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ON THE ORDER OF APPROXIMATION OF A
CONTINUOUS 27-PERIODIC FUNCTION BY
PARTIAL SUMS OF ITS FOURIER SERIES

(Presented by Academician V. I. Smirnov on 24 VI 1969)

In this note we consider questions connected with the rate of approximation of
a periodic continuous function by partial sums of its Fourier series and with the
convergence of trigonometric series.

1. We adopt the following notation and assumptions. C is the space of real,
continuous, 27-periodic functions f with norm

Ifle=171=__max |f(z)].

<zr<oo

~

L, (1 < q < o) is the space of real, 2m-periodic functions summable to
the ¢g-th power on [—, 7], with norm

- { f(fv)lqu}l/q.

The number p is defined by the formula p = ¢/(¢ — 1).

Let f € C. By E,(f) we denote its best approximations by trigonometric
polynomials of order not exceeding n in the metric C. Similarly, if f € L,
(1 < g < 00), then E, (f), denotes its best approximations in the metric Eq.

f is the function trigonometrically conjugate to the function f. o(f), S, (f),
0, (f) are, respectively, the Fourier series of the function f, the partial sums of
order n, and the Fejér sums of this series:

o(f) = # + i(ak(f) cos kx + by (f) sinkz),
k=1

)

;f) + Z(ak(f) cos kx + by (f)sinkx),
=1

Gn<f):0n<faz>: nt 1 .
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Let [ € C, p(f) = (/a3 (f) + b3(f). Put

Suppk(f)a lfqil,

k>n

o 1/p
l=n

If =St (Pl 2 <g <00
It is easy to verify that
Ky (1 <7 B, (f) (n=0,1,2,...).
By the Hausdorff-Young theorem (see (1), p. 153), for 1 < ¢ < 2,

K7L+1(f)q < 71-71/q||f - Sn(f)”q (Tl =0,1,2, )

w(n, f) (n =1,2,3,...) is a family of functionals defined on C and possessing
the following properties: 1) for every f € C, w(n,f) > 0 (n = 1,2,3,...); 2)
w(n, f) = 0 only for trigonometric polynomials of degree not exceeding n.

The symbol % is everywhere understood as 0.

2. Theorem 1. Let f € C. Then

1 Koy’ »
IF S, < {ﬂm (””(wm) ) +4} B,(f) +u(n. f)

(n=12,..),

if 1 <¢g<2,and

If =S, < {:Qm (1 s (L) ) +4} B,() + Cla)e(n. f)

(n=12,..),

if 2 < ¢ < oo, where the constant C(q), depending only on ¢, satisfies the
inequality

7 [ (u—sinu\? e
Cla) <5 (7112 )du +2.
0
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This theorem strengthens the classical estimate of A. Lebesgue (see (2), p. 198)
and some results of Nash and Sato (see (), pp. 299—302).

Remark 1. In particular, as w(n, f) one may take:

win, f) =E,(f) (n=12,..),
w(n, f) =w,(1/n, f) (n=1,2,...),

OJ(’ILf) = Hf_ Un(f)“ (n = 172a )7

where w,.(0, f) is the modulus of continuity of the function f of order r, and
U, (f) is an approximation method assigning to each function f € C' a trigono-

metric polynomial of degree not exceeding n.

Remark 2. In determining the order of approximation of a function by Fourier
sums, it is sometimes useful to apply the estimates proved in Theorem 1 not to
the function itself, but to a primitive of the function under consideration with
the free term omitted. In this case the order of approximation of the function
itself and of its conjugate is determined on the basis of the following known
lemmas:

Lemma A. Let f € C be such that ' € C. Then

If" =S, (O S4B, (f) + 10n]f =S, (NI (n=1,2,..).

Lemma B. Let f € C be such that f’ € C. Then

~

IF = S, (Pl 4B, (F) + 10011 = S,(f)]  (n=1,2,...).

We give some consequences of Theorem 1, as well as results obtained by com-
paring Theorem 1 with Lemmas A and B.

Corollary 1. Let f € C. If, for some fixed ¢ (1 < ¢ < c0):

1)
lim,, o By, (F{1 + In(1 +n'*EG L (f),)} < +oo, (1)

then

2)
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lim nE,(f){1+In(1+ n1+qKz+1(f)q)} =0, (2)

n—oo

then

~

Tim nlf =S, (Al =0, lm n|f—5,()]=o0.
Corollary 2. Let f € C be such that fe C. If, for some fixed ¢ (1 < ¢ < 00),

lim nEn(f) 1n<1 + anle(f/)q) = O’

n—oo

then the Fourier series of the function f converges uniformly on the entire axis.

This criterion for uniform convergence, in particular, contains: the Hardy-Lit-
tlewood criterion (see (3), p. 271), which generalizes Jordan’ s criterion; the
criterion of P. Salem—S. B. Stechkin (see (3), pp. 293-296), which generalizes
the Dini-Lipschitz criterion; the Sato criteria (see (3), pp. 299-302); and the cor-
responding part of the theorem given in (2), on p. 114, following from Lebesgue’
s criterion.

Corollary 3. Let f € C be such that, for some fixed ¢ (1 < ¢ < 00),

mnﬁooanwrl(f)q < +o00.

Then there exists a constant C, independent of n, such that

If =S (DI < CE(H{1+mE, (NI} (n=1,2,..).

Corollary 4. Let f € C be such that: 1) f € Lip1; 2) for some fixed ¢
(1 <g <), (1) is satisfied.

Then there exists a constant C, independent of n, such that
1S, (] <C (n=1,2,...).
Theorem 2. Let f € Zq (1 < ¢ < 00) be such that

mn%oonl/qEn(.]qq < +00.

Then, at the point x, the relations

lim o, (f,z) = f(z), (3)

n—oo
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o1t
tim o [ f 1)t = ), (4)

lim S, (f,2) = f(x) (5)

are equivalent, i.e., the fulfillment of one of the relations (3)—(5) entails the
fulfillment of the other two.

Remark. The special case of the theorem, when

mn%mnpn(f) < +00,

was established by Hardy and Littlewood (see (3), p. 271; (2), p. 133).

Theorem 3. Let the function f € C.

1) If
T alf = S,(P)l =0, (6)
then
ggjxkﬁm—niﬂx+ig_f@_iﬂuza
2) It
Jim nlf = 5,(9)] < +oc, ™
then:

a) the relation

lim S (f,z) =95 < 400

n—oo

entails the relation

[ fl@th)—fle—h)| _ .
5%{ 2h }&

b) under the condition that f € Lip 1, for every function g € L Parseval’ s
formula is valid:
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L[ o @ de =3 elg)an (5 + buloh, (1)

™ n=1

The first assertion of Theorem 3 strengthens the theorem given in (?) on pp. 505-
506 (see also (%), pp. 183-185). Assertion a) of the second part of the theorem
strengthens the corresponding result from the theorem given in () on pp. 505-
506, and combines it with the corresponding part of the theorem placed in (?)
on pp. 506-507. Assertion b) strengthens the results concerning Parseval s
formula given in (®) on pp. 220-221.
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