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PHYSICS

N. V. MITSKEVICH, I. PULIDO GARCIA

ON THE MOTION OF TEST MASSES IN THE
GRAVITATIONAL FIELD OF A ROTATING
BODY
(Presented by Academician V. A. Fock, 17 XII 1969)

As is known, the static gravitational field of a massive rotating body contains
components analogous to the components of the magnetic field of a circular
current (at large distances), which affect the motion of test bodies, leading
to effects first considered by Lense and Thirring (1), in particular to a specific
precession of the orbit of a test body. These effects are sometimes connected with
Mach’s principle (see, for example, (2)), according to which, when a massive
body rotates, the local inertial frame near it must be partially dragged into
rotation. In other words, one should expect that, other conditions being equal,
the angular velocity of motion of a test body around a rotating mass should be
greater (if its vector coincides in direction with the angular momentum vector
of this mass) than the angular velocity in the opposite direction. This effect can
be associated with the analogue of the Zeeman effect indicated in the theory of
gravitation by Zel’dovich (3), although in the Zeeman effect one usually deals
with an external magnetic field and not with the magnetic field of the nucleus,
whereas here the attracting center serves simultaneously as the source of the
quasimagnetic gravitational field. This effect should be most significant when
the Lense–Thirring frequency is close to the frequency of the zero (Newtonian)
approximation; however, in practice it is only a small correction. Thus, in the
simplest case of the motion of two test masses toward each other along one and
the same circular equatorial orbit, their periods of revolution must be different.
In view of this, the point of their meeting must drift in the direction of rotation
of the central body. Denoting the angular velocities of motion of the test masses
by 𝜑̇+ and 𝜑̇− and, for definiteness, taking 𝜑̇+ > 0 > 𝜑̇−, one may write the
condition for meeting in the form 𝑡(𝜑̇+−𝜑̇−) = 2𝜋𝑛, where 𝑛 is an integer (𝑛 = 0
corresponds to the initial meeting, 𝑛 = 2 to the meeting after one revolution); 𝑡
is the time elapsed from the moment of the initial meeting. Putting 𝑛 = 2, we
find the displacement of the meeting point in one revolution:

𝛿 = 4𝜋𝜑̇+/(𝜑̇+ − 𝜑̇−) − 2𝜋 = 2𝜋(𝜑̇+ + 𝜑̇−)/(𝜑̇+ − 𝜑̇−).
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Hence there follows the effective magnitude of the drift of the meeting point per
unit time (in radians)

𝛿/𝑇 = (𝜑̇+ + 𝜑̇−)/2.

We shall proceed here from the exact solution for the external gravitational field
of a rotating symmetric mass, obtained by Kerr (4) (see also (5)),

𝑑𝑠2 = (1 − 2𝛾𝑚𝑟
𝑟2 + 𝑎2 cos2 𝜃) 𝑑𝑥0 2 − 𝑟2 + 𝑎2 cos2 𝜃

𝑟2 − 2𝛾𝑚𝑟 + 𝑎2 𝑑𝑟2

− 4𝛾𝐿𝑟 sin2 𝜃
𝑟2 + 𝑎2 cos2 𝜃 𝑑𝜑 𝑑𝑥0 − (𝑟2 + 𝑎2 + 2𝛾𝑚𝑎2𝑟 sin2 𝜃

𝑟2 + 𝑎2 cos2 𝜃 ) sin2 𝜃 𝑑𝜑2

− (𝑟2 + 𝑎2 cos2 𝜃) 𝑑𝜃2

(the speed of light 𝑐 = 1; 𝑚 is the mass of the body; 𝐿 is its angular momentum;
𝛾 —
Newtonian gravitational constant; 𝑎𝑚 = 𝐿), although in a reasonable approx-
imation the results will, of course, also be valid for the known approximate
solution of Einstein’s equations (see, for example, (6)). The radial component
of the geodesic equation in the form

𝑑
𝑑𝑠 (𝑔𝜇𝜈

𝑑𝑥𝜈

𝑑𝑠 ) = 1
2𝑔𝛼𝛽,𝜇

𝑑𝑥𝛼

𝑑𝑠
𝑑𝑥𝛽

𝑑𝑠

under the assumption of a circular equatorial orbit gives

𝑔00,𝑟 (𝑑𝑥0

𝑑𝑠 )
2

+ 𝑔𝜑𝜑,𝑟 (𝑑𝜑
𝑑𝑠 )

2
+ 2𝑔0𝜑,𝑟

𝑑𝑥0

𝑑𝑠
𝑑𝜑
𝑑𝑠 = 0.

Hence there follow two exact solutions for the angular velocities of motion of
the test masses (counter-motion):

( 𝑑𝜑
𝑑𝑥0 )

±
=

−𝑔0𝜑,𝑟 ∓ √(𝑔0𝜑,𝑟)2 − 𝑔00,𝑟𝑔𝜑𝜑,𝑟

𝑔𝜑𝜑,𝑟
.

These angular velocities can be represented in the form

𝜑̇± = ±√𝛾𝑚/𝑟 + 𝛾𝐿/𝑐2𝑟2

𝑟 − 𝛾𝑚𝑎2/𝑐4𝑟2 = ±1
√𝑟3/𝛾𝑚 ∓ 𝐿/𝑚𝑐2 ,
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and the period of revolution of the test mass—in the form

𝑇± = 2𝜋 (√ 𝑟3

𝛾𝑚 ∓ 𝐿
𝑚𝑐2 ) .

