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Abstract
Full Text
UDC 517.433

MATHEMATICS

Yu. M. SUKHOV

EXISTENCE AND REGULARITY OF THE
LIMITING GIBBS STATE FOR ONE-DIMENSIONAL
CONTINUOUS SYSTEMS OF QUANTUM
STATISTICAL MECHANICS
(Presented by Academician A. N. Kolmogorov on 13 V 1970)

1. In a recent work of H. Araki (1) the limiting Gibbs state was constructed
for one-dimensional spin systems. In the present note the limiting Gibbs
state is constructed for one-dimensional continuous quantum systems. We
assume that the interaction is binary, with a finite potential 𝑉 (𝑟) possess-
ing a hard core of radius 𝑑 > 0.

2. Let Ω = (𝑎1, 𝑎2) be a finite interval on the line 𝑅1. Introduce the Fock
spaces ℋ𝐵(Ω) of bosons and ℋ𝐹 (Ω) of fermions and the particle-number
operator 𝑁 (see, for example, (2) *). The Hamiltonian 𝐻 is a self-adjoint
extension of the symmetric operator 𝐻̂ generated by the Schrödinger equa-
tion:

𝐻̂𝑓(𝑥1, … , 𝑥𝑛) = −
𝑛

∑
𝑗=1

𝜕2

𝜕𝑥2
𝑗

𝑓(𝑥1, … , 𝑥𝑛) + ∑
𝑗≠𝑘

𝑉 (|𝑥𝑗 − 𝑥𝑘|)𝑓(𝑥1, … , 𝑥𝑛),

𝑥𝑗 ∈ Ω, 𝑗 = 1, … , 𝑛, min
𝑗≠𝑘

|𝑥𝑗 − 𝑥𝑘| > 𝑑, 𝑛 = 1, 2, …

We consider self-adjoint extensions 𝐻 of the operator 𝐻̂ determined by the
following types of boundary conditions on the boundary 𝜕Ω𝑛 of the cube Ω𝑛 =
Ω × ⋯ × Ω:

𝑓|𝜕Ω𝑛 = 0 and 𝜕
𝜕𝜈 𝑓|𝜕Ω𝑛 = 0,

where 𝜈 is the outward normal.
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The hard-core condition for 𝑉 (𝑟) means that both extensions are considered in
the subspaces ℋ(𝑑)

𝐵 (Ω) ⊂ ℋ𝐵(Ω) and ℋ(𝑑)
𝐹 (Ω) ⊂ ℋ𝐹 (Ω), consisting of chains

of functions

𝑓 = {𝑓0, 𝑓1(𝑥), 𝑓2(𝑥1, 𝑥2), …},

vanishing when min𝑗≠𝑘 |𝑥𝑗 − 𝑥𝑘| ≤ 𝑑. The symbol (𝑑) will be omitted below.
The limiting objects described in Theorems 1, 3, and 4 do not depend on the
choice of extension.

The grand canonical Gibbs ensemble in Ω generates a linear positive normal-
ized functional (state) 𝐺𝜁,𝛽,Ω on the 𝐶∗-algebras 𝔄𝐵(Ω) and 𝔄𝐹 (Ω) of bounded
operators in ℋ𝐵(Ω) and ℋ𝐹 (Ω), respectively: for 𝐴 ∈ 𝔄𝐵(Ω) (𝔄𝐹 (Ω))

𝐺𝜁,𝛽,Ω(𝐴) = tr𝐴𝜌𝜁,𝛽,Ω,

where

𝜌𝜁,𝛽,Ω = [tr 𝜁𝑁 exp(−𝛽𝐻)]−1 𝜁𝑁 exp(−𝛽𝐻)

is a positive definite nuclear operator in ℋ𝐵(Ω) (respectively in ℋ𝐹 (Ω)) with
trace 1 (the density matrix). Under our assumptions on 𝑉 (𝑟), this functional
exists for all 𝜁 > 0 and 𝛽 > 0.

* The spaces ℋ𝐵(Ω) and ℋ𝐹 (Ω) can be introduced for any Lebesgue-measurable
subset of the line.

