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In a bounded domain 2 C R™*! with smooth boundary I', consider a system of
linear differential equations

A(va)u('r> = f(JC), T = (3:1’ ’xn+1)a (1)

of order p and size g x ¢, with coefficients in C*°(€2). Suppose that on I' the
boundary condition

~Bu = g(z’) (2)

is given, where B is a rectangular matrix of size [ x ¢, consisting of differential
operators of order r; 7 is the operator of restriction of functions to I'. It is
assumed that the operator A(z, D) is elliptic in Q and that at all points of
'\ A, where A is a smooth submanifold of dimension n —1 on T, the ellipticity
condition for the problem (1), (2) is satisfied (see (!)). Under some additional
conditions, the present article proves theorems on the normal solvability of such
problems. Functional spaces in which the operator corresponding to the problem
is Noetherian are found.

Let a covering {U,} of some neighborhood of the submanifold A be fixed, and in
each neighborhood Uj let a local coordinate system (l.c.s.) (xq,...,2,.,) be so
defined that =, ; > 0in U; N Q, I is given by the equation z,,; = 0, A by the
equations z, ., = 0, z,, = 0, and for any intersecting U; and U, the transition
from the Les. (x4, ...,2% ) in U; to the Les. (2], ...,27 ) in U, is carried out
by means of a transformation of the form

Jjo_ % % % J _ % % %
xl - 901(1.17 ’xn717xn+1>7 Vxn—l - Sonfl(xh 7xn71’xn+1>7

J o 4 4 J _ 4 4 i
Ty = 9, (2], - a$n+1)a Tp1 = a1 (T e 1 xn+1)~
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Suppose that in the l.c.s. corresponding to U;, the operator B has the form

m m—j
B(x',D) =YY" a/b,(«', D)DE, (3)
=0 k=0

where 7 > m, b;, are matrix differential operators of order r — m + j with
coefficients in C*°(R"), 2’ = (x4, ...,x,), and ¢ is a positive integer. All that
follows remains valid also in the case when

r—m-+j

bjk(xl’D): Z bé’k(x/’D/)Diwrl? (4)
1=0

where bék(m/,D’) are pseudodifferential operators on the manifold I" of order
r —m — [+ j. Thus, for z,, = 0, the boundary operator B degenerates into the
operator by, (z’, D)DI.

For the study of problems of the indicated kind, it is natural to use weighted
functional spaces. Fix some number s and denote by Hp 5>(Rﬁ+1) the space of
(generalized) functions u(x) in

R ={z: z,,, > 0}, for which the norm

o B2, = 3 [+ i) 5D

la|<m

; ()

S

is finite, where o’ = (ay, ..., ,_1), || | is the norm in the usual space H*(R""™)
(see (1)). Similarly, by HE, 6>(R") we denote the space of functions u(z’) in R™
for which the norm

|, Rn”s: Z HIL?/‘(SDWU

la’|<m

: (6)

S

is finite, where o’ = (ay,...,q,), and | |, is now the norm in H*(R™). The
spaces H 5 (€, A) and Hf, 5 (I',A) are defined in the usual way with the
aid of a partition of unity; moreover, outside a certain neighborhood of the

submanifold A, the norms in these spaces are equivalent to the usual norms in
H5t™(Q) and H*T™(T).

The question arises of the solvability of problem (1), (2) in the spaces u €
HOH(Q,A), fe HY 5 (2A), g € H(T), s > 0,80 =s+r—p—m+
1/2. As will follow from what comes later, in general problem (1), (2) has
an infinite-dimensional kernel and cokernel. However, if additional boundary
and coboundary conditions are prescribed on A, then, under the fulfillment of
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certain algebraic requirements, the corresponding problem becomes Noetherian.
Thus, let us consider on (I, A) boundary conditions of the form

YBu + Gp(x”) ® 6(A) = g(a'),

T—m

YaCyyDyyut Epla”) = hiz”), (7)
j=0

J

where 7, is the operator of restriction of functions to A, E is a rectangular ma-
trix of size l; x k of pseudodifferential operators on A with homogeneous symbols
e;(2”,§"), and C; and G are pseudodifferential operators on I'; moreover, in
a neighborhood of A the symbol G(z’,¢’) for G(a’, D’) is quasi-homogeneous
of order o, ie. G(2/,\179¢” X¢,) = NG(2/,¢), A > 0, while the symbols
C;(x', &) for Cj(2’, D) are quasi-homogeneous of order » — (1 4 §)j. It is as-
sumed that o < —s —1/2, » < m — 1/2, and the order E; is equal to t — 0,
where 6 = (m —»—1/2)/(1+ ) —m+r,t =(c+1/2)/(1 4 ). The numbers
l, and k will be defined below.

