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MATHEMATICAL PHYSICS

M. V. MASLENNIKOV

SOME INTEGRAL RELATIONS IN THE THE-
ORY OF RADIATION TRANSFER
(Presented by Academician A. N. Tikhonov on 8 IV 1970)

In Theorem 1 new integral relations are given which connect various solutions
of Milne’s problem.

The mathematical problem is posed as follows. Let 𝑔(𝜇), 𝜇 ∈ [−1, 1], be a
scattering indicatrix, that is, a nonnegative function on [−1, 1] with summable
square and such that

0 < 𝑔0 ⩽ 1.

(Here and below

𝑔𝑛 = 2𝜋 ∫
1

−1
𝑔(𝜇)𝑃𝑛(𝜇) 𝑑𝜇, 𝑛 ⩾ 0;

𝑃𝑛(𝜇) is the 𝑛-th Legendre polynomial.)

Let Ω be the unit sphere of three-dimensional space, 𝐶(Ω) the space of contin-
uous and 𝐿2(Ω)-square-summable complex-valued functions on Ω; in 𝐿2(Ω) the
scalar product is defined by

(𝑓, 𝑔) = ∫
Ω

𝑓(𝜔)𝑔(𝜔) 𝑑𝜔

and the norm by ‖ ⋅ ‖ = √(⋅, ⋅).
𝑔(𝜇) generates a linear completely continuous operator ̂𝑔 ∶ 𝐿2(Ω) → 𝐶(Ω),
acting according to the formula

̂𝑔𝑓(𝜔) ≡ ( ̂𝑔𝑓)(𝜔) = ∫
Ω

𝑔(𝜔𝜔′)𝑓(𝜔′) 𝑑𝜔′, 𝑓 ∈ 𝐿2(Ω).
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Next let ℬ𝜀 be the class of abstract functions 𝑥(𝜏) of the numerical variable
𝜏 ∈ (0, ∞), possessing the following properties.

a) For each 𝜏 ∈ (0, ∞), 𝑥(𝜏) is an element of 𝐿2(Ω).
b) The numerical function ‖𝑥(𝜏)‖ is bounded on every bounded part of the

half-line 𝜏 > 0.

c) The abstract function 𝑒−𝜀𝜏𝑥(𝜏) is summable in the sense of Bochner (3)
on (0, ∞).

Fix some vector n ∈ Ω. Let 𝜀 ∈ (−1, 1), 𝑥(⋅) ∈ ℬ𝜀, and

̂𝑔𝑥(𝜏, 𝜔) ≡ ( ̂𝑔(𝑥(𝜏)))(𝜔), 𝜏 > 0, 𝜔 ∈ Ω.

It turns out that for any fixed 𝜔 ∈ Ω the function 𝑒−𝜏 ̂𝑔𝑥(𝜏, 𝜔) is summable with
respect to the variable 𝜏 on (0, ∞). Hence it follows that the following formula
uniquely defines the operator ̂𝐴, acting on 𝑥(⋅):

( ̂𝐴𝑥(⋅))(𝜏, 𝜔) =

⎧{{{
⎨{{{⎩

1
𝜔n ∫

𝜏

0
𝑒−(𝜏−𝜌)/𝜔n ̂𝑔𝑥(𝜌, 𝜔) 𝑑𝜌, for 𝜔n > 0,

̂𝑔𝑥(𝜏, 𝜔), for 𝜔n = 0,

1
|𝜔n| ∫

∞

𝜏
𝑒−(𝜌−𝜏)/|𝜔n| ̂𝑔𝑥(𝜌, 𝜔) 𝑑𝜌, for 𝜔n < 0.

It turns out that the classes ℬ𝜀, 𝜀 ∈ (−1, 1), are invariant with respect to the
transformation ̂𝐴: if 𝑥(⋅) ∈ ℬ𝜀, then also ̂𝐴𝑥(⋅) ∈ ℬ𝜀.

The Milne problem is the problem of solving the equation

𝑥(⋅) = ̂𝐴𝑥(⋅) + 𝑓(⋅) (1)

in the class 𝔅 = ⋃𝜀∈(−1,1) 𝔅𝜀. Here we shall be interested in the so-called Milne
problem with insolation, corresponding to equation (1) with a free term 𝑓 of
the special form:

𝑓(𝜏, 𝜔) = 𝐵(𝜔) exp(−𝜏/𝜔𝑛), 𝜏 > 0, 𝜔 ∈ Ω; (2)

𝐵 ∈ 𝐿2(Ω), 𝐵(𝜔) = 0 when 𝜔𝑛 ≤ 0. (3)

We shall call problem 1 the problem (1)—(3). Problem 1 with 𝐵 ≡ 0 is the
classical homogeneous Milne problem. (Physical interpretation: problem 1 is
the problem of the diffusion of radiation through the half-space 𝜏 > 0 of three-
dimensional space; 𝑛 is the unit normal vector to the boundary of the half-space,
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directed inward; 𝐵(𝜔) is the angular distribution of the 𝜔-radiation incident on
the boundary from outside.)

In the theory of the Milne problem the characteristic equation plays a funda-
mental role

(1 + 𝑘𝜔𝑛)𝜓(𝜔) = 𝑔𝜓(𝜔). (4)

Here 𝑘 is a complex parameter, 𝑘 ∈ 𝑍0, where 𝑍0 is the complex plane with cuts
along the real axis from −∞ to −1 and from 1 to +∞ (the points ±1 belong to
the cuts).