3. Let Ω → ∞ be the set of finite intervals directed by inclusion. Then the
𝑐∗-algebras 𝔄𝐵(Ω) and 𝔄𝐹 (Ω) form direct spectra of 𝑐∗-algebras (see (4)).
Let 𝔄(0)

𝐵 and 𝔄(0)
𝐹 be the corresponding inductive limits, and let

𝔄𝐵 = 𝔄(0)
𝐵 , 𝔄𝐹 = 𝔄(0)

𝐹

(the bar denotes closure in the norm).

The state 𝐺𝜁,𝛽,Ω, for fixed Ω, may be regarded as given on families of 𝑐∗-algebras
{𝔄𝐵(Ω′)} and {𝔄𝐹 (Ω′)}, where Ω′ ⊂ Ω.*

Theorem 1. For all 𝜁 > 0 and 𝛽 > 0, for any 𝐴 ∈ 𝔄(0)
𝐵 (𝔄(0)

𝐹 ), there exists the
limit

lim
Ω→∞

𝐺𝜁,𝛽,Ω(𝐴) = 𝐺(0)
𝜁,𝛽(𝐴).

From Theorem 1 and theorems on the extension of positive linear functionals it
follows that on the 𝑐∗-algebra 𝔄𝐵 (𝔄𝐹 ) there exists a unique state 𝐺𝜁,𝛽 coinciding
on 𝔄(0)

𝐵 (𝔄(0)
𝐹 ) with 𝐺(0)

𝜁,𝛽. The state 𝐺𝜁,𝛽 is called the limiting Gibbs state.
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4. In the 𝑐∗-algebras 𝔄𝐵 and 𝔄𝐹 there acts a one-parameter group {𝑇𝜏 , −∞ <
𝜏 < +∞} of spatial shifts (translations) (1). The limiting state 𝐺𝜁,𝛽 is
invariant under the action of this group and has the regularity property
described in the following theorem:

Theorem 2. Let 𝐴1 ∈ 𝔄𝐵(Ω1), 𝐴2 ∈ 𝔄𝐵(Ω2) (𝐴1 ∈ 𝔄𝐹 (Ω1), 𝐴2 ∈ 𝔄𝐹 (Ω2)).
Then

∣𝐺𝜁,𝛽(𝐴1 ⋅ (𝑇𝜏𝐴2)) − 𝐺𝜁,𝛽(𝐴1)𝐺𝜁,𝛽(𝐴2)∣ ≤ ‖𝐴1‖ ⋅ ‖𝐴2‖𝛾(𝜏, Ω1, Ω2), (1)

where (for any fixed 𝜁 > 0 and 𝛽 > 0)

lim
|𝜏|→∞

𝛾(𝜏, Ω1, Ω2) = 0.

5. The theorem given below establishes the impossibility of phase transitions
(in the sense of Ehrenfest (6)) with respect to 𝜁 in the systems under
consideration.

Theorem 3. The limit

lim
Ω→∞

1
𝑎2 − 𝑎1

ln tr 𝜁𝑁 exp(−𝛽𝐻) = 𝜑(𝜁, 𝛽)

defines, for all 𝛽 > 0, an infinitely differentiable function of the variable 𝜁 > 0.

Similar results are contained in (5).
6. Scheme of the proof of Theorems 1 and 2. Let Ω0 ⊂ Ω. The reduced

density matrix 𝜌(Ω0)
𝜁,𝛽,Ω is defined by the condition

𝐺𝜁,𝛽,Ω (𝜋Ω0
Ω 𝐴) = tr𝐴𝜌(Ω0)

𝜁,𝛽,Ω (2)

and is a positive-definite nuclear operator in ℋ𝐵(Ω0) (ℋ𝐹 (Ω0)) with trace
1.** We denote the kernel of this operator by 𝜌(Ω0)

𝜁,𝛽,Ω( ̄𝑥, ̄𝑦). Here

̄𝑥 = (𝑥1, … , 𝑥𝑛), ̄𝑦 = (𝑦1, … , 𝑦𝑛); 𝑥𝑗, 𝑦𝑗 ∈ Ω0, 𝑗 = 1, … , 𝑛;

min[|𝑥𝑗 − 𝑥𝑘|, |𝑦𝑗 − 𝑦𝑘|] > 𝑑; 𝑛 = 1, 2, …
* In this case, in both instances, if {𝜋Ω′

Ω } are homomorphisms of the direct
spectrum (Ω′ ⊂ Ω), then for 𝐴 ∈ 𝔄(Ω′)

