
Soviet-era science, translated into English

ESTIMATES OF THE
SOLUTION OF A
BOUNDARY-VALUE
PROBLEM WITH A
COMPLEX
PARAMETER FOR AN
ELLIPTIC SYSTEM OF
SECOND ORDER
1970

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-197001.60743

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.

https://sovietrxiv.org/items/ru-197001.60743


Abstract
Full Text
UDC 517.9.49.2

MATHEMATICS
M. L. RASULOV

ESTIMATES OF THE SOLUTION OF A
BOUNDARY-VALUE PROBLEM WITH A
COMPLEX PARAMETER FOR AN ELLIPTIC
SYSTEM OF SECOND ORDER
(Presented by Academician I. N. Vekua, 12 XII 1969)

In connection with the application of the contour-integral method (1) to the
solution of mixed problems for parabolic systems containing in the boundary
condition a derivative with respect to time, the present note is devoted to the
solution of a boundary-value problem with complex parameter 𝜆 for an elliptic
system of second order and to obtaining estimates for this solution.

In a certain three-dimensional domain 𝐷 with boundary Γ, the problem is con-
sidered of finding a solution of the equation

𝐴(𝑥)Δ𝑢 +
3

∑
𝑖=1

𝐴𝑖(𝑥) 𝜕𝑢
𝜕𝑥𝑖

+ (𝐴0(𝑥) − 𝜆2) 𝑢 = Φ(𝑥) (1)

under the boundary condition

lim
𝑥→𝑧

{(𝛼0(𝑧) + 𝜆2𝛼1(𝑧)) 𝑑
𝑑𝑛𝑧

+ (𝛽0(𝑧) + 𝜆2𝛼1(𝑧)𝛽1(𝑧))} 𝑢(𝑥, 𝜆) = 𝜓(𝑧, 𝜆), 𝑧 ∈ Γ,
(2)

where 𝐴(𝑥), 𝐴𝑖(𝑥) (𝑖 = 0, 1, 2, 3) are square matrices of order 𝑚; Φ(𝑥) is a
vector-function defined in 𝐷; 𝛼𝑖(𝑧), 𝛽𝑖(𝑧) (𝑖 = 0, 1) are square matrices of order
𝑚, continuous on Γ; 𝜓(𝑧, 𝜆) is a vector-function defined on Γ; Δ is the Laplace
operator with respect to the point 𝑥 = (𝑥1, 𝑥2, 𝑥3).
It is assumed that the following conditions are satisfied.

1∘. The matrices 𝐴(𝑥), 𝐴𝑖(𝑥) (𝑖 = 0, 1, 2, 3) have bounded continuous derivatives
in the domain 𝐷, and the roots 𝜈𝑖(𝑥) of the characteristic equation

det(𝐴(𝑥) + 𝜈𝐸) = 0
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for all 𝑥 in the closed domain 𝐷 have constant multiplicities 𝑚𝑖 and strictly
negative real parts*.

2∘. The matrices 𝛼𝑖(𝑧), 𝛽𝑖(𝑧) (𝑖 = 0, 1) are continuous on Γ, and for sufficiently
large complex 𝜆 the matrix

[𝛼0(𝑧) + 𝜆2𝛼1(𝑧)]−1[𝛽0(𝑧) + 𝜆2𝛼1(𝑧)𝛽1(𝑧)]

is bounded for 𝑧 ∈ Γ by a number independent of 𝜆. The vector-function 𝜓(𝑧, 𝜆),
analytic in 𝜆 in the domain 𝑅𝛿, tending to zero as |𝜆| → +∞, and continuous
in 𝑧 on Γ, where 𝑅𝛿 is the domain of values 𝜆 satisfying the inequalities

|𝜆| ≥ 𝑅, | arg𝜆| ≤ 𝜋/4 + 𝛿 (𝑅𝛿)

for sufficiently large 𝑅.

