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ON THE STABILITY OF THREE-LEVEL DIF-
FERENCE SCHEMES

1. The general theory of stability of three-level schemes in the Hilbert space
H,, was studied in (},3). In (1), a priori estimates were obtained express-
ing the stability of operator-difference three-level schemes in special (com-
pound) norms containing the values of the solution on two neighboring
layers. In (3), the necessity of the stability condition R > 1/,A, obtained

in (1), was shown.

Here it will be shown that from the results of (1) there follow a priori estimates
for the solution in the usual energy norms H 4 and Hp in terms of the right-hand
sides in Hg 1 and H, 1 (A and B are the operators of the three-level scheme,
see (1)). A number of new a priori estimates is obtained.

2. We shall use the notation of (?): H, is a real Hilbert space (with scalar
product (, ) and norm ||z| = \/(z,z)), depending on the parameter h, an
element of some normed space; w, = {t;, = kr, k=0,1,...,k,} is a mesh
with step 7 on the interval 0 < ¢ < t4; yp, (1), ©nr(ts), etc. are abstract
functions of the argument ¢, € w_ with values in Hy; A, (¢;), Br(ts)s
etc. are linear operators specified on H;,. The indices h, T are, as a rule,
omitted.

The notation A = A* > 0 means that A is a self-adjoint operator and (Ax,x) >
0,Vxee H,z #0. If (Az,z) — (Bz,z) >0, Vo € H, then we write A > B, etc.

We shall also use the notation

Y =Yg, Zgzyk-ﬁ—l’ gzyk‘—la yt:(@_y)/T7 yi:(y_g)/Tv
Yi=@—9/21, yi=G-2y+9)/7 lyla=V(Ay,y),

Il = V(By,y), |yl = V(B y,v).

3. Any three-level scheme can be written in the form
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By + Boy; + Ay =, 0 <t =kt <t, y(O) = Yo, yt<0) = Yo, (1)

where y,, Yy, are arbitrary elements of H; ¢ = ¢(t) is an arbitrary function;
B = B(t), A= A(t), By = By(t), t € w,.

In (1), three-level schemes were studied that were written in one of the forms

By; + TRy, + Ay = o, (2)

(E + 72 R)y,; + By; + Ay = . (2)
For convenience of exposition we are forced to change the notation and to write

any three-level scheme in the canonical form (1). Comparing (1) with (2;) and
(25), we see that

B=7’R, B,= B for (2y); B=FE+7’R, By,=B for (2,).

Keeping these relations in mind, it is easy to use the results of (1) for scheme
(1).

The solution of problem (1) is the sum of the solutions of two problems

By; + Byy; + Ay =10, y(0) =vy, v:(0) = yp: (la)

By, + Boy; + Ay = ¢, y(0) =0, y,(0)=0. (1)

We shall assume that the original family of schemes (1) is specified by require-
ments on the operators

A=A*>0, B = B*>0, B, >0, Vit € w,; (3)

(1—cm)AS A< (14¢r)A,  (1—cr)BKB<(1+¢m)B, (4)

where ¢, = const > 0 does not depend on h and 7. Conditions (4) mean that
A and B satisfy Lipschitz conditions with respect to ¢. It follows from (1) that
the condition

1+e 1+¢
B> ——7%4 >
1 (R 1

A for B= 72R> ) (5)
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where € = const > 0 is an arbitrary constant independent of h and 7, is sufficient
for the stability of scheme (1) with respect to the initial data, so that for scheme
(1a) the estimate

1Yiiall < Mol Vil (6)

holds,
g _ 1 2 L,
Wyl = Z”ka + Yl + (Bty) — il A )Y Yep)s k>0 (7)

1 1
Y12 = ZHyl + 90”,24(7-) +((B(1) = ZTQA(T))yt,Ovyt,O)a (8)

Iyl% .., = (Alty)y, v),
(t)

My, = My(cy,e) > 1, My = 1if A and B are constant (not depending on ¢)
operators, i.e. ¢y = 0.

4. Lemma 1. If conditions (3) and (5) are satisfied, then

Wil < 19elac,) + 19kl B, (9)
Vit 12 > —— a2 (10)
kil 2 Wk llacey,)
2 1
1VeralZ = Bkl ace,) + 1vexlse,)) B = 18/(1 +e). (11)

Proof. Denote

L1 1 N
T =115+ 9l% + (B= 372 Ay ve) = (Ay,9) + i3

1) J = (Ay,y+7y) +wels = Wik +7(Ay, ) el s < lyla+ 71yl allyla+
ly,|%. By virtue of (5) we have

2
Tlylla < ﬁ”yt“B7

~ 2 2
J < |y|3 + — + % < + .
<l + = lalvils + vl < (lwla + el )

Hence (9) follows.
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2) J = (A7) + |yl% = (40,5 — 7y, + lv.|% =

= 151 — (AT, ) + Iyl = 1915 — 1l alvela + lweld >
> 19— e a5+ 2 (12)
A m AlItIB ti B>

- 1
2 _ 112 - 2.
7> = elil+ (1= e ) Il

Choosing ¢, = 1/(1 +¢), we obtain (10).
3) From (12) follows (11).

Substituting then (9) into (8), and (10) and (11) into (7), and using (6), we see
that the following is valid.