Theorem 1. The operator 2 : (u,p) > (f, g, h), which is defined by relations
(1), (7), for any s > 0 determines a continuous mapping

Hy = HOH(Q,0) x HFS(A) =5 B 5 (Q,A) x HH(T) x H**(A) = 3.
Suppose that at each point xj € A the ellipticity condition for the problem

Vom (', D)u = ¢(z”) (8)

is fulfilled for equation (1), where by,,(z’, D) is the operator from (3) (in the
corresponding l.c.s.). A local investigation of problem (1), (7) in a neighborhood
of a point z] € A is naturally reduced to the investigation of a certain other
problem on I in a neighborhood of the point xj. For this, consider a sufficiently
small neighborhood V of the point z{, and let VO =VNR", R" = {z: z,,, =
0}. Then there exists a refined regularizer of problem (1), (8), i.e. an operator

(f0) = €(f,6)  from H*(RY) x H(R,) to H%*#(R}*),

§>0,8)=s8+r—m—pu+1/2, such that if supp f C V, suppt C V°, then for
u=2C(f,9)

(A(x7D)u,7b0m(x/,D)u) = (ff(/}) + TN(fv"/})7
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where T is an operator smoothing by N units, IV a sufficiently large number.
Without loss of generality one may assume that suppu C W, where W is some
large neighborhood of the point z;. Put &;f = &(f,0), €¢ = €(0,v), and
introduce the operators d,, (2", D')¢) = yD*€&,1. As shown in (%), d,(z’, D) are
pseudodifferential operators in V° of order |a| — (m — r); the symbol d,, (2, &)
of the operator d,(z’, D’) is expressed in terms of A(z,§) and by, (z,&). Since
u = &(f, 1) satisfies equation (1) with sufficient accuracy, it remains to satisfy
the boundary conditions. Substituting u into the boundary conditions (7), we
obtain a new problem for finding v:

p(a’, D" )Y + Gp(a”) ® 0(x,) = g(x') — yBEf = g, (),

YaCY + Ep(2”) = h(z”) = yaCyyDl & f = hy(2”),
j:

3

)

[}

where p(z’, D) is obtained if in B(z’, D) one replaces D* by d(z’,D"), C =
> Cid;(x",D"), where d;(z',D’) = vD; € 1p. Put C; = > Cid;(z’,D",0),
where d;(z", D”,0) are operators with symbols d;(x,£”,0), and replace C in (9)
by C; (the difference is then a subordinate operator). Then we obtain precisely

the problem that was studied in (3).

Theorem 2. Suppose that problem (1), (2) outside A satisfies the ellipticity
condition and that at each point zj € A the ellipticity condition is fulfilled for
the corresponding problem (1), (8). Assume that the system (9), in which C' is
replaced by C;, satisfies the conditions of the paper (*). Then the operator A
corresponding to problem (1), (7) is Noetherian from the space 35 into H§ for
any s > 0.

For the proof of the theorem, right and left regularizers R will be constructed.
With the help of a partition of unity the construction is reduced to constructing
a regularizer in a neighborhood of a point z§ of the submanifold A, since outside
A the ellipticity condition for problem (1), (2) is satisfied and the regularizer
outside a neighborhood of A is constructed in the usual way. We first study the
regularizer € of the auxiliary problem (1), (8) in weighted spaces.

Lemma 1. The operator € has the following property: if f € H? 5>(R:E+1),

(m,

Y € H, 5 (RY), s >0, then u = €(f, 1) belongs to H{#" (R*1), and

o, R gy < CULF N, +12015)-

It is assumed that supp f C V, suppy C VY. The constant C' does not depend
on f and 2.