In note (2), under condition 1∘, the existence was proved of a fundamental matrix
𝑃(𝑥, 𝜉, 𝜆), analytic in 𝜆 in the domain 𝑅𝛿, for which it is obtai-

* From this condition there follows the parabolicity of the corresponding dynam-
ical system.

appropriate estimates were also obtained. From the estimates of the fundamen-
tal matrix obtained in (2), it follows that for the derivative with respect to the
interior normal to Γ at the point 𝑧 ∈ Γ of the simple-layer potential

𝑢(𝑥, 𝜆) = ∫
Γ

𝑃(𝑥, 𝑦, 𝜆)𝜇(𝑦) 𝑑Γ𝑦 (3)

the jump formulas hold

(𝑑𝑢(𝑧, 𝜆)
𝑑𝑛𝑧

)
𝑖

= −1
2𝐴−1(𝑧)𝜇(𝑧) + ∫

Γ

𝑑𝑃(𝑧, 𝑦, 𝜆)
𝑑𝑛𝑧

𝜇(𝑦) 𝑑Γ𝑦, (4)

(𝑑𝑢(𝑧, 𝜆)
𝑑𝑛𝑧

)
𝑒

= 1
2𝐴−1(𝑧)𝜇(𝑧) + ∫

Γ

𝑑𝑃(𝑧, 𝑦, 𝜆)
𝑑𝑛𝑧

𝜇(𝑦) 𝑑Γ𝑦. (5)

Analogous jump formulas hold for the double-layer potential.

By virtue of formulas (4), (5), the determination of the solution of problem (1)
—(2) for the corresponding homogeneous system in the form of the simple-layer
potential (3) leads to the integral equation

𝜇(𝑧, 𝜆) = 𝜓(𝑧, 𝜆) + ∫
Γ

𝐾(𝑧, 𝑦, 𝜆)𝜇(𝑦, 𝜆) 𝑑Γ𝑦, (6)
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where

𝜓(𝑧, 𝜆) = −2𝐴(𝑧)(𝐴0(𝑧) + 𝜆2𝑎1(𝑧))−1𝜓(𝑧, 𝜆),

(7)

𝐾(𝑧, 𝑦, 𝜆) = 2𝐴(𝑧) [ 𝑑
𝑑𝑛𝑧

+ (𝛼0(𝑧) + 𝜆2𝛼1(𝑧))−1(𝛽0(𝑧) + 𝜆2𝛼1(𝑧)𝛽1(𝑧))] 𝑃(𝑧, 𝑦, 𝜆).

According to the theorem of the note (2) on the fundamental matrix 𝑃(𝑧, 𝑦, 𝜆),
under conditions 1∘—3∘, for the kernel 𝐾(𝑧, 𝑦, 𝜆) in the domain 𝑅𝛿 the estimate

|𝐾(𝑧, 𝑦, 𝜆)| ≤ 𝐶𝐵 exp[−𝜀|𝜆||𝑧 − 𝑦|]/|𝑧 − 𝑦|2−𝛼; (8)

is valid. Here 𝐶, 𝜀 are certain positive constants; 𝐵 is a square matrix of order
𝑚 composed of ones; 𝜀 is a certain positive constant; 𝛼 is a Lyapunov number;
|𝑧 − 𝑦| is the length of the vector 𝑧 − 𝑦; inequality (8) is understood in the sense
that it holds between the corresponding elements of the left- and right-hand
sides of (8).

Estimate (8) makes it possible to prove, by the method of successive approxi-
mations, the existence of a unique solution, analytic in 𝜆 in the domain 𝑅𝛿, of
the integral equation (6), representable in the form

𝜇(𝑧, 𝜆) = 𝜓(𝑧, 𝜆) + ∫
Γ

𝑅(𝑧, 𝑦, 𝜆)𝜓(𝑦, 𝜆) 𝑑Γ𝑦, (9)

where 𝑅(𝑧, 𝑦, 𝜆) is the resolvent of the kernel 𝐾(𝑧, 𝑦, 𝜆), for which

𝑅(𝑧, 𝑦, 𝜆) = 𝐾(𝑧, 𝑦, 𝜆) +
∞

∑
𝑛=2

𝐾𝑛(𝑧, 𝑦, 𝜆), (10)

𝐾𝑛 are the iterations of the kernel 𝐾. Moreover, according to (8), from (10)
and (9) we obtain the estimates

|𝑅(𝑧, 𝑦, 𝜆)| ≤ 𝐶𝐵
|𝑧 − 𝑦|2−𝛼 exp(−𝜀|𝜆||𝑧 − 𝑦|), (11)

|𝜇(𝑧, 𝜆)| ≤ 𝑞, (12)

valid in the domain 𝑅𝛿, where 𝑞 is a constant column vector of size 𝑚.
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Thus we prove