𝐺𝜁,𝛽,Ω (𝜋Ω′
Ω 𝐴) = 𝐺𝜁,𝛽,Ω(𝐴 ⊗ 𝐸),

where 𝐸 is the identity operator in ℋ(Ω ∖ Ω′) (see (4)).
** The operator 𝜌(Ω0)

𝜁,𝛽,Ω is determined uniquely by condition (2). It can be shown
that it has the form

𝜌(Ω0)
𝜁,𝛽,Ω = [tr 𝜁𝑁 exp(−𝛽𝐻)]−1 trℋ(Ω∖Ω0) 𝜁𝑁 exp(−𝛽𝐻).
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Theorem 4. For all 𝜁 > 0 and 𝛽 > 0, for any Ω0 there exists the limit

lim
Ω→∞

𝜌(Ω0)
𝜁,𝛽,Ω( ̄𝑥, ̄𝑦) = 𝜌(Ω0)

𝜁,𝛽 ( ̄𝑥, ̄𝑦),

uniformly for fixed [𝑙1, 𝑙2] in Ω0 ⊂ [𝑙1, 𝑙2] and ̄𝑥, ̄𝑦 ∈ Ω𝑛
0 , 𝑛 = 1, 2, ….

The limiting kernel 𝜌(Ω0)
𝜁,𝛽 ( ̄𝑥, ̄𝑦) defines in ℋ𝐵(Ω0), ℋ𝐹 (Ω0) a positive definite

kernel operator 𝜌(Ω0)
𝜁,𝛽 with trace 1. The operators 𝜌(Ω0)

𝜁,𝛽 and 𝜌(Ω′
0)

𝜁,𝛽 , for Ω0 ⊂ Ω′
0,

are related by
𝜌(Ω0)

𝜁,𝛽 = trℋ(Ω′
0∖Ω0) 𝜌(Ω′

0)
𝜁,𝛽 .

The method of proof of Theorem 4 is a modification of the well-known matrix
method (transfer-matrix method) in classical statistical mechanics.

Theorem 1 is a consequence of Theorem 4 and Lemma 1.

Lemma 1. Let 𝜌𝑛(𝑥, 𝑦) be a sequence of kernels defining positive definite kernel
operators 𝜌𝑛 with trace 1 in the Hilbert space 𝐿2(𝑀, 𝜇), 𝜇(𝑀) < ∞. Suppose
that, uniformly in 𝑥, 𝑦 ∈ 𝑀 , there exists the limit

lim
𝑛→∞

𝜌𝑛(𝑥, 𝑦) = 𝜌(𝑥, 𝑦),

which defines a positive definite kernel operator 𝜌 with trace 1. Then

lim
𝑛→∞

‖𝜌𝑛 − 𝜌‖1 = 0,

where ‖𝐴‖1 = tr
√

𝐴𝐴∗.

Proof. Let 𝜆1 ≥ 𝜆2 ≥ ⋯ ≥ 0 be the sequence of eigenvalues of the operator 𝜌,
and 𝑒𝑖(𝑥), 𝑖 = 1, 2, …, the corresponding eigenvectors. From (3) it follows that

lim
𝑛→∞

∑
𝑖,𝑗

((𝜌𝑛𝑒𝑖, 𝑒𝑗) − 𝜆𝑖𝛿𝑖𝑗)
2 = 0.

We shall now show that the sequence {𝜌𝑛} is compact in the Banach space 𝔓 of
kernel operators in 𝐿2(𝑀, 𝜇) with norm ‖⋅‖1. To this end we use the compactness
criterion in Banach spaces with basis (3). As a basis in 𝔓 it is natural to take
the system {𝐸𝑖𝑗} of matrix units for the basis {𝑒𝑖(𝑥), 𝑖 = 1, 2, …}. Let

𝜌(𝑖0)
𝑛 = ∑

𝑖,𝑗<𝑖0

(𝜌𝑛𝑒𝑖, 𝑒𝑗)𝐸𝑖𝑗, ̄𝜌(𝑖0)
𝑛 = ∑

𝑖,𝑗≥𝑖0

(𝜌𝑛𝑒𝑖, 𝑒𝑗)𝐸𝑖𝑗,

̃𝜌(𝑖0)
𝑛 =

𝑖0−1
∑
𝑖=1

∞
∑
𝑗=𝑖0

(𝜌𝑛𝑒𝑖, 𝑒𝑗)𝐸𝑖𝑗.

