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By the superposition proposed in work (1), a connection is established between
an axisymmetric state of an elastic space and plane states. In works (2-9),
by means of two different superpositions, relations were established between
the spatial states of bodies of revolution, both solid and containing cavities,
on the one hand, and states of plane deformation and antiplane deformation of
transverse sections of cylinders, on the other. With the aid of these relations and
the known representations of the components of the plane state and antiplane
deformation in terms of analytic functions of a complex variable, representations
were obtained for the components of stresses and displacements in bodies of
revolution through densities of integrals of the Cauchy type. With the aid of
these representations, solutions were found for a number of problems of the
theory of elasticity for such bodies (°-%).

In the present work, analogous representations are obtained for certain classes of
bodies that do not possess axial symmetry. The superpositions carried out here
for this purpose have the special feature that, in the process of their execution,
all elements of the surface of the body are successively brought into coincidence
with the lateral surface of a cylinder, i.e., with the boundary of the domain of
analyticity of the functions introduced (where this requirement is not fulfilled,
it may prove impossible to satisfy arbitrary boundary conditions).

Fig. 1

1. Let the body A be cut out from a cylinder B in such a way that the
surfaces A and B are in contact over some area or curve (see Fig. la—
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here the cylinder is cut away for clarity of the drawing). The coordinate
axes x|, y, 2| are associated with the cylinder B (the axis yy is parallel
to its generator), while x,y, z and r,0, z are associated with the body A.
We shall determine the position of the system x|, y), 2| relative to z,y, z
by the coordinates of the origin of the first system relative to the second
(ag,a,,a,) and by the cosines of the angles between the axes ()\IyH =
cos(,y), etc.).

Suppose that the body A can be cut out from this same cylinder B by changing,
in a definite manner, the position of the latter relative to A.

(Fig. 1b). In the general case, this change is carried out by rotations and linear
displacements of the cylinder relative to the axes x,y, z associated with A. In
this case the displacements of the cylinder and the quantities ¢ and \ associated
with them are determined by certain functions, depending on the shape of the
body, of the angle o between the axis x and OC—a line parallel to the projection
of the axis x| onto the plane zy (Figs. 1, 2). These functions are such that, for
0 < a < 27, the surfaces A and B do not intersect, while the line (or area) of
their contact, in the process of variation of «, moves over the surface A and, as
« varies within the indicated limits, sweeps out the entire surface A.

In other words, we assume that the surface of the body A is the envelope of a
family of cylindrical surfaces B under their displacements within the range of
variation of « from 0 to 2.

Let the cylinder B be in a state formed by superposition of plane strain (EyH =
Tylzl = Tyle| = 0) and antiplane deformation of the transverse sections (o, =
Oy = 0y = Tyz) = 0). We shall regard the displacement components of the
cylinder as functions of a certain parameter, which may be taken equal to the
angle «. In the cut-out body A, we pass from the displacement components
in the coordinates x|, y, 2| to the displacement components in the cylindrical
coordinates 7,0, z, and superpose these components as « varies from 0 to 2.
As a result, we obtain a spatial state of the cut-out body, whose components
are determined by certain integrals containing the displacements in plane strain
and antiplane deformation.

Using the Kolosov—Muskhelishvili formulas and the solution of the torsion prob-
lem for a cylindrical rod, we represent the displacements in plane strain and an-
tiplane deformation through three functions of the complex variable ¢ = z +iz;
and of the parameter ov. We shall assume that, with respect to «, these functions
can be represented, for example, in the form

[ee)

p(Ca)= D @uQe ™, W(Ga)= D P,(Qeim,

n=—oo n=—oo

(oo}

B(Ga)=—i Y B, (1)

n=—oo
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Here ¢,,(¢),¢,(¢),®,,({) are functions analytic in the domain of the cross-
section of the cylinder.

We shall represent the analytic functions ,,,,,, ®,, by Cauchy-type integrals
and obtain representations of the radial u, tangential v, and axial w displacement
components for the spatial state of the body under consideration:

u=——1Im i / {” IxfinOT; + f1, (O Iy + fo ()5 + f3,(0)I4] +

n=—oo YL

+e_i9 [Xfln(t)IS + f{n(t)IG + f2n(t>l7 + f3n(t)l8]} dt’

v= _— Re i /{ew XD+ [l (O + fon ()15 + f5,,(8) 4] —

n=—oo YL

*672’0 [Xf17z<t)15 + f{n(t>[6 + f2n(t)17 + f3"(t>18]} dt7

w= gt 3o [ WO+ FuOh + Fou O+ fon(O1) .