Theorem 1. Let conditions (3)—(5) be satisfied. Then scheme (1) is stable in
H , with respect to the initial data, so that for (1a) the estimates hold:

1+e
e

Y1l ace,) < Mo Iyl ai) + Iy (0] 5ir)) (13)

14¢
[l + 192 Kl B,y < Mo2y . Iyl ai) + 1y (O 5r))- (13)

5. From the stability (13) with respect to the initial data of scheme (1) there
follows its stability with respect to the right-hand side.

Theorem 2. If conditions (3)—(5) are satisfied, then for the solution of problem
(16) the a priori estimate holds

[1+¢€ k
||ylc+1||A(tk) < M, - ZTH%||B4<tj)- (14)
=1

Proof. We seek the solution of problem (16) in the form

k
vp = 7Gj k=1,2,..., y,=0, (15)
j=1

where G ;, as a function of k, for any fixed j = 1,2, ... satisfies equation (1la)
and the initial conditions

Gy =0,  (0.57By(t;) + B(t))(Gyur, — G, )/ = ¢,

)
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Hence, and from (15), it follows that y(0) = y,(0) = 0. Since B, > 0, B =
B* > 0, then for the solution of the equation (0.57B;, + B)w = ¢ we have

[wlp < lelps e 1(Go)jlae,) < ljlp,). By Theorem 1,

1Gri1 il ace,) < MoV (L +€)/e(Go)j il 1))

Using then the triangle inequality and (13),

k
1Yks1llac,) < Z TG s il ac,)
=

we obtain (14).

6. Let us now consider the family of schemes

By + Ay = o(t), 0<t=kr <ty y(0) = Yo, yt<0) = Y- (16)

We shall, as usual, denote by (16a) problem (16) with ¢ = 0, and by (16b)
problem (16) with homogeneous initial data y(0) = 0, v,(0) = 0. Suppose that

A and B are constant operators, A= A* >0, B=B* >0, (17)
and condition (5) is valid.
Then scheme (16) is equivalent (cf. (2)) to the explicit scheme

zy + Cx = @, 0<t=wr, z(0) = zy, z4(0) = Zg, (18)

where C' = B~1/2AB'/2, x = BY?y, 3 = B-Y2¢. Let us rewrite it in the form

Clagy+a=0,  ®&=C"'¢p=BY2A""p, (18*%)

and apply to it Theorems 1 and 2 (with A= E, B, =0, B=C"1),

1+¢ b
leell <4/ — l|x0||+|xt,0||01+27|®j|0 ;

Jj=1

taking into account that M, = 1. Since
leel = lyels, 1212 = (C®, @) = (CO'$,C071%) = (C'3.§) = (BY2A ", B ) = (A7 p, ),

[Pl = le@llar, as a result, for (16) we obtain the estimate
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1+¢
€

lYpi1llp <

k
ly(O)l 5 + By, (0)] s+ T||¢j||A11 - (19)
j=1

Theorem 3. Let (5) and (17) be satisfied. Then for scheme (16) the a priori
estimate (19) is valid.

Corollary. For an explicit scheme (B = E), under the condition £ > (1 +
€)72A (e > 0 arbitrary), the estimate holds

1+¢
13

[yl <

k
llly(o)ll ()4 + D T||<pj||A1‘| : (20)

Remark 1. It follows from (20) that the second initial value is taken in a
weaker norm. Estimate (20) is convenient for investigating the rate of conver-
gence in the grid norm L, of homogeneous difference schemes for equations with
discontinuous coefficients.

Remark 2. If

B=FE+ 2R, A and R are constant operators, R >0, (21)

then from (5), for problem (16 ), there follows the estimate

1+€ k 1_|_€
(7881 [ F Sorlelas  for Bz —"rA
Jj=1

If, instead of (5), condition (see (1)) R > 1A is satisfied, then for (16 ) we obtain

k
lypiall < V215, ZT“%‘H- (22)
=1

7. Estimate (20) can be obtained by the method of separation of variables
in the case of finite-dimensional H and constant A.

For a variable operator A = A(t), the method of separation of variables is
ineffective.

If A= A(t) is variable and B is a constant operator, then an estimate of the
form (19) holds if

plA< A< pA, p=ce%T foralltecw, (23)

where ¢, = const > 0 does not depend on 7 and h. In this case, in (19) the
right-hand side is multiplied by a constant M = M(c,) > 1. Comparing (6)
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with (23), we see that (23) follows from (6) for sufficiently small 7 < 7y(cy). In
the case of scheme (1) of general form, Theorem 3 remains valid if B, = By and
the operators A, B, B, are permutable, while A and B are constant.

8. Let us consider, as an example, scheme (16) with weights (see (1)). For
it,

B=FE+or%A.

Condition (5) is satisfied for

o> (1+e)/4—1/(7*|A]).

In particular, the explicit scheme (o = 0) is stable if

2
T <

1
> mm

Thus, for the equation of vibrations of a string,

O?u/ot? = 9%u/0x?, O0<ax <1, t>0, u(0,t)=u(l,t)=0,

u(z,0) = uy(z), ou(z,0)/0t = uy(z),

we have A = —A, Ay =y, (see (4)), and the explicit scheme is stable for

T<h/V1+e,

where h is the grid step on the interval 0 < z < 1.

Theorems 1, 2, 3 are applicable to the investigation and construction, by the reg-
ularization method (1), of difference schemes (in particular, economical schemes)
for equations and systems of equations of mathematical physics.
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