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MATHEMATICS

Corresponding Member of the USSR Academy of Sciences A. A. SAMARSKII

ON THE STABILITY OF THREE-LEVEL DIF-
FERENCE SCHEMES

1. The general theory of stability of three-level schemes in the Hilbert space
𝐻ℎ was studied in (1,3 ). In (1), a priori estimates were obtained express-
ing the stability of operator-difference three-level schemes in special (com-
pound) norms containing the values of the solution on two neighboring
layers. In (3), the necessity of the stability condition 𝑅̂ > 1/4𝐴, obtained
in (1), was shown.

Here it will be shown that from the results of (1) there follow a priori estimates
for the solution in the usual energy norms 𝐻̄𝐴 and 𝐻̄𝐵 in terms of the right-hand
sides in 𝐻𝐵−1 and 𝐻𝐴−1 (𝐴 and 𝐵 are the operators of the three-level scheme,
see (1)). A number of new a priori estimates is obtained.

2. We shall use the notation of (2): 𝐻ℎ is a real Hilbert space (with scalar
product ( , ) and norm ‖𝑥‖ = √(𝑥, 𝑥)), depending on the parameter ℎ, an
element of some normed space; 𝜔𝜏 = {𝑡𝑘 = 𝑘𝜏, 𝑘 = 0, 1, … , 𝑘0} is a mesh
with step 𝜏 on the interval 0 ≤ 𝑡 ≤ 𝑡0; 𝑦ℎ𝜏(𝑡𝑘), 𝜑ℎ𝜏(𝑡𝑘), etc. are abstract
functions of the argument 𝑡𝑘 ∈ 𝜔𝜏 with values in 𝐻ℎ; 𝐴ℎ𝜏(𝑡𝑘), 𝐵ℎ𝜏(𝑡𝑘),
etc. are linear operators specified on 𝐻ℎ. The indices ℎ, 𝜏 are, as a rule,
omitted.

The notation 𝐴 = 𝐴∗ > 0 means that 𝐴 is a self-adjoint operator and (𝐴𝑥, 𝑥) >
0, ∀𝑥 ∈ 𝐻, 𝑥 ≠ 0. If (𝐴𝑥, 𝑥) − (𝐵𝑥, 𝑥) ≥ 0, ∀𝑥 ∈ 𝐻, then we write 𝐴 ≥ 𝐵, etc.

We shall also use the notation

𝑦 = 𝑦𝑘, ̂𝑦 = 𝑦𝑘+1, ̌𝑦 = 𝑦𝑘−1, 𝑦𝑡 = ( ̂𝑦 − 𝑦)/𝜏, 𝑦 ̄𝑡 = (𝑦 − ̌𝑦)/𝜏,

𝑦∘
𝑡 = ( ̂𝑦 − ̌𝑦)/2𝜏, 𝑦𝑡 ̄𝑡 = ( ̂𝑦 − 2𝑦 + ̌𝑦)/𝜏2, ‖𝑦‖𝐴 = √(𝐴𝑦, 𝑦),

‖𝑦‖𝐵 = √(𝐵𝑦, 𝑦), ‖𝑦‖𝐵−1 = √(𝐵−1𝑦, 𝑦).
3. Any three-level scheme can be written in the form
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𝐵𝑦𝑡 ̄𝑡 + 𝐵0𝑦∘
𝑡 + 𝐴𝑦 = 𝜑, 0 < 𝑡 = 𝑘𝜏 < 𝑡0, 𝑦(0) = 𝑦0, 𝑦𝑡(0) = ̄𝑦0, (1)

where 𝑦0, ̄𝑦0 are arbitrary elements of 𝐻; 𝜑 = 𝜑(𝑡) is an arbitrary function;
𝐵 = 𝐵(𝑡), 𝐴 = 𝐴(𝑡), 𝐵0 = 𝐵0(𝑡), 𝑡 ∈ 𝜔𝜏 .

