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ON ONE CLASS OF INTEGRAL EQUATIONS
OF CONVOLUTION TYPE AND ITS APPLI-
CATION

(Presented by Academician N. I. Muskhelishvili on 30 I 1970)

The following generalization of integral equations of convolution type is consid-
ered:

Hp = ay(t)p(t) + zn:aj(t) [ b(T)h(t —T)p(T)dT = f(1), —00 < t < o0.

(1)

Here and everywhere below h;(t) € £;(—00,00); a;(t) and b,(t) are bounded
measurable functions, with |ay(t)| > ¢ > 0; ¢(¢), f(t) € E*.

Various special cases of equation (1) (mainly cases of piecewise-constant coeffi-
cients) have been studied, for example, in (27). The general equation of the
form (1) with b;(¢) = 1, j = 1,2,...,n, was investigated by L. S. Rakovshchik
(') under the assumption that ¢(t), f(t) € £,(—00,00), p > 1.

In this note the results of (1) are generalized to the operator H in the case of
any of the spaces E. The results obtained are applied to the study of one class
of integral equations of the form

K=ol + Yoo [ C 4k ) dy = (), 0<z<a, (2

=1

where k;(z,y) are homogeneous functions of arbitrary orders a; c;(v), d;(z)
belong to certain subclasses of bounded measurable functions. Necessary and
sufficient conditions will be found for the Noether property of the operator K
in a series of weighted spaces Ej, and the index will be computed. We note
that equation (2) with a; = —1, ¢;(x),d;(x) € C(0,a) belongs to the class of

equations studied by L. G. Mikhailov in (12).
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No. 1. Let us introduce the spaces M;"", M, M*P, M™ of bounded mea-
surable functions:

MSuP — MSUP ® X, Mmes — M(I)nes o) X,

Mg™ = {o(t) | ¢(t) € M; lim sup [p(t)| = 0},

n—oo \t\>n

M= = {i(t) | o(t) € M lim mes(t : [p(t)] > e, [t] > n; <> 0) =0},

where X is the two-dimensional space with basis 6(z), 6(—z), 6(z) = 3(1 +
signz). Obviously, p(t) € M (or M™) if and only if there exist constants
c, such that 0(+t)[p(t) — c,] € My™ (or ME, respectively). The constants
c, will be called the (generalized) values of the bounded measurable function

at infinity: ¢, = p(400) (cf. (1)).

We note that to the series E' of Banach spaces £,, M, M*", M, C, C° (") we add
the subspaces important for us, M5P, M™  of bounded measurable functions
having (in a certain sense) values at infinity.

We note the following properties of the classes Mj"", M, MS"P M™es:

1) they are complete in the norm M; 2) functions from M™® are continuous in
measure on the whole axis; 3) p(t) € M;"™ if and only if p(t) has a majorant
from CO: |p(t)| < a(t) € CY; 4) functions of bounded variation (on the closed
axis) belong to M*"P; 5) M N £, C My for any p > 1.

Everywhere below we shall assume that E = £, £,, M, M**, M™= Mg" M, M*, M, C, C°,
where the spaces E = M*, M¢, C, CV of continuous functions will be under-
stood in the following sense: £ = E, @ E_ (see (8)).

Lemma 1. If h(t) € £, then the convolution operator Ap = h * ¢ acts from
MEes into C and from M into C°.

No. 2. Put, without loss of generality, ag(t) = 1. Let a;(t),b;(t) € M™.
Represent the operator H in the form

Hp =Tlp + Typ + Ty, (3)

where
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n

Top = (b;(o0) = bj(—OO))aj(—OO)e(—f)[ O(T)h;(t —7)ep(T) dT—

J=1

— Z(bj(oo) —bj(—00))a;(c0)8(t) [ O(=7)h;(t —7)p(T) dT.

Operators of the form T, are completely continuous (%19) in all spaces E. For

a broad class of coefficients this is also true for the operator 7T;. Namely, the
following holds.

Lemma 2. The operator T = a(h * bp), h(t) € £y, a(t),b(t) € M, is
completely continuous in the space E, if:

1) either
M for E=£, (p>1),

a(t) € M for E = M, MS'P, Mmes, MswP, pmes, (4)
Cy for E = M"*, M¢, C, CY;

M for E=ZC
OER S (5)
Mo for the remaining F;

a(tye C, if E=M", M¢, C, C°.

sovietrxiv.org/items/ru-197001.58624 Machine Translation


https://sovietrxiv.org/items/ru-197001.58624

For b(t) = 1, a(t) € My, E = £, (p > 1), the assertion of Lemma 2 was
obtained in (1).