For the proof it is necessary to check the finiteness of the norms entering (5),
with s = s, + p. We first check that v = D, u belongs to H*™#(R7*!). Using
the conditions of the lemma, we find that vb,,,(z’, D)v € H*(R"™), A(x,D)v €
H*®0 (R™1). Therefore, from the usual regularity theorem for solutions of the
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elliptic problem (1), (8) it follows that v € H®"#(R™!) (see, for example,
(1)). We arrive at the same conclusion if we put v = (z,, + iz,,,1)° D;u, i # n.
With the help of analogous arguments, we successively verify the finiteness of
all norms in (5) with s = s, + p.

The next step consists in constructing a regularizer for system (9). In the case
when g, (2’) € H(R™), hy(z”) € H°(R" '), a regularizer S was constructed in
(3) for system (9), with range in H,, 5(R") x HY(R"1).

Lemma 2. If the right-hand sides (g, h;) belong to H*(R™) x H*$(R" 1),
s > 0, then the solution (1, p) of system (9) belongs to

for H{,,, 5 /(R™) x H'*(R"1) the estimate holds

[ B[, + lolis < e (lgalls + IRallors)

It is assumed that the supports of ¥ and p belong to a sufficiently small neigh-
borhood of the point z§. The constant ¢ does not depend on ¢ and p.

The regularizer of the original problem (1), (7) in a neighborhood of the point
z; € A is obtained by means of the composition of the operator S and the
operator € (the regularizer of problem (1), (8)). Theorem 2 is proved.

As an example, consider the system

A(z, Dyuy(z) = fi(z),  1<i<g, (10)

where A(z, D) is an elliptic operator of second order, and the boundary operator
(3) has the form

B(z',D)u=1ID,,, + 22b(x’, D)u, U= (Up, .oy Uy),

where b(z, D) is a ¢ x ¢ matrix of first-order differential operators, and I is
the identity matrix. Let A(z’,¢’) be a root of the equation A%(z’, &', \) = 0
with Im A > 0, where A° is the principal part of A in the corresponding l.c.s.
In this case the symbol p(z’,&’") for the operator p(z’,D’) in (9) is equal to
I, +a2b0(x’, &7, €, Ma’, &), b° being the principal part of b.

The assumptions of Theorem 2 in the present case reduce to the requirement
that the matrix b%(z,£”,0, M(zf,£”,0)) have no real eigenvalues for £” # 0. If,
in addition, the condition Z., of paper (3) is satisfied, then the corresponding
problem (10), (7) is Noetherian. In the case of one equation this problem (the
problem with an oblique derivative) was studied in (4-8).

Remark 1. For simplicity of exposition we have restricted ourselves to the case
where all boundary operators have the same orders and the boundary operators
possess the same property. All theorems are easily generalized to the case of
different orders.
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Remark 2. We have studied the case where the order of degeneration in the
boundary conditions is the same in all directions except x,,. Analogously to (3,
9), one can consider the case of different orders of degeneration; in particular,
in some tangential directions there may be no degeneration.

Moscow State University
named after M. V. Lomonosov

Received
23 V 1969

References

1. L. Hérmander, Linear Partial Differential Operators, Moscow, 1965.

2. B. R. Vainberg, V. V. Grushin, Mat. sbornik, 73, No. 1, 126 (1967).

3. M. I. Vishik, V. V. Grushin, 189, No. 1 (1969).

4. A. V. Bitsadze, DAN, 157, No. 6, 1273 (1964).

5. L. Hormander, Ann. Math., 83, No. 1, 129 (1966).

6. R. L. Borrelli, J. Math. and Mech., 16, No. 1, 51 (1966).

7. Yu. V. Egorov, V. A. Kondrat’ ev, Mat. sbornik, 78, No. 1, 146 (1969).
8. M. B. Malyutov, DAN, 172, No. 2, 283 (1967).

9. M. I Vishik, V. V. Grushin, Mat. sbornik, 79, No. 1, 3 (1969).
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.59414 Machine Translation


https://sovietrxiv.org/items/ru-197001.59414

	Abstract
	Full Text
	ELLIPTIC BOUNDARY-VALUE PROBLEMS DEGENERATING ON A SUBMANIFOLD OF THE BOUNDARY
	References