In (1), three-level schemes were studied that were written in one of the forms

𝐵𝑦 ̄𝑡 + 𝜏2𝑅𝑦𝑡 ̄𝑡 + 𝐴𝑦 = 𝜑, (21)

(𝐸 + 𝜏2𝑅)𝑦𝑡 ̄𝑡 + 𝐵𝑦∘
𝑡 + 𝐴𝑦 = 𝜑. (22)

For convenience of exposition we are forced to change the notation and to write
any three-level scheme in the canonical form (1). Comparing (1) with (21) and
(22), we see that

𝐵 = 𝜏2𝑅, 𝐵0 = 𝐵 for (21); 𝐵 = 𝐸 + 𝜏2𝑅, 𝐵0 = 𝐵 for (22).

Keeping these relations in mind, it is easy to use the results of (1) for scheme
(1).

The solution of problem (1) is the sum of the solutions of two problems

𝐵𝑦 ̄𝑡 + 𝐵0𝑦∘
𝑡 + 𝐴𝑦 = 0, 𝑦(0) = 𝑦0, 𝑦𝑡(0) = ̄𝑦0; (1a)

𝐵𝑦𝑡 ̄𝑡 + 𝐵0𝑦∘
𝑡 + 𝐴𝑦 = 𝜑, 𝑦(0) = 0, 𝑦𝑡(0) = 0. (1�)

We shall assume that the original family of schemes (1) is specified by require-
ments on the operators

𝐴 = 𝐴∗ > 0, 𝐵 = 𝐵∗ > 0, 𝐵0 ⩾ 0, ∀𝑡 ∈ 𝜔𝜏 ; (3)

(1 − 𝑐0𝜏) ̌𝐴 ⩽ 𝐴 ⩽ (1 + 𝑐0𝜏) ̌𝐴, (1 − 𝑐0𝜏)𝐵̌ ⩽ 𝐵̂ ⩽ (1 + 𝑐0𝜏)𝐵̌, (4)

where 𝑐0 = const > 0 does not depend on ℎ and 𝜏 . Conditions (4) mean that
𝐴 and 𝐵 satisfy Lipschitz conditions with respect to 𝑡. It follows from (1) that
the condition

𝐵 ⩾ 1 + 𝜀
4 𝜏2𝐴 (𝑅 ⩾ 1 + 𝜀

4 𝐴 for 𝐵 = 𝜏2𝑅) , (5)

sovietrxiv.org/items/ru-197001.59161 Machine Translation

https://sovietrxiv.org/items/ru-197001.59161


where 𝜀 = const > 0 is an arbitrary constant independent of ℎ and 𝜏 , is sufficient
for the stability of scheme (1) with respect to the initial data, so that for scheme
(1a) the estimate

‖𝑌𝑘+1‖∗ ⩽ 𝑀0‖𝑌1‖∗, (6)

holds,

‖𝑌𝑘+1‖2
∗ = 1

4‖𝑦𝑘+1 + 𝑦𝑘‖2
𝐴(𝑡𝑘) + ((𝐵(𝑡𝑘) − 1

4𝜏2𝐴(𝑡𝑘))𝑦𝑡,𝑘, 𝑦𝑡,𝑘), 𝑘 > 0; (7)

‖𝑌1‖2
∗ = 1

4‖𝑦1 + 𝑦0‖2
𝐴(𝜏) + ((𝐵(𝜏) − 1

4𝜏2𝐴(𝜏))𝑦𝑡,0, 𝑦𝑡,0), (8)

‖𝑦‖2
𝐴(𝑡𝑘) = (𝐴(𝑡𝑘)𝑦, 𝑦),

𝑀0 = 𝑀0(𝑐0, 𝜀) ⩾ 1, 𝑀0 = 1 if 𝐴 and 𝐵 are constant (not depending on 𝑡)
operators, i.e. 𝑐0 = 0.
4. Lemma 1. If conditions (3) and (5) are satisfied, then

‖𝑌𝑘+1‖∗ ⩽ ‖𝑦𝑘‖𝐴(𝑡𝑘) + ‖𝑦𝑡,𝑘‖𝐵(𝑡𝑘); (9)

‖𝑌𝑘+1‖2
∗ ⩾ 𝜀

1 + 𝜀‖𝑦𝑘+1‖2
𝐴(𝑡𝑘); (10)

‖𝑌𝑘+1‖2
∗ ⩾ 𝛽(‖𝑦𝑘+1‖𝐴(𝑡𝑘) + ‖𝑦𝑡,𝑘‖𝐵(𝑡𝑘))

2, 𝛽 = 1
4𝜀/(1 + 𝜀). (11)

Proof. Denote

̂𝐽 = 1
4‖ ̂𝑦 + 𝑦‖2

𝐴 + ((𝐵 − 1
4𝜏2𝐴)𝑦𝑡, 𝑦𝑡) = (𝐴𝑦, ̂𝑦) + ‖𝑦𝑡‖2

𝐵.

