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1. In a recent work of H. Araki (1) the limiting Gibbs state was constructed
for one-dimensional spin systems. In the present note the limiting Gibbs
state is constructed for one-dimensional continuous quantum systems. We
assume that the interaction is binary, with a finite potential V'(r) possess-
ing a hard core of radius d > 0.

2. Let Q = (ay,a,) be a finite interval on the line R'. Introduce the Fock
spaces H () of bosons and H ;(2) of fermions and the particle-number
operator N (see, for example, (?) *). The Hamiltonian H is a self-adjoint

extension of the symmetric operator H generated by the Schrodinger equa-
tion:

gf(xlv 7xn) = _Z @f(xlv ’xn) + ZVO:C] - zk‘)f(xla 7x7l)7
J

prm
r;€Q, j=1,..,n, rjr_;illc1|:17j—xk|>d, n=12,..

We consider self-adjoint extensions H of the operator H determined by the
following types of boundary conditions on the boundary 9™ of the cube Q" =
QX o x Qs

0
flagn =0 and aﬂam =0,

where v is the outward normal.
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The hard-core condition for V(r) means that both extensions are considered in
the subspaces 5—[?(9) C H 5(2) and 5{?(9) C H (), consisting of chains
of functions

[= {fo,fl(x),f2($1,$2)7 }7

vanishing when min;,, |z; — x;| < d. The symbol (d) will be omitted below.
The limiting objects described in Theorems 1, 3, and 4 do not depend on the
choice of extension.

The grand canonical Gibbs ensemble in ) generates a linear positive normal-

ized functional (state) G 5 on the C*-algebras A ;(Q2) and A () of bounded

operators in H 5(Q) and H (), respectively: for A € Az(Q) (AR(Q))
Gepald) =trAp. s,

where

pes = [tr (N exp(—BH)] ' (y exp(—BH)

is a positive definite nuclear operator in H 5(2) (respectively in H ;(Q2)) with
trace 1 (the density matrix). Under our assumptions on V(r), this functional
exists for all ¢ > 0 and 8 > 0.

* The spaces H 5(£2) and H (€2) can be introduced for any Lebesgue-measurable
subset of the line.

3. Let £ — oo be the set of finite intervals directed by inclusion. Then the
c*-algebras A 5(Q) and A (Q) form direct spectra of c*-algebras (see (4)).

Let ngn and ngﬂ)) be the corresponding inductive limits, and let

A=Ay A =Ty
(the bar denotes closure in the norm).

The state G g o, for fixed €2, may be regarded as given on families of c*-algebras
{A5(Q)} and {AR(Q)}, where " C Q.*

Theorem 1. For all { > 0 and 8 > 0, for any A € ng» (Ql;g)), there exists the
limat o

From Theorem 1 and theorems on the extension of positive linear functionals it
follows that on the c*-algebra 2 5 (2 ) there exists a unique state G 5 coinciding

on ng) (Ql;@) with Gé%. The state G 5 is called the limiting Gibbs state.

sovietrxiv.org/items/ru-197001.61078 Machine Translation


https://sovietrxiv.org/items/ru-197001.61078

4. In the c*-algebras A 5z and 2 there acts a one-parameter group {7, —oco <
T < 400} of spatial shifts (translations) (*). The limiting state G 5 is
invariant under the action of this group and has the regularity property
described in the following theorem:

Theorem 2. Let A; € Ap(Q;), 4y € Ap(Qy) (A € (), Ay € Ap(Qy)).
Then

|G p(Ar - (TA3)) = Ge (A1) G p(Ag)| < JAL - [As (7,20, ), (1)
where (for any fized ¢ >0 and 8> 0)

lim ~(7,€;,Q,) = 0.

| 7] =00

5. The theorem given below establishes the impossibility of phase transitions
(in the sense of Ehrenfest (°)) with respect to ¢ in the systems under
consideration.

Theorem 3. The limit

Intr (N exp(—BH) = (¢, B)

lim
Q—o0 g — Qg

defines, for all B > 0, an infinitely differentiable function of the variable ¢ > 0.
Similar results are contained in (°).

