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1. Let X be a complex analytic manifold, countable at infinity, of complex
dimension n, and let F' be a coherent analytic sheaf on X. Each point
of the manifold X has a holomorphically complete open neighborhood U,
over which there is defined an epimorphism of sheaves

T O™ F,

where O is the sheaf of germs of holomorphic functions on X, and m is some
positive integer. Consequently, the complex vector space I'(U; F') of all con-
tinuous sections of the sheaf F' over U is isomorphic to the quotient space
I(U;0™)/T(U; R), where R is the kernel of the epimorphism 7. Endowing the
space I'(U; O™) with the topology of compact convergence, we thereby intro-
duce on T'(U; F) a certain separated locally convex topology, which is a Fréchet
topology and does not depend on the choice of the epimorphism 7 (cf. (1)).

Let 84 = (U;) be a sufficiently fine locally finite covering of the manifold X by
holomorphically complete open sets. The space C*(4; F') of cochains of degree
k > 0 of the covering I with coefficients in F' is endowed with the product topol-
ogy of the spaces F(Ui0 N..nU;,; F). Further, the space H*(4; F') of cohomology
of the covering i1 is endowed with the quotient-space topology Ker d,/Im d,_4,
where 4,, is the (continuous) coboundary operator. Finally, the space H*(X; F)
of Cech cohomology of the manifold X with coefficients in the sheaf F' is en-
dowed with the topology of the inductive limit of the spaces H*(i; F) with
respect to the filtering set of classes of pairwise equivalent coverings. By means
of a diagram chase analogous to the proof of A. Weil’ s de Rham theorem (see
(2)), it is easy to show that the canonical mapping

HF(U; F) — H¥X; F)

is an isomorphism of topological vector spaces.
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2. Let EF, for any integer k > 0, be the sheaf of germs of infinitely dif-
ferentiable exterior differential forms of bidegree (0,%) on the manifold
X. Consider the complex I'(X; E* ®, F) of vector spaces I'(X; E¥ ®, F)
(k=0,1,...), whose coboundary operator

dl :T(X;E*®p F) - T(X; EF @, F)

is induced by the exterior differential d” : E¥ — E**!. For each U € 4,
endow the vector space I'(U; E* ®, F) with the strongest of the locally convex
topologies under which the canonical bilinear mapping

I(U; E*) x T(U; F) = T(U; E* @, F),

which assigns to sections w and & over U of the sheaves E¥ and F, respectively,
the section z - w(z) ® £(z) of the sheaf E* ®, F. The space I'(X; E* ® F) is
endowed with the wea-

weakest of the topologies for which the restriction mappings are continuous

I'(X;E*®,F) 5> T(U;E* @, F) (U cu).

Finally, the cohomology space H*(T'(X; E*®, F)) of the complex I'(X; E*®, F)
is endowed with the topology of the quotient space Kerd; /Imd; ;.

Since EF is a flat 0, -module for every z € X (see (3)), by the Dolbeault-
Grothendieck lemma the sequence of sheaves

0=-F—=0,80F = E'®;F — -

is exact. Consequently, by means of a diagram chase one can show that, for
every k > 0, the topological vector spaces H*(X; F) and H*(T'(X; E* ®, F))
are canonically isomorphic.

3. Let a be a continuous linear form on the space I'(X; E*¥ ®, F). If U is an
arbitrary open set in X, then for any w € T (U; E¥), ¢ € T'(U; F) we have a
section x =+ w(x) ® £(z) over X of the sheaf E¥ ®, F, continuous in w and £.
Fixing &, we obtain a continuous linear form w - a(w®¢) on the space I',(U; E¥)
of sections with compact supports, endowed with the usual topology. Thereby a
['(U; O)-linear mapping ¢y, : T'(U; F) — T(U; D™" %) is defined, where D™n"~*
is the sheaf of germs of currents of bidegree (n,n — k) on X, and

