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In connection with the application of the contour-integral method () to the
solution of mixed problems for parabolic systems containing in the boundary
condition a derivative with respect to time, the present note is devoted to the
solution of a boundary-value problem with complex parameter A for an elliptic
system of second order and to obtaining estimates for this solution.

In a certain three-dimensional domain D with boundary I', the problem is con-
sidered of finding a solution of the equation

A(z)Au + Z A (x) (‘38; + (Ap(z) — A2 u = d(x) (1)

under the boundary condition

+ (Bo(2) + /\2041(2)31(2))} u(@,A) = (2, A), z€Tl,
(2)

where A(z), A;(x) (i = 0,1,2,3) are square matrices of order m; ®(x) is a
vector-function defined in D; o, (2), 8;(2) (¢ = 0,1) are square matrices of order
m, continuous on I'; ¥(z, A) is a vector-function defined on I'; A is the Laplace
operator with respect to the point x = (1, s, z5).

i { () + Ny ()

T—r
r—z 2

It is assumed that the following conditions are satisfied.

1°. The matrices A(z), A;(z) (i =0, 1,2, 3) have bounded continuous derivatives
in the domain D, and the roots v;(z) of the characteristic equation

det(A(z) +vE) =0
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for all « in the closed domain D have constant multiplicities m,; and strictly
negative real parts*.

2°. The matrices a;(z), 5;(z) (i = 0,1) are continuous on I', and for sufficiently
large complex A the matrix

[og(2) + A2y (2)] 7 [Bo (2) + Ay (2) 8, (2)]

is bounded for z € T by a number independent of A. The vector-function ¥(z, ),
analytic in A in the domain Rj, tending to zero as |A| — +o0, and continuous
in z on I', where Rj is the domain of values A satisfying the inequalities

Al = R, JargAl<7/4+4 (R5)

for sufficiently large R.

In note (?), under condition 1°, the existence was proved of a fundamental matrix
P(z,&, \), analytic in A in the domain Rg, for which it is obtai-

* From this condition there follows the parabolicity of the corresponding dynam-
ical system.

appropriate estimates were also obtained. From the estimates of the fundamen-
tal matrix obtained in (2), it follows that for the derivative with respect to the
interior normal to I' at the point z € T" of the simple-layer potential

wa»:ZPm%»mwﬂy 3)

the jump formulas hold

<du(§z;)\)>l = _%A_l(z)/i(z) +/FCUD(;;LZ:’/\)M(y) dr,, (4)
(dud(;; A))e = LA () + /F dP(dZ?;i/aA) uly)dT, -

Analogous jump formulas hold for the double-layer potential.

By virtue of formulas (4), (5), the determination of the solution of problem (1)
—(2) for the corresponding homogeneous system in the form of the simple-layer
potential (3) leads to the integral equation

~

u(z, A) = @M+[K@%MM%MWw (6)
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where

Dz A) = —2A(2)(Ag(2) + A2y (2) 9z, \),

(7)

K(z.0) = 24(2) [ + (ag(2) + Mo (2))” (Bo(2) + X20n(2)8,2)) | P2, ).

According to the theorem of the note (2) on the fundamental matrix P(z,y, A),
under conditions 1°—3°, for the kernel K(z,y, A) in the domain Rj the estimate

is valid. Here C, e are certain positive constants; B is a square matrix of order
m composed of ones; € is a certain positive constant; « is a Lyapunov number;
|z —y]| is the length of the vector z — y; inequality (8) is understood in the sense
that it holds between the corresponding elements of the left- and right-hand
sides of (8).

Estimate (8) makes it possible to prove, by the method of successive approxi-
mations, the existence of a unique solution, analytic in A in the domain Ry, of
the integral equation (6), representable in the form

Wz, N) = Bz A) + / R(z,9, Ny, A) dT,, (9)

where R(z,y, ) is the resolvent of the kernel K(z,y,\), for which

R(z,y,\) = K(z,y,0) + Y K, (2,9, ), (10)
n=2
K, are the iterations of the kernel K. Moreover, according to (8), from (10)
and (9) we obtain the estimates

CB
[R(z,y,A)| < W@cp(—el)\llz—yl), (11)

ln(z, M) <gq, (12)

valid in the domain Rs, where ¢ is a constant column vector of size m.
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Thus we prove

Theorem 1. Under conditions 1°—3° and for sufficiently large R, there exists
a solution uM (x, \), analytic in X in the domain Ry, of problem (1), (2)

in the case ®(z) = 0 in D, represented in the form of the simple-layer potential
(3), where P(z,y,\) is the fundamental matrix of solutions with singularity at
the point = y. The integral equation (6), obtained for the density u(z, A) of
the potential (3), has, analytic in A in the domain Ry, a resolvent R(z,y, ), for
which the estimate (11) in Ry is valid. If D, is a domain lying, together with
its boundary, in the domain D, then for u<1)(:c, A) the inequalities

1)

du(ac,)\)‘gq forx € D+T, (13)
dn,

O*uD (2, ) q
5k ‘ < ) exp(—e|A|o), (14)

2

hold, where ¢ is the distance between the boundaries of the domains D, D;.

Under conditions 1°—3°, the existence is also proved of the Green matrix

G(‘T7£7)‘) :P<l‘,€, A)ia(:mfa)‘) (15)

of problem (1), (2) (for ¥(z,A\) = 0 on I'), by means of which the solution of
problem (1), (2) for 9(z,\) = 0 on I is represented in the form

u?(z,\, @) /G (2,6, )®(¢) dD, (16)

where Q(x, &, \) is the regular part of the Green matrix, which is also sought in
the form of a simple-layer potential

Qa,6,)) = / P(x,y Np(y.€.\) dT,, € € D. (17)
T

By the scheme of the proof of Theorem 1, one also proves

Theorem 2. Under the conditions of Theorem 1, for every continuously differ-
entiable and bounded vector-function ®(z) in the domain D + T, there exists
a solution u® (x, A, ®) of problem (1), (2) with 1(z,A) = 0 on I, defined by
formula (16) and analytic in A in the domain Rj.

The regular part Q(x,&, A) of the Green matrix G(z,&, \), defined by formula
(15), is represented in the form of the simple-layer potential (17). For every pair
of points z,£ € D, the inequality
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04 Q(x, £, 1)/0%| < CBexpl—<[Allz —€]/o™* (k=0,1,2).  (18)

holds. For all z € D+ 1T, £ € Dy, the estimate

|dQ(x,&,\) /dn.| < CBexpl—e|A[z —¢]]/o?, z€T.
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