6. Scheme of the proof of Theorems 1 and 2. Let Q, C Q. The reduced

density matrix péQBO)Q is defined by the condition

Q Q
GC,ﬂ,Q (T(QUA> = tr Apé,ﬁofﬂ (2)

and is a positive-definite nuclear operator in H g(2,) (H z(g)) with trace

1.%* We denote the kernel of this operator by p(gg’)g(a?, y). Here

= (T, Ty)s U= Y1y Yn); z;, y; € Q, i=1,..,n;
min[|xj—xk|, |yj_yk|] > d; n=12..

* In this case, in both instances, if {7$ } are homomorphisms of the direct
spectrum (" C ), then for A € 2(Q)

Gepa (WS/A) =G p0(A®E),
where E is the identity operator in F(Q\ ') (see (*)).

** The operator p(cﬂéﬂﬂ is determined uniquely by condition (2). It can be shown

that it has the form

Q -1
Péé’)g = [tr(Nexp(—BH)]  traann,) ¢V exp(—BH).
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Theorem 4. For all ( > 0 and 8 > 0, for any Q, there exists the limit

1' (QO> r oa) — <QO) o
Jim pe2a(2,9) = pe g (2,9),

uniformly for fized [l1,15] in Qy C [I1, 1] and 2,5 € Qp, n=1,2, ...
The limiting kernel pégﬂo)(:i y) defines in H 5(€), J[F(Q ) a positive definite

kernel operator p(c é’) with trace 1. The operators pé g and pc , for Q, C Q,

are related by
Qo) _ (20)
Pes = a0y Pes

The method of proof of Theorem 4 is a modification of the well-known matrix
method (transfer-matrix method) in classical statistical mechanics.

Theorem 1 is a consequence of Theorem 4 and Lemma 1.

Lemma 1. Let p,(x,y) be a sequence of kernels defining positive definite kernel
operators p,, with trace 1 in the Hilbert space L*(M,u), u(M) < co. Suppose
that, uniformly in x,y € M, there exists the limit

lim p, (z,y) = p(x,y),
n—oo
which defines a positive definite kernel operator p with trace 1. Then
n—oo
where |A|; = tr vV AA*.

Proof. Let A\; > A\, > --- > 0 be the sequence of eigenvalues of the operator p,
and e;(x), i = 1,2, ..., the corresponding eigenvectors. From (3) it follows that

nh—>nolcz PnCs) ] )\Z(Slj) -

We shall now show that the sequence {p,,} is compact in the Banach space P of
kernel operators in L?(M, u) with norm |-||;. To this end we use the compactness
criterion in Banach spaces with basis (3). As a basis in B it is natural to take
the system {E;} of matrix units for the basis {e;(z), i = 1,2,...}. Let

pg()) = Z (pn €is ])E_] p_gll()) = Z (pn €4 j)E]

i,5<iq i,5>ig

Obviously, p§f°> and ﬁg(’) are positive definite operators,

Iy + 1], = 1,
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and also . ‘ ‘ 4
0y = pgl%) _’_ﬁg()) _'_ﬁgo)* +ﬁ'(rLZO)-

Take an arbitrary € > 0 and choose i = iy(e) and ny, = ny(e) so that

Z A < /4,

i>io
and, for n > ny(e),
; = £ 2 g?
\|P§f°>”1 - ; Al < e ;((pneivej)) < FZ%
* A similar assertion was obtained by I. D. Novikov.
Then, for n > ny,
o=, <), =2, =1, 2l <

io—1

<1-)" A+ +2f
i=1

<5+l

-

The proof of the lemma is completed by the obvious observation that

-1 T oo 1/2 1/2
Hﬁgf()) 1 < Z [Z((pneiaej))2‘| < Z'0 [Z((pnei’ej>)2‘| :

i=1 Li=i i+

Theorem 2 is a consequence of Lemma 1 and of Theorem 5 stated below, which
establishes the so-called cluster property of the limiting kernels pglg’%) (z,9).
Letz,y € Q' 2,y € Q(’)l s T = (47,2 +7); Ty = (y1+7, .0,y +7).

Theorem 5. The inequality holds

QoUT, Q) /- _, _, Qo) /= —\ ()= —
péﬁ" i 0)(ﬂcUTfﬂﬁ’,yUTTy)—,0(5,5)(36,11)/)( é”(a? ')

S :Y(T? QOv Q(/))v
where

lim |7|*%(7,Q, ;) =0 for all o > 0.

|T]—00

The proof of Theorem 3 rests on Theorems 4 and 5 and is carried out by the
standard method of the so-called correlation functions.
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