1) ̂𝐽 = (𝐴𝑦, 𝑦+𝜏𝑦𝑡)+‖𝑦𝑡‖2
𝐵 = ‖𝑦‖2

𝐴 +𝜏(𝐴𝑦, 𝑦𝑡)+‖𝑦𝑡‖2
𝐵 ⩽ ‖𝑦‖2

𝐴 +𝜏‖𝑦‖𝐴‖𝑦𝑡‖𝐴 +
‖𝑦𝑡‖2

𝐵. By virtue of (5) we have

𝜏‖𝑦𝑡‖𝐴 ⩽ 2√1 + 𝜀‖𝑦𝑡‖𝐵,

̂𝐽 ⩽ ‖𝑦‖2
𝐴 + 2√1 + 𝜀‖𝑦‖𝐴‖𝑦𝑡‖𝐵 + ‖𝑦𝑡‖2

𝐵 ⩽ (‖𝑦‖𝐴 + ‖𝑦𝑡‖𝐵)2.

Hence (9) follows.
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2) ̂𝐽 = (𝐴 ̂𝑦, 𝑦) + ‖𝑦𝑡‖2
𝐵 = (𝐴 ̂𝑦, ̂𝑦 − 𝜏𝑦𝑡) + ‖𝑦𝑡‖2

𝐵 =

= ‖ ̂𝑦‖2
𝐴 − 𝜏(𝐴 ̂𝑦, 𝑦𝑡) + ‖𝑦𝑡‖2

𝐵 ⩾ ‖ ̂𝑦‖2
𝐴 − 𝜏‖ ̂𝑦‖𝐴‖𝑦𝑡‖𝐴 + ‖𝑦𝑡‖2

𝐵 ⩾

⩾ ‖ ̂𝑦‖2
𝐴 − 2√1 + 𝜀‖ ̂𝑦‖𝐴‖𝑦𝑡‖𝐵 + ‖𝑦𝑡‖2

𝐵, (12)

̂𝐽 ⩾ (1 − 𝑐0)‖ ̂𝑦‖2
𝐴 + (1 − 1

𝑐0(1 + 𝜀)) ‖𝑦𝑡‖2
𝐵.

Choosing 𝑐0 = 1/(1 + 𝜀), we obtain (10).

3) From (12) follows (11).

Substituting then (9) into (8), and (10) and (11) into (7), and using (6), we see
that the following is valid.

Theorem 1. Let conditions (3)—(5) be satisfied. Then scheme (1) is stable in
𝐻𝐴 with respect to the initial data, so that for (1a) the estimates hold:

‖𝑦𝑘+1‖𝐴(𝑡𝑘) ⩽ 𝑀0√1 + 𝜀
𝜀 (‖𝑦(0)‖𝐴(𝜏) + ‖𝑦𝑡(0)‖𝐵(𝜏)), (13)

‖𝑦𝑘+1‖𝐴(𝑡𝑘) + ‖𝑦𝑡, 𝑘‖𝐵(𝑡𝑘) ≤ 𝑀0 2√1 + 𝜀
𝜀 (‖𝑦(0)‖𝐴(𝜏) + ‖𝑦𝑡(0)‖𝐵(𝜏)). (13)

5. From the stability (13) with respect to the initial data of scheme (1) there
follows its stability with respect to the right-hand side.

Theorem 2. If conditions (3)—(5) are satisfied, then for the solution of problem
(16) the a priori estimate holds

‖𝑦𝑘+1‖𝐴(𝑡𝑘) ≤ 𝑀0√1 + 𝜀
𝜀

𝑘
∑
𝑗=1

𝜏‖𝜑𝑗‖𝐵−1(𝑡𝑗). (14)

Proof. We seek the solution of problem (16) in the form

𝑦𝑘 =
𝑘

∑
𝑗=1

𝜏𝐺𝑘,𝑗, 𝑘 = 1, 2, … , 𝑦0 = 0, (15)

where 𝐺𝑘,𝑗, as a function of 𝑘, for any fixed 𝑗 = 1, 2, … satisfies equation (1a)
and the initial conditions