(W, pu(€)) = a(w®g)

for w € T,(U; E¥), ¢ € T(U; F). Tt is obvious that, for V C U, the mappings
vy and @y satisfy the natural compatibility conditions, i.e. the family (o)
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determines a certain homomorphism of @-modules ¢ : F — D™"~ % Since the
form a has compact support, the homomorphism ¢ also has compact support.
Thus a canonical linear mapping of vector spaces is defined

I(X; EF ®p F) — T'.(X; Homg (F, D™"k)),

which assigns to a continuous linear form a on I'(X; E*¥ ®, F) a homomorphism
¢ : F — D" with compact support.

If ¢ =0, then a = 0. Indeed, with the help of a suitable refinement of the iden-
tity it is easy to verify that, on each compact subset of X, any global section
of the sheaf E* ®, F is representable as a finite sum of sections w ® &, where
w €T (U; E¥), ¢ € T(U; F) for some open U, and a(w ® &) = {(w, oy (€)) = 0.
Consequently, the mapping a + ¢ of the vector space I''(X; E¥ ®, F) into
[.(X;Homy(F, D™ %)) is injective. We show that it is also surjective. Since
the homomorphism ¢ has compact support, it suffices to define the correspond-
ing form a on sections of the form w ® ¢, with w € T (U; E¥), ¢ € T'(U; F), by
the formula a(w ® &) = (w, py(£)). It is obvious that the form a so defined is
continuous on I'(X; E* ®, F), since each of the modules T'(U; F)) may be re-
garded as having a finite number of generators over the ring T'(U; @) (for which
it is enough to choose U sufficiently small and holomorphically complete).

Thus the vector spaces I/ (X; E*®, F) and I',.(X; Hom, (F, D™"*)) are canon-
ically isomorphic.

Consider the mapping
td” : T (X;Homgy(F, D"" %)) — I' ,(X; Hom, (F, D™ 7)),

identified with the mapping conjugate to

d’ :T(X; EF @, F) - T(X; E¥1 @, F).

For any sections w € T',(U; E¥), ¢ € T(U; F) we have:

(w,'d" oy (§)) ="d"a(w®§) = a(d"w® &) = (—1)*Hw,d"¢y(€)),

i.e., the mapping d” is induced by the sheaf homomorphism

(_1)k+1d” . Dn,nfkfl — Dn,nfk'

4. Let D™F for k > 0, be the sheaf of germs of currents of bidegree (n, k) on
the manifold X. The corresponding Dolbeault-Grothendieck resolution of the
sheaf Q" of germs of holomorphic differential forms of degree n on X can be
embedded in the commutative diagram
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0 0 0

\ \ \

0— Qv — D0 — pnt ..
! 1 1

0— LY —L[00 [0l ..
\ \ \

0— L' — LYY bt ..
\ \ \

with exact rows and columns and with injective modules LP, LP? (p,q > 0)
over the sheaf of rings O. Since the sheaf F' is coherent, Hom,(F,G), =
Homg (F,,G,) for any O-module G (see (4)). On the other hand, from Mal-
grange’ s theorem (3) it follows that D™F is an injective O,-module for every
x € X. Consequently, there is a commutative diagram

0 0 0
3 i i

0— T.(X;Homy(F,Q") —TI'.(X;Homy(F,D™%) — T .(X;Homy(F,D™!))
3 3 3

0— TI.(X;Homy(F,L%) —T.(X;Homy(F,L%%)) — T .(X;Hom,(F,L%))
3 3 3

0— TI.(X;Homy(F,LY)) —T.(X;Homy(F,L'Y)) — T .(X;Homy(F,L""))
3 \J 3

in which all rows and columns, beginning with the second, are exact. By
means of a diagram chase we obtain a canonical isomorphism of the coho-
mology vector spaces, respectively, of the complexes T (X; Hom, (F', L**)) and
I'.(X; Homg (F, D™*)).