Denote by 𝔑 the set of values of the parameter 𝑘 ∈ 𝑍0 for which (4) admits a
nontrivial solution 𝜓 ∈ 𝐿2(Ω). It turns out that 𝔑 lies entirely in the interval
(−1, 1) of the real axis, 𝔑 is symmetric with respect to the point 𝑘 = 0, 𝔑 is
nonempty and at most countable. If 𝔑 is infinite, then the points 𝑘 = ±1 are
limit points of 𝔑, and 𝔑 has no other limit points.

There exists exactly one 𝜆0 ∈ 𝔑, 𝜆0 ≥ 0, such that for 𝑘 = 𝜆0 (4) admits a
sign-constant solution. Up to normalization this solution is unique. If 𝑔0 = 1,
then 𝜆0 = 0; if 𝑔0 < 1, then 𝜆0 > 0. The interval (−𝜆0, 𝜆0) contains no points
of the set 𝔑.

For 𝑘 ∈ 𝔑 the eigenspace of (4) has finite dimension 𝑝𝑘, with 𝑝−𝑘 = 𝑝𝑘, 𝑘 ∈ 𝔑,
and 𝑝𝜆0

= 1. If 𝔑 contains points different from zero, then there exists a system
of functions

{𝜓𝑘𝑝 ∣ 𝑘 ∈ 𝔑, 𝑘 ≠ 0, 𝑝 = 1, 2, … , 𝑝𝑘} (5)

such that

a) 𝜓𝑘𝑝(𝜔) is real, 𝜓𝑘𝑝 ∈ 𝐶(Ω), 𝑝 = 1, 2, … , 𝑝𝑘, 𝑘 ∈ 𝔑, 𝑘 ≠ 0;

b) ((𝜔𝑛)𝜓𝑘𝑝, 𝜓𝑘𝑝′) = −𝛿𝑝′𝑝 sgn 𝑘 for 1 ≤ 𝑝 ≤ 𝑝′ ≤ 𝑝𝑘, 𝑘 ∈ 𝔑, 𝑘 ≠ 0;

c) 𝜓(−𝑘)𝑝(𝜔) = 𝜓𝑘𝑝(−𝜔), 𝜔 ∈ Ω, 𝑝 = 1 ÷ 𝑝𝑘, 𝑘 ∈ 𝔑, 𝑘 ≠ 0;

d) {𝜓𝑘𝑝 ∣ 𝑝 = 1, 2, … , 𝑝𝑘} is a basis of the eigenspace of equation (4) corre-
sponding to the given value of the parameter 𝑘 ∈ 𝔑, 𝑘 ≠ 0.

A system of functions (5) possessing the listed properties is not unique. We
assume that, from all such systems, one has been chosen and fixed; moreover
(in the case 𝑔0 < 1) this has been done so that 𝜓𝜆0,1(𝜔) > 0 everywhere on Ω
(such a choice is possible).

Let 𝑥(⋅) be some solution of problem 1, 𝑥(⋅) ∈ 𝔅𝜀, 𝜀 ∈ (−1, 1). Then there
exists 𝑥(0) ∈ 𝐿2(Ω) such that

a) 𝑥(0, 𝜔) = 𝐵(𝜔) when 𝜔𝑛 > 0;
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b) lim
𝜏=0+0

‖𝑥(𝜏) − 𝑥(0)‖ = 0.

The assertions stated above are justified in (1).
We now single out two variants 11,2 of problem 1, corresponding to two fixed
functions 𝐵 = 𝐵1,2 in formulas (1)—(3). Let 𝜀𝑗 ∈ (−1, 1),

and 𝑥𝑗(⋅) ∈ ℬ 𝑗
𝜀 are some fixed solutions of problems 1𝑗, 𝑗 = 1, 2. Put

𝐷 =
⎧{
⎨{⎩

3
4𝜋 (1 − 𝑔1)(𝑥1(0), 𝜔𝑛)(𝑥2(0), 𝜔𝑛), if 𝑔0 = 1;

0, if 𝑔0 < 1;

and, for each 𝜆 ∈ ℜ,

𝐴𝜆 =

⎧{{
⎨{{⎩

3
4𝜋 [(𝑥1(0), 𝜔𝑛)(𝑥2(0), (𝜔𝑛)2) − (𝑥2(0), 𝜔𝑛)(𝑥1(0), (𝜔𝑛)2)], for 𝜆 = 0;

sgn 𝜆 ⋅
𝑝𝜆

∑
𝑝=1

(𝑥1(0), (𝜔𝑛)𝜓𝜆𝑝)(𝑥2(0), (𝜔𝑛)𝜓(−𝜆)𝑝), for 𝜆 ≠ 0.

Finally, introduce the operator 𝜎̂ ∶ 𝐿2(Ω) → 𝐿2(Ω) by the formula (𝜎̂𝑓)(𝜔) =
𝑓(−𝜔), 𝑓 ∈ 𝐿2(Ω).
Theorem 1. For all 𝜏 ≥ 0,

(𝑥1(𝜏), (𝜔𝑛) 𝜎̂ 𝑥2(0)) = 𝐷𝜏 + ∑
𝜆∈ℜ∩(−𝜀2,𝜀1)

𝐴𝜆𝑒𝜆𝜏 . (6)

(The bar over the top denotes complex conjugation; the interval (−𝜀2, 𝜀1) is the
empty set if 𝜀1 + 𝜀2 ≤ 0.)

Formula (6) makes it possible to establish certain new connections between the
solutions of Milne’s problem (both homogeneous and with insolation) and, in
particular, to express explicitly the coefficients of the asymptotic expansions of
the solutions of problem 1 (cf. (1)) in terms of the law of insolation 𝐵 and the
boundary values (for 𝜏 = 0) of the solutions of the homogeneous Milne problem.
Expressions of this type were first obtained by V. V. Sobolev (2).
A detailed exposition of the proof of Theorem 1 and of its consequences is
contained in (4).
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