𝐺𝑗,𝑗 = 0, (0.5𝜏𝐵0(𝑡𝑗) + 𝐵(𝑡𝑗))(𝐺𝑗+1,𝑗 − 𝐺𝑗,𝑗)/𝜏 = 𝜑𝑗.
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Hence, and from (15), it follows that 𝑦(0) = 𝑦𝑡(0) = 0. Since 𝐵0 ≥ 0, 𝐵 =
𝐵∗ > 0, then for the solution of the equation (0.5𝜏𝐵0 + 𝐵)𝑤 = 𝜑 we have
‖𝑤‖𝐵 ≤ ‖𝜑‖𝐵−1 , i.e. ‖(𝐺𝑡)𝑗,𝑗‖𝐵(𝑡𝑗) ≤ ‖𝜑𝑗‖𝐵−1(𝑡𝑗). By Theorem 1,

‖𝐺𝑘+1,𝑗‖𝐴(𝑡𝑘) ≤ 𝑀0√(1 + 𝜀)/𝜀 ‖(𝐺𝑡)𝑗,𝑗‖𝐵−1(𝑡𝑗).

Using then the triangle inequality and (13),

‖𝑦𝑘+1‖𝐴(𝑡𝑘) ≤
𝑘

∑
𝑗=1

𝜏‖𝐺𝑘+1,𝑗‖𝐴(𝑡𝑘),

we obtain (14).

6. Let us now consider the family of schemes

𝐵𝑦 ̄𝑡𝑡 + 𝐴𝑦 = 𝜑(𝑡), 0 < 𝑡 = 𝑘𝜏 < 𝑡0, 𝑦(0) = 𝑦0, 𝑦𝑡(0) = ̄𝑦0. (16)

We shall, as usual, denote by (16a) problem (16) with 𝜑 = 0, and by (16b)
problem (16) with homogeneous initial data 𝑦(0) = 0, 𝑦𝑡(0) = 0. Suppose that

𝐴 and 𝐵 are constant operators, 𝐴 = 𝐴∗ > 0, 𝐵 = 𝐵∗ > 0, (17)

and condition (5) is valid.

Then scheme (16) is equivalent (cf. (2)) to the explicit scheme

𝑥 ̄𝑡𝑡 + 𝐶𝑥 = 𝜑̃, 0 < 𝑡 = 𝜔𝜏, 𝑥(0) = 𝑥0, 𝑥𝑡(0) = ̄𝑥0, (18)

where 𝐶 = 𝐵−1/2𝐴𝐵−1/2, 𝑥 = 𝐵1/2𝑦, 𝜑̃ = 𝐵−1/2𝜑. Let us rewrite it in the form

𝐶−1𝑥 ̄𝑡𝑡 + 𝑥 = Φ, Φ = 𝐶−1𝜑̃ = 𝐵1/2𝐴−1𝜑, (18*)

and apply to it Theorems 1 and 2 (with 𝐴 = 𝐸, 𝐵0 = 0, 𝐵 = 𝐶−1),

‖𝑥𝑘+1‖ ≤ √1 + 𝜀
𝜀 [‖𝑥0‖ + ‖𝑥𝑡,0‖𝐶−1 +

𝑘
∑
𝑗=1

𝜏‖Φ𝑗‖𝐶] ,

taking into account that 𝑀0 = 1. Since

‖𝑥𝑘‖ = ‖𝑦𝑘‖𝐵, ‖Φ‖2
𝐶 = (𝐶Φ, Φ) = (𝐶𝐶−1𝜑̃, 𝐶−1𝜑̃) = (𝐶−1𝜑̃, 𝜑̃) = (𝐵1/2𝐴−1𝜑, 𝐵−1/2𝜑) = (𝐴−1𝜑, 𝜑),

‖Φ‖𝐶 = ‖𝜑‖𝐴−1 , as a result, for (16) we obtain the estimate
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‖𝑦𝑘+1‖𝐵 ≤ √1 + 𝜀
𝜀 [‖𝑦(0)‖𝐵 + ‖𝐵𝑦𝑡(0)‖𝐴−1 +

𝑘
∑
𝑗=1

𝜏‖𝜑𝑗‖𝐴−1] . (19)

Theorem 3. Let (5) and (17) be satisfied. Then for scheme (16) the a priori
estimate (19) is valid.