4,LL7T n=—oo YL

P = *ﬁ7 =py —ipy, Py=—((py —ipy), Py=—P5s=—(py—ips),

Py =—Pg ==y +iAyy)), Py = —((py +ipy), Py = —Py; = Ps,

Py = —§p3, Py, = _i)‘zyH7 (2)
D1 =g Fihgay, P2 = Ayt Py = A F Ay,
¢ =(rcost —a,)p, + (rsinf —a,)p; + (2 —a.)ps,
fin (i=1,2,3) are densities of Cauchy-type integrals, » = 3 — 4v, v is Poisson’

s ratio, p is Lamé s constant, ¢ = zy + iz is the affix of a point of the contour
L of the cross section of the cylinder B.
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Fig. 2

Figure 2: Fig. 2

Fig. 2
Putting in (2)

U =y =0y = A = Ay = Az = Mgz =0, Agg = Ay = 0080, Agy) = —Ayy = —sina, Ay =1,
we obtain representations for a body of revolution.

Analogously to (2), representations for stresses are obtained. We note that

the representations (2) contain arbitrary constants, which make it possible, in

solving the problem, to use techniques analogous to those proposed by D. I.

Sherman for the plane problem and applied in (7) for the axisymmetric case.

2. Let us consider some special cases.

a) If in (2) we put

Uy = Oy = Aga) = Ayal) = Azy) = Asg =0, Agy = —Agg = —sine, Ay = Ay =cose, Ay =1 a, F

in particular a, = kya, where k; = const, then the body A will be cut out of
the cylinder B, the generators of which are parallel to the planes zy and, as
the angle o changes, move along helical surfaces. In other words, the cylinder
rotates about the z-axis with simultaneous displacement along it. In this way
one can obtain a body having the form of a screw (under certain restrictions
on the form of the thread in the meridional section). This case is shown in Fig.
2a. Here (as also below in Figs. 2b and 2c) the positions of the cylinder for two
values of a are shown by solid and dash-dot lines; in the lower projection the
body being cut out is shown by a dashed line. In this case, in expressions (2),

P =P;=iP,=—P;=—P,=—iPg=—ie®,  P,=—i(e™,
Py = —i& e’m,
Py=—-P, =1, Py =, P, =0, (=z—a,+ircos(d + ).
b) If we put a; = Ay = Ay = Ay = Aoy =0, Ay = 1, Ay = Ay =
—sina, A,y = Ay = cosa, then we obtain the case shown in Fig. 2b.
Here the cylinder B, whose generators are parallel to the plane xy, rotates
about the z-axis with a simultaneous displacement in the plane zy. In
this way, from the cylinder B one can cut out, for example, such a body

A, whose sections in planes parallel to xy have the form of ellipses, ovals,
etc.

In this case, in expressions (2) the values Py, ..., P;, are obtained the same as
in the preceding case, and

§=z+ircos(0 +a)—i(a, cosa—a,sina).
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Fig. 3

Figure 3: Fig. 3

c) For a, = .)‘ZyH = 0, A,y = cosacosy, )\yy." = cosa, )‘ry\l.: sin a,
Ayg| = —sinacosy, Ay = cosy, Ay = siny, A,y = —sinycosa,
Ayz| = sinasin<y, we obtain the case shown in Fig. 2c. Here the genera-

tors of the cylinder are parallel to the plane zy. Rotation of the cylinder
about the z-axis through the angle « is accompanied by its rotation about
the yj-axis through the angle v(a). In this way, from the cylinder one
can cut out, for example, a worm screw (under certain restrictions on its
shape in the meridional section). In this case, in expressions (2)

P = —P, = ¢ P, = _geiaty),
Py = —P; = —ie'et),
P4 == _PS == _eia, P6 == _igeii(aiv), P9 = _Pll == 67”,

Py, :*@wa P, =0,

& =[z—a, +ircos(a+0)—ia,cosale?.

Fig. 3

d) Various combinations of the displacements described in paragraphs 2a-
¢ are possible. For example, superposing on the displacements of the
cylinder described in paragraphs 2a-c a displacement in a plane parallel
to zy, one can cut out a conical screw (Fig. 3), etc.
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Note: Figure translations are in progress. See original paper for figures.
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