ+1A20, p>1. (17)

Then for the solution of problem (2) the estimate holds

i1l o, ) <A™ (”yOHD(O) + ”LPO”AA(O)) + ™ a1+

+ 37 755 [l Lane,) + ealle™ Ha,)] (18)

n’/=1

where the norm |y, 41| p ) is defined by expression (11), p= p\/1+¢;7.

In conclusion, I express my sincere gratitude to A. A. Samarskii for the formu-
lation of the problem and valuable advice.
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