By virtue of the complete continuity of the operators 13,75, from (3), we obtain
the following theorem:

Theorem 1. Let h(t) € £y, j=1,2,...,n, and let a;(t), j=0,1,...,n, and
b;(t), j=1,2,...,n, satisfy respectively the condi-

problems (4), (5), in which the index 0 is omitted®. Then the necessary and
sufficient condition for the Noether property of the operator H in E has the
form

Under these conditions

wp(H) = —%A {arg “(W] Oooo .

o(A)”
Using one result from the theory of linear operators ((°, Lemma 1), we arrive

at the following theorem:

Theorem 2. The operator H has in all spaces F the same zeros and the same
solvability conditions™*, if one of the following conditions is fulfilled:

1) aj(t) € M™es, bj(t) e Mm™es,  E = Ap(p > 1);
2) a;(t) €M™, by(t) € M, E=4£,(p>1);

8) a)(t) € M, bi(t) € MW, E = Lp = 1), M, My,
J\4gup7 Mmes’ Msup;

) a;(H € M, bit) € M™, E = £p > 1), M, My,
Mgup’ Mmes’ Msup;

5) a;(t) € C, b;(t)M™; E—arbitrary, except, perhaps, £;
6) a;(t) € C, b;(t) € M**P, E—arbitrary.

No. 3. In equation (2) we shall assume (cf. (}!)) that there exists a number 3
such that
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[ mlay <o, =120 ©)
0

Using a well-known device ((13, p. 396), we reduce equation (2), by means of
the transformation z = ae™, y = ae™™, ¢(t) = e Plp(x), f(t) = e Ptg(x), to
an equation on the semiaxis of the form (1). In this case

hy(t) = a't e =Pl (1,e!) € £,

a;(t) = 0(t)c;(ae~t)e et b(t) = 0(t)d;(ae™").

The indicated transformation establishes an isometry between the space
E(0,00) and the weighted space Ey = Eg(0,a) = {¢ | e P'ip(ae™) = o(t) €
E(0,00)}, ¥, = lelp, - Obviously,

B - 7 PE(0,a), E+ £,
P @ PYPE(0,0), E = £,

and if U is the operator realizing the isometry of E; onto E , then K = U'HU.

We shall assume that in (2) ¢(z),g(z) € Ez. Applying the results obtained for
the operator H, we arrive at the following theorem:

Theorem 3. Let the kernels k;(x,y) be homogeneous functions of orders
aj, —00 < a; < 00, j=1,2,...,n, satisfying condition (6), and suppose also
that d;(x) € C(0,a), x'*%¢;(z) € C(0,a). Then the necessary and sufficient
condition for the Noether property of the operator K in Ej has the form

o(N) =1+ il a“o‘-v’dj(O) lim [:171+°‘-7‘cj(m)] K;(ix—pB+1) #0,
=

x—0

—00 < A\ < o0,

* That is, the functions &j(t),zj(t) satisfy the very same conditions (4), (5).

** The solvability conditions may be interpreted as orthogonality conditions to
the zeros of the transposed operator, for example, in £, (p > 1).

where

Kj(s):/o ki(1,z)x" " dx
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is the Mellin transform of the function k;(1,z). If this condition is satisfied,

1
_ = 0o
i, (K) = 5 Alarg o (V)]
Let us note that the formulation of Theorem 3, for simplicity, is given for the case
of continuous coefficients z'**i¢;(x), d;(x). It is not difficult to obtain a theorem
for more general coefficients, for example, for c; (x)atTo d;(z) € M***(0,a),
where

M=P(0,a) = {¥(z) | ¥(z) € M(0,a); lim sup |Y(z)—c| =0}, c= const.

N0 0<a<l/n

Similarly to Theorem 3, from Theorem 2 there follows a theorem on the zeros
of the operator K, on whose formulation we shall not dwell. We also note that
analogous theorems hold in the case a = co.

As an example, consider the equation

Kw5¢uwﬁ/ K@) dy= flz), O<z<a,  (7)
0

n
J=1

where k;(Az, \y) = X% k;(x,y). In the case n = 1 and a; = —1 this equation
was studied by L. G. Mikhailov ('). Applying Theorem 3, we see that, for
example, when o; > —1, j = 1,2,...,n, equation (7) is Fredholm in all spaces
Eg: np, (K;) = 0 provided condition (6) is satisfied. It can be shown, using a
theorem of L. Hérmander (14), p. 9, that the operator (7) is unbounded in any
of the spaces Ejg if a; < —1 at least for one j, j=1,2,...,n. And, finally, we
note that when n = 1, a; = a > —1, the zeros of the operator (7) have the

form ¢(z) = 217 Py, (), where 1,(z) is continuous and (0) = 0.

As a second example, consider the equation

Iny—Inz

——(y)dy=g(z), 0<z<l,
Yy X

&wzwﬂ+d@éd@)

in the spaces £, (1 <p < o). Let c(z),d(x) € C(0,1) and

The necessary and sufficient condition for Noetherianity has the form
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for p = 2, and

for p # 2. In this case »,_ (Ky) = 0if ¢(0)d(0) > —v2, 1 < p < 00, and

ng (Ky) = sign(2 —p)

if ¢(0)d(0) < —v3, p# 2.
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