Theorem 1. Under conditions 1∘—3∘ and for sufficiently large 𝑅, there exists
a solution 𝑢(1)(𝑥, 𝜆), analytic in 𝜆 in the domain 𝑅𝛿, of problem (1), (2)

in the case Φ(𝑥) ≡ 0 in 𝐷, represented in the form of the simple-layer potential
(3), where 𝑃(𝑥, 𝑦, 𝜆) is the fundamental matrix of solutions with singularity at
the point 𝑥 = 𝑦. The integral equation (6), obtained for the density 𝜇(𝑧, 𝜆) of
the potential (3), has, analytic in 𝜆 in the domain 𝑅𝛿, a resolvent 𝑅(𝑧, 𝑦, 𝜆), for
which the estimate (11) in 𝑅𝛿 is valid. If 𝐷1 is a domain lying, together with
its boundary, in the domain 𝐷, then for 𝑢(1)(𝑥, 𝜆) the inequalities

∣ 𝑑𝑢(1)(𝑥, 𝜆)
𝑑𝑛𝑧

∣ ≤ 𝑞 for 𝑥 ∈ 𝐷 + Γ, (13)

∣𝜕
𝑘𝑢(1)(𝑥, 𝜆)

𝜕𝑥𝑘
𝑖

∣ ≤ 𝑞
𝜎𝑘+1 exp(−𝜀|𝜆|𝜎), (14)

hold, where 𝜎 is the distance between the boundaries of the domains 𝐷, 𝐷1.

Under conditions 1∘—3∘, the existence is also proved of the Green matrix

𝐺(𝑥, 𝜉, 𝜆) = 𝑃(𝑥, 𝜉, 𝜆) − 𝑎(𝑥, 𝜉, 𝜆) (15)

of problem (1), (2) (for 𝜓(𝑧, 𝜆) ≡ 0 on Γ), by means of which the solution of
problem (1), (2) for 𝜓(𝑧, 𝜆) ≡ 0 on Γ is represented in the form

𝑢(2)(𝑥, 𝜆, Φ) = − ∫
𝐷

𝐺(𝑥, 𝜉, 𝜆)Φ(𝜉) 𝑑𝐷𝜉, (16)

where 𝑄(𝑥, 𝜉, 𝜆) is the regular part of the Green matrix, which is also sought in
the form of a simple-layer potential

𝑄(𝑥, 𝜉, 𝜆) = ∫
Γ

𝑃(𝑥, 𝑦, 𝜆)𝜇(𝑦, 𝜉, 𝜆) 𝑑Γ𝑦, 𝑥, 𝜉 ∈ 𝐷. (17)

By the scheme of the proof of Theorem 1, one also proves

Theorem 2. Under the conditions of Theorem 1, for every continuously differ-
entiable and bounded vector-function Φ(𝑥) in the domain 𝐷 + Γ, there exists
a solution 𝑢(2)(𝑥, 𝜆, Φ) of problem (1), (2) with 𝜓(𝑧, 𝜆) ≡ 0 on Γ, defined by
formula (16) and analytic in 𝜆 in the domain 𝑅𝛿.

The regular part 𝑄(𝑥, 𝜉, 𝜆) of the Green matrix 𝐺(𝑥, 𝜉, 𝜆), defined by formula
(15), is represented in the form of the simple-layer potential (17). For every pair
of points 𝑥, 𝜉 ∈ 𝐷1 the inequality
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∣𝜕𝑘𝑄(𝑥, 𝜉, 𝜆)/𝜕𝑥𝑘
𝑖 ∣ ≤ 𝐶𝐵 exp[−𝜀|𝜆||𝑥 − 𝜉|]/𝜎𝑘+3 (𝑘 = 0, 1, 2). (18)

holds. For all 𝑥 ∈ 𝐷 + Γ, 𝜉 ∈ 𝐷1, the estimate

|𝑑𝑄(𝑥, 𝜉, 𝜆)/𝑑𝑛𝑧| ≤ 𝐶𝐵 exp[−𝜀|𝜆||𝑥 − 𝜉|]/𝜎2, 𝑧 ∈ Γ.
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