Let us also denote

𝑇𝑁 = 𝑇+ + 𝑇−
2 = 2𝜋√ 𝑟3

𝛾𝑚, Δ𝑇 = 𝑇− − 𝑇+
2 = 2𝜋 𝐿

𝑚𝑐2 .

The expressions given are exact, not approximate, but it should be remembered
that coordinate time enters into them. It is not difficult, however, to show,
using, for example, Zelmanov’s formalism (7), that the physically observable
quantities will not differ essentially from the coordinate ones in a reasonable
approximation. The correction to the period, Δ𝑇 , obtained and caused by the
rotation of the central body, has several unexpected properties. First of all, it
does not depend on the radius of the orbit and, moreover, does not contain
the gravitational constant, so that its structure could have been predicted from
dimensional considerations alone (the ratio of angular momentum to energy).
In addition, the indicated ratio in fact does not depend on the magnitude of
the mass of the central body, but only on its geometry and angular velocity.
This fact, however, is not paradoxical, if one bears in mind that only the sum
𝑇𝑁 ± Δ𝑇 has real meaning; the first term of it clearly depends on the factors
listed. Thus, for example, as the mass of the central body tends to zero, the
principal part of the period 𝑇𝑁 increases without bound, so that in the limit
the addition Δ𝑇 loses all meaning. The addition to the angular velocity, on the
other hand, in all cases corresponds to the Lense–Thirring frequency.

Putting the radius of the orbit of the test body 𝑟 = 31/3𝑅 (𝑅 is the radius of
the attracting center), we find that the magnitude of the drift of the meeting
point per one revolution is 𝛿 = 2𝜋Δ𝑇 /𝑇𝑁 and (effectively) per unit time 𝛿/𝑇 =
2𝜋Δ𝑇 /𝑇 2

𝑁 . Thus the theory indeed predicts the planetary gravitational Zeeman
effect (otherwise, the effect of partial entrainment of the“inertial frame”). We
give Table 1, illustrating the magnitude of the effect for several cases.

We see that, already within the Solar System, the magnitude of the drift of the
meeting point 𝛿/𝑇 may exceed by an order of magnitude the effect of perihelion
rotation

Table 1
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Object
(cen-
tral
body)

Object
(cen-
tral

body)

Object
(cen-
tral

body)

Object
(cen-
tral

body)

Object
(cen-
tral

body)

Test
masses,

𝑟 =
31/3𝑅

Test
masses,

𝑟 =
31/3𝑅

Test
masses,

𝑟 =
31/3𝑅

Test
masses,

𝑟 =
31/3𝑅

Test
masses,

𝑟 =
31/3𝑅

name
of
ob-
ject

𝑚, g 𝑅, cm 𝜔, sec−1𝐿, g ⋅ cm2

sec𝑇𝑁 , sec Δ𝑇 , sec*𝛿, sec. of arc𝛿
𝑇 ** Δ𝑆𝑐ℎ

𝑇 **

Sun 2 ⋅
1033

7 ⋅
1010

3.2 ⋅
10−6

1.3 ⋅
1049

1.7 ⋅
104

4.5 ⋅
10−8

3.3 ⋅
10−8

600 106

Earth 6 ⋅
1027

6.4 ⋅
108

7.2 ⋅
10−5

7.1 ⋅
1040

8.8 ⋅
103

8.3 ⋅
10−8

1.2 ⋅
10−5

4.4 670

Jupiter 1.9 ⋅
1030

7.1 ⋅
109

1.8 ⋅
10−4

6.7 ⋅
1045

1.8 ⋅
104

2.5 ⋅
10−5

2.5 ⋅
10−4

280 104

Rapidly
ro-
tat-
ing
star

3 ⋅
1034

3.5 ⋅
1011

1.5 ⋅
10−4

2 ⋅
1053

5⋅104 4.7 ⋅
10−2

1.21 7.6 ⋅
104

106

Neutron
star

1033 106 104 4 ⋅
1048

1.3 ⋅
10−3

2.8 ⋅
10−5

2.5 ⋅
104

93 rad
sec 750 rad

sec

* The same for all 𝑟.
** In seconds of arc per century.

For Mercury, although, of course, such an effect of perihelion rotation for the
orbits considered (if their eccentricity were different from zero) in the corre-
sponding cases exceeds the magnitude of the drift effect (see the last column
of the table). However, both effects—the one due to the rotation of the central
body and the one associated with the Schwarzschild part of its gravitational field
—approach each other in order of magnitude for rapidly rotating stars (stars of
classes A, O, and especially B; the example of an extremely rapidly rotating neu-
tron star is taken from work (3), and it should be noted that the known pulsars
have angular velocities of rotation smaller by two or more orders of magnitude).

The authors thank the participants of the theoretical seminars of the Shtern-
berg Astronomical Institute of Moscow University and of the Patrice Lumumba
Peoples’Friendship University for fruitful discussion, and A. L. Zelmanov and
V. A. Fock for their interest in the work.
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