Obviously, 𝜌(𝑖0)
𝑛 and ̄𝜌(𝑖0)

𝑛 are positive definite operators,

‖𝜌(𝑖0)
𝑛 ‖1 + ‖ ̄𝜌(𝑖0)

𝑛 ‖1 = 1,
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and also
𝜌𝑛 = 𝜌(𝑖0)

𝑛 + ̄𝜌(𝑖0)
𝑛 + ̃𝜌(𝑖0)∗

𝑛 + ̃𝜌(𝑖0)
𝑛 .

Take an arbitrary 𝜀 > 0 and choose 𝑖0 = 𝑖0(𝜀) and 𝑛0 = 𝑛0(𝜀) so that

∑
𝑖≥𝑖0

𝜆𝑖 < 𝜀/4,

and, for 𝑛 > 𝑛0(𝜀),

∣‖𝜌(𝑖0)
𝑛 ‖1 −

𝑖0−1
∑
𝑖=1

𝜆𝑖∣ < 𝜀
4 , ∑

𝑖≠𝑗
((𝜌𝑛𝑒𝑖, 𝑒𝑗))

2 < 𝜀2

16𝑖2
0

.

* A similar assertion was obtained by I. D. Novikov.

Then, for 𝑛 > 𝑛0,

∥𝜌𝑛 − 𝜌(𝑖0)
𝑛 ∥

1
≤ ∥𝜌(𝑖0)

𝑛 ∥
1

+ 2 ∥ ̃𝜌(𝑖0)
𝑛 ∥

1
= 1 − ∥𝜌(𝑖0)

𝑛 ∥
1

+ 2 ∥ ̃𝜌(𝑖0)
𝑛 ∥

1
≤

≤ 1 −
𝑖0−1
∑
𝑖=1

𝜆𝑖 + 𝜀
4 + 2 ∥ ̃𝜌(𝑖0)

𝑛 ∥
1

< 𝜀
2 + 2 ∥ ̃𝜌(𝑖0)

𝑛 ∥
1

.

The proof of the lemma is completed by the obvious observation that

∥ ̃𝜌(𝑖0)
𝑛 ∥

1
≤

𝑖0−1
∑
𝑖=1

[
∞

∑
𝑗=𝑖0

((𝜌𝑛𝑒𝑖, 𝑒𝑗))
2]

1/2

< 𝑖0 [∑
𝑖≠𝑗

((𝜌𝑛𝑒𝑖, 𝑒𝑗))
2]

1/2

.

Theorem 2 is a consequence of Lemma 1 and of Theorem 5 stated below, which
establishes the so-called cluster property of the limiting kernels 𝜌(Ω0,Ω′

0)
𝜉,𝛽 ( ̄𝑥, ̄𝑦).

Let ̄𝑥, ̄𝑦 ∈ Ω𝑙; ̄𝑥′, ̄𝑦′ ∈ Ω′
0

𝑙′
; 𝑇𝜏 ̄𝑥′ = (𝑥′

1 +𝜏, … , 𝑥′
𝑙 +𝜏); 𝑇𝜏 ̄𝑦′ = (𝑦′

1 +𝜏, … , 𝑦′
𝑙 +𝜏).

Theorem 5. The inequality holds

∣𝜌(Ω0∪𝑇𝜏Ω′
0)

𝜉,𝛽 ( ̄𝑥 ∪ 𝑇𝜏 ̄𝑥′, ̄𝑦 ∪ 𝑇𝜏 ̄𝑦′) − 𝜌(Ω0)
𝜉,𝛽 ( ̄𝑥, ̄𝑦) 𝜌(Ω′

0)
𝜉,𝛽 ( ̄𝑥′, ̄𝑦′)∣ ≤ ̄𝛾(𝜏, Ω0, Ω′

0),

where

lim
|𝜏|→∞

|𝜏 |𝛼 ̄𝛾(𝜏 , Ω0, Ω′
0) = 0 for all 𝛼 > 0.

The proof of Theorem 3 rests on Theorems 4 and 5 and is carried out by the
standard method of the so-called correlation functions.
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