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Let D be a simply connected two-dimensional domain bounded by an n-times
smooth Lyapunov curve I'. Consider the boundary-value problem for an elliptic
system of equations

=3 a0 S a2 ), e ()
u = s\2 s n—s Kl Z) 7~ = Z), z s
=0 dz=dy 0<kii<n—1 Oxoy!
ak+lu
Au = Z Bk,l(Z)W =Y(2), z=(2,y). (17)
0<kii<n—1 YL

In formula (1), A (), Ay ,;(2) are real square matrices of order p > 2; By ()
are rectangular real r X p matrices; ¥(z) is an r-dimensional column vector; u(z)
is the unknown p-dimensional column vector; r = %pn.

It is assumed that the matrices A,(z) are twice, and A, ,(2) once, continuously

differentiable in some domain G O D. The matrices By () are assumed to
satisfy a Holder condition on T'.

Ellipticity of the system (1) is understood in the sense of I. G. Petrovskii:

P(z,\) = det (i As(z))\"—s> +0, ImA =0, 2z €D, (2)
s=0

det Ay(z) # 0, z€D. (27)

It is assumed that the problem (1), (1) is normally solvable. Referring the

reader, concerning this notion, to the fundamental works (*,2), we introduce

into consideration the 2r x 2r matrix
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0 B, 0 0
0 0 E, 0
0 0 0 0

_AalAn _AOilAnfl _AglAn72 _AalAl

The spectrum of the matrix 2A(z) coincides with the roots of the polynomial
(2) for each z € D. Consider the invariant subspace of the matrix 2((z) corre-
sponding to the spectrum from the upper half-plane. Choose in this subspace
a basis:

: 3)

where F}(z) and F,(z) are r x r matrices, which may be chosen continuously
differentiable with respect to x and y (cf. (2,3)).

Denote also by |B;(z)By(2)|, z € T, the r x 2r matrix formed by the columns
of the matrices B,, 1 (2), B,,_20(2), -, By

Let

By (2)Fy(2) + By(2)Fy(2) = Q(2). (4)

The necessary and sufficient condition for normal solvability is that

det (z) # 0, zel (5)
(see (24)). In this case the index » of problem (1), (1) turns out to be equal to
1
n=——ArgdetQ(z)| +mn (6)
g r

(see (), p. 75).

Definition 1. Two elliptic normally solvable systems of the form (1), (1'):
{£W AW} and { £, AP} are called topologically equivalent (homotopic)
if there exists a continuous real deformation

AS(T,Z>, OSTSL ZGD, 5:0,1,2,...7717 (7)

Byy(1,2),  0<7<1, zel, k+l=n—1, (7)
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taking the coefficient matrices Agn(z) into Af)(z) and B;cl;(z) into B;fl)(z),
respectively, and preserving the ellipticity condition (2) and the condition of
normal solvability (5). It is assumed that the deformation (7) preserves the
dimensions of the matrices and smoothness.

Let us pose the question of the number of connected components of the set
{£, A} of normally solvable systems. In the case of constant matrices A4, and
By, k41 =n—1, this problem was solved in a paper (*) by one of the authors
(see also (®)). In this case the set {£,A} (p > 2) splits into four connected
components*. A complete system of invariants has the form

§, = sign (det AS)\”S> ) ImA =0, (8)
s=0

Fy }?1

0y = signi” det £, B

. (®)

We note that the invariants (8), (8") do not depend on the matrices By, ;. It is
easy to verify that the index of problem (1), (1”) in this case is always one and
the same:

n=mnp
(see (%)). The picture naturally changes if the matrices A (z) and By ;(z) depend
on z. We formulate the main result of the present article.

Theorem. In order that two systems { £, A1} and {£?), A®} be topologi-
cally equivalent (see Definition 1), it is necessary and sufficient that the invari-
ants of these systems, computed by formulas (8), (8"), coincide, and, moreover,
that the indices of the corresponding problems coincide,

1)

uD) = 5,(2) (9)

The proof makes substantial use of the result of paper (°). Along with the
equality

By(2)Fi(2) + By(2) Fy(2) = Q(2), (10)
consider the equality

By(2)Fy(2) + By(2) Fy(2) = Q(2). (107)

By virtue of the nonsingularity of the matrix
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(11)

* The case p = 2 was considered in paper (7). For the formulation of the problem,
see (89).

for z € D and, consequently, for z € T' the system (10), (10’), for an arbitrary
complex r x r-matrix Q(z), z € I, determines a unique r X 2r-matrix

I1B1(2)Ba(2)l,  z€T, (12)

which, as is easy to see, is real. Let us also note that under a continuous defor-
mation of the right-hand sides of the system (10) and (10") and of the matrix
(11), preserving its nonsingularity, the matrix (12) is deformed continuously.

Assuming the domain D to be star-shaped* with pole at the origin, let us
consider, along with the system of differential equations (1), the system with
matrices

At,z)=A (tz), 0<t<1, s=0,1,2,...,n. (13)

The smooth basis (3) in D corresponding to this system has the form

Fies) = | (1)

Fix in (10) the matrix Q(z), z € T.

Carrying out the deformation (13), we contract the set of matrices A (z) to the
set of constant matrices A,(0), s = 0,1,2,...,n. The matrix (11), by virtue of
(14), is contracted to the constant matrix F(0). Obviously, the matrix (12) is

thereby deformed to the form [|Q2(2)Q(2)|F ~1(0). The conditions of ellipticity
(2) and normal solvability (5) are preserved in the process of deformation.

Thus our problem is reduced to the problem in which the matrices

AV (s=0,1,2,...,n; j=1,2) (15)

are constant. The sets (15) with j = 1 and j = 2 are homotopic if and only if
the invariants (8), (8) coincide.

It remains to note that the homotopy (7’), by virtue of (10), (10”), is possible
if and only if

Argdet Q“)(z)’F = Argdet Q) (z)] (16)

F?
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which, by virtue of (6), is equivalent to the equality (9). The theorem is proved.

In conclusion we give the canonical form of the system {£, A} with prescribed
01,04, and . For simplicity we restrict ourselves to the case n = 2.

Let first**

o =1; 0y =1, n = 2m. (17)
Then
Lu = (0?02 + 52/8y2)E‘pu7 (18)
cos Ny 0 sinNe 0 0
1 ou 0 0 - 0 ou
Au = — o 19
0 1 0 0 - 0

p=Argz, zel, N=p—m.

* Without loss of generality one may take D to be a disk.
** In the case n = 2, » is always even (see (6)).

If, however, 6; =1, §y = —1, x = 2m, then

0? 0?
(5 + 37) B |
2 2 2
Lu = 9 9 0 u, (20)
Ox? Oy Oz Oy
0 B 02 iz 0?
0z Oy Ox? oy?
cos Ny 0 sin Ny 0
Au= 1 u 0 Gu (21)
o Ox ~ | oy’
0 10 0 0,

The case 6; = —1 is obtained by multiplying £ on the left by diag(1,1,...,1,—1).

The authors express their gratitude to A. A. Dezin, A. S. Dynin, V. S. Vino-
gradov, and G. I. Eskin for discussions of the results presented.
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