Consider the covariant functor

L— HomO)C(X; F,L)=T_X;Homy(F,L)),

defined on the category of O-modules and taking values in the category of
vector spaces. We shall denote its derived functors by Ext]ac(X s FoL) (k=
0,1,...). Thus, it has been proved above that for every k > 0 the vector spaces
Ext]ac(X; F,Q") and H*(T(X; Homg(F, D™*))) are canonically isomorphic.

We endow the space I',(X;Homg, (F, D™*)) with the strong topology with re-
spect to I'(X; E" ¥ ®, F). Then in the space Extlf),c(X;F, Q™) it is natural
to define the topology canonically identified with the topology of the quotient
space Kerd; /Imd;_,, where

dy : T.(X;Homy(F, D™*)) — T,(X; Homg,(F, D™*+1))
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is the coboundary operator of the complex I' .(X;Homg(F, D™*)). We shall

—k
denote by Extq .(X; F,Q") the associated separated locally convex space, i.e.,
the quotient space of Extlac(X; F, Q") by the closure of zero in it.

5. Since the topological vector space H*(X; F) is canonically identifiable with
the quotient space Kerdy /Imdj_,, where

4/ :T(X; B* @0 F) — T(X; "' @, F),
the dual space (H*(X; F))’ may be identified with the quotient space
(Im d_)*/(Ker d)°,

where the polars are taken in

I'.(X;Hom (F, D™"F)).
Since

(di_yw, ) = (W', d}_1p)

forallw € T'(X; E*1®,F), ¢ € T'.(X;Homg, (F, D" %)), it follows from

(d}_jw,p) = 0 (for every w) that 'd] ;¢ = 0, and conversely. In other
words, (Imdj_,)° coincides with

Ker 4" + I, (X; Homo (. D)) = I, (X; Homg(F, D" *1)).

Similarly, the equality
(w,tdip) =0

for every ¢) is equivalent to the equality d/w = 0, i.e. Kerd; coincides
2 k k
with
(d"T,(X;Homg (F, Dmnk=1)))°.

In this case, (Kerd;,)° is the closure in the weak topology of the subspace
d"T.(X;Homg(F, Dwn—k=1))
in
I'.(X;Homy, (F, D™ F)).

Since I'(X; E¥®, F) is reflexive, the weak and strong closures of subspaces
in
I'.(X;Homg (F, D™"k))

coincide. Thus we have proved

Theorem 1. For 0 < k < n, the vector space
—~ n—k
Exto . (X;F,Q")

is canonically identifiable with the space dual to the topological vector space
HY(X; F).
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If the mapping
dl :T(X;E*®o F) - T(X; E*l @y F)
is a homomorphism, then the dual mapping
td) : T .(X;Homy (F, D™"*~1)) — T (X;Hom (F, D" %))

has closed image. In this case the space

fmg;k(X; F,Qm)
is Hausdorff and, consequently, coincides with

Extd (X; F,Qn).

The mapping dj is a homomorphism if the space H*™'(X;F) is finite-
dimensional (see (°)). Thus the following theorem holds; for (not necessarily)
projective varieties it was first proved by Grothendieck (°).

Theorem 2. If the variety X is compact, then the vector space
Extg "(X; F,Q")
is canonically identifiable with the dual of the space H*(X; F).
If the sheaf F is locally isomorphic to the sheaf O™, then
Extg " (X; F, Q") ~ H* *(X; Homg (F, Q).

In particular, if F' = QP(V) is the sheaf of germs of holomorphic differential
forms of degree p with values in the complex vector bundle V', then

Homg, (F, Q") ~ Q" P(V'),
where V’ is the vector bundle dual to V. Consequently, we have
Theorem 3. The vector space
HE K (X0 (V7))
is canonically identifiable with the dual of the topological vector space

H*(X; (V).

In the particular case when
4y (X BPR(V)) = D(X: BPR+ (V)
is a homomorphism, we obtain from this the result of J.-P. Serre (°).
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