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In Theorem 1 new integral relations are given which connect various solutions
of Milne’ s problem.

The mathematical problem is posed as follows. Let g(u), n € [—1,1], be a
scattering indicatrix, that is, a nonnegative function on [—1,1] with summable
square and such that

0<gy <1
(Here and below

1
In = 27?/ g(u) P, (p) dp,  n > 0;
1

P, (u) is the n-th Legendre polynomial.)

Let © be the unit sphere of three-dimensional space, C(€2) the space of contin-
uous and L, (€)-square-summable complex-valued functions on €; in L,(£2) the
scalar product is defined by

(f,9) = /Q F()g(@) dw

and the norm by |- | = /(+, ).

g(u) generates a linear completely continuous operator g : L,(Q2) — C(Q),
acting according to the formula

§f(@) = @ w) = / gl [(@) Ao, f € Ly(9).

Q
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Next let B, be the class of abstract functions x(7) of the numerical variable
7 € (0,00), possessing the following properties.

a) For each 7 € (0,00), (7) is an element of Ly(12).

b) The numerical function |z(7)| is bounded on every bounded part of the
half-line 7 > 0.

—ET

c¢) The abstract function e 7x(7) is summable in the sense of Bochner (?)

on (0, 00).

Fix some vector n € Q. Let € € (—1,1), z(-) € B,, and

gx(t,w) = (§(z(7)))(w), T>0, we.

It turns out that for any fixed w € Q the function e 7 gz (7, w) is summable with
respect to the variable 7 on (0, 00). Hence it follows that the following formula

uniquely defines the operator A, acting on z(-):

1 T
7/ e (1=p)/wn gz(p,w) dp, for wn > 0,
wn
(Az()(r,w) = { 92(T,w), for wn = 0,

1 o ~
|wn|/ e~ p=n/lwnl go(p. w)dp, for wn < 0.

It turns out that the classes B,, € € (—1,1), are invariant with respect to the
transformation A: if x(-) € B_, then also Az(-) € B..

The Milne problem is the problem of solving the equation

a(-) = Az() + () (1)

in the class B = U.. (—1.1) B.. Here we shall be interested in the so-called Milne

problem with insolation, corresponding to equation (1) with a free term f of
the special form:

f(1,w) = B(w) exp(—7/wn), T>0, we; (2)

B e Ly (), B(w) =0 when wn <0. (3)

We shall call problem 1 the problem (1)—(3). Problem 1 with B = 0 is the
classical homogeneous Milne problem. (Physical interpretation: problem 1 is
the problem of the diffusion of radiation through the half-space 7 > 0 of three-
dimensional space; n is the unit normal vector to the boundary of the half-space,
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directed inward; B(w) is the angular distribution of the w-radiation incident on
the boundary from outside.)

In the theory of the Milne problem the characteristic equation plays a funda-
mental role

(1+ kwn)p(w) = gy (w). (4)

Here k is a complex parameter, k € Z,, where Z is the complex plane with cuts
along the real axis from —oo to —1 and from 1 to +oo (the points +1 belong to
the cuts).

Denote by 91 the set of values of the parameter k € Z; for which (4) admits a
nontrivial solution ¢ € L,(£2). It turns out that 91 lies entirely in the interval
(—1,1) of the real axis, 9 is symmetric with respect to the point & = 0, N is
nonempty and at most countable. If 91 is infinite, then the points k = +1 are
limit points of 91, and O has no other limit points.

There exists exactly one A\, € 9, Ay > 0, such that for &k = A\, (4) admits a
sign-constant solution. Up to normalization this solution is unique. If g, = 1,
then Ay = 0; if gy < 1, then Ay > 0. The interval (—Xy, ;) contains no points
of the set 9.

For k € M the eigenspace of (4) has finite dimension p;, with p_,, = p;, k € N,
and p, = 1. If 9N contains points different from zero, then there exists a system
of functions

{¢kp‘k€m7 k#oa p:1a2vvpk} (5)

such that

a) Yp,(w) is real, ¢y, € C(Q), p=1,2,...,py, k €N, k # 0;

b) ((wn)py, i) = —Gyp gk for 1 < p < p' < py, k€N, k£0;
) Ymp(W) =pp(—w), wEQ, p=1+p;, k€N, k#0;
)

d) {¢x, | p = 1,2,...,p,} is a basis of the eigenspace of equation (4) corre-
sponding to the given value of the parameter k € 9N, k +£ 0.

A system of functions (5) possessing the listed properties is not unique. We

assume that, from all such systems, one has been chosen and fixed; moreover

in the case g, < 1) this has been done so that w) > 0 everywhere on )
0 Ao>1
(such a choice is possible).

Let z(-) be some solution of problem 1, z(-) € B_, € € (—1,1). Then there
exists £(0) € Ly(€2) such that

a) z(0,w) = B(w) when wn > 0;
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b) lim () —2(0)] = 0.

The assertions stated above are justified in (1).

We now single out two variants 1, , of problem 1, corresponding to two fixed
functions B = B , in formulas (1)—(3). Let ¢; € (~1,1),

and z;(-) € B are some fixed solutions of problems 1;, j=1,2. Put

4mr

3 .
D— (1= g1)(21(0),wn)(24(0),wn), if gy = 1;
0, if gg < 1;

and, for each \ € R,

%[(%(O)Mn)(ffz(o), (wn)?) — (22(0),wn)(2,(0), (wn)?)], for A =0;

A)\ = Px
sgn - Zj(x1<0>, (wn)x,) (2(0), (W) _x)p), for A # 0.

Finally, introduce the operator ¢ : Ly(2) — Lo(Q2) by the formula (6f)(w) =
f(=w), € Ly(Q).
Theorem 1. For all 7 > 0,

(21(7), (wn) 5 25(0)) = DT+ Y Aye. (6)
AERN(—€5,81)

(The bar over the top denotes complex conjugation; the interval (—ey, &;) is the
empty set if €, + ¢, <0.)

Formula (6) makes it possible to establish certain new connections between the
solutions of Milne’ s problem (both homogeneous and with insolation) and, in
particular, to express explicitly the coefficients of the asymptotic expansions of
the solutions of problem 1 (cf. (1)) in terms of the law of insolation B and the
boundary values (for 7 = 0) of the solutions of the homogeneous Milne problem.
Expressions of this type were first obtained by V. V. Sobolev (?).

A detailed exposition of the proof of Theorem 1 and of its consequences is
contained in (4).
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