Corollary. For an explicit scheme (𝐵 = 𝐸), under the condition 𝐸 ≥ 1
4 (1 +

𝜀)𝜏2𝐴 (𝜀 > 0 arbitrary), the estimate holds

‖𝑦𝑘+1‖ ≤ √1 + 𝜀
𝜀 [‖𝑦(0)‖ + ‖𝑦𝑡(0)‖𝐴−1 +

𝑘
∑
𝑗=1

𝜏‖𝜑𝑗‖𝐴−1] . (20)

Remark 1. It follows from (20) that the second initial value is taken in a
weaker norm. Estimate (20) is convenient for investigating the rate of conver-
gence in the grid norm 𝐿2 of homogeneous difference schemes for equations with
discontinuous coefficients.

Remark 2. If

𝐵 = 𝐸 + 𝜏2𝑅, 𝐴 and 𝑅 are constant operators, 𝑅 ≥ 0, (21)

then from (5), for problem (16�), there follows the estimate

‖𝑦𝑘+1‖ ≤ √1 + 𝜀
𝜀

𝑘
∑
𝑗=1

𝜏‖𝜑𝑗‖𝐴−1 for 𝐵 ≥ 1 + 𝜀
4 𝜏2𝐴.

If, instead of (5), condition (see (1)) 𝑅 ≥ 1
4 𝐴 is satisfied, then for (16�) we obtain

‖𝑦𝑘+1‖ ≤
√

2 𝑡𝑘+1
𝑘

∑
𝑗=1

𝜏‖𝜑𝑗‖. (22)

7. Estimate (20) can be obtained by the method of separation of variables
in the case of finite-dimensional 𝐻 and constant 𝐴.

For a variable operator 𝐴 = 𝐴(𝑡), the method of separation of variables is
ineffective.

If 𝐴 = 𝐴(𝑡) is variable and 𝐵 is a constant operator, then an estimate of the
form (19) holds if

𝜌−1𝐴 ≤ ̂𝐴 ≤ 𝜌𝐴, 𝜌 = 𝑒𝑐0𝜏 for all 𝑡 ∈ 𝜔𝜏 , (23)

where 𝑐0 = const > 0 does not depend on 𝜏 and ℎ. In this case, in (19) the
right-hand side is multiplied by a constant 𝑀 = 𝑀(𝑐0) > 1. Comparing (6)
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with (23), we see that (23) follows from (6) for sufficiently small 𝜏 < 𝜏0(𝑐0). In
the case of scheme (1) of general form, Theorem 3 remains valid if 𝐵0 = 𝐵∗

0 and
the operators 𝐴, 𝐵, 𝐵0 are permutable, while 𝐴 and 𝐵 are constant.

8. Let us consider, as an example, scheme (16) with weights (see (1)). For
it,

𝐵 = 𝐸 + 𝜎𝜏2𝐴.

Condition (5) is satisfied for

𝜎 ≥ (1 + 𝜀)/4 − 1/(𝜏2‖𝐴‖).

In particular, the explicit scheme (𝜎 = 0) is stable if

𝜏 ≤ 2√1 + 𝜀
1

√‖𝐴‖
.

Thus, for the equation of vibrations of a string,

𝜕2𝑢/𝜕𝑡2 = 𝜕2𝑢/𝜕𝑥2, 0 < 𝑥 < 1, 𝑡 > 0, 𝑢(0, 𝑡) = 𝑢(1, 𝑡) = 0,

𝑢(𝑥, 0) = 𝑢0(𝑥), 𝜕𝑢(𝑥, 0)/𝜕𝑡 = 𝑢̄0(𝑥),

we have 𝐴 = −Λ, Λ𝑦 = 𝑦𝑥̄𝑥 (see (4)), and the explicit scheme is stable for

𝜏 ≤ ℎ/
√

1 + 𝜀,

where ℎ is the grid step on the interval 0 ≤ 𝑥 ≤ 1.
Theorems 1, 2, 3 are applicable to the investigation and construction, by the reg-
ularization method (1), of difference schemes (in particular, economical schemes)
for equations and systems of equations of mathematical physics.
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