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Nonlinear motions of a rarefied plasma can, in a number of cases, be described
exactly by the Euler equations for a barotropic fluid with adiabatic index v = 2.
For example, the motion of a plasma across a magnetic field is described by
the equations of Chu, Goldberger, and Low (1), which have the form of the
Euler equations with v = 2. Analogous equations describe plasma motions in a
high-frequency electromagnetic field (?) and the theory of “shallow water” (*).
Let us note that the same equations describe the propagation of narrow plane
beams in nonlinear geometrical optics (for a defocusing medium de/dyl,_, < 0)
(3). At the same time, flows of a barotropic fluid for v = 2 possess a number of
interesting features, to the study of which the present work is devoted.

1. Conservation laws. The Euler equations for nonstationary one-
dimensional flows of a barotropic fluid for v = 2 (P = 1/,8p%) have the
form

o, 9 o O 0
74_%(;,0)_07 +v

dp
ot ot TVar TP = (1)

These equations can be represented in the form of conservation laws:

aP /ot = —9Q/du. 2)

It follows from (2) that, for any value of ¢, the integral

I—[:de 3)

is constant (if, of course, the function P decreases faster than z~!

Q(+00) = Q(—00)).

as r — o0;
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Equations (1), written in the form (2), express the conservation laws of mass
and the velocity integral. Combining equations (1), it is not difficult to obtain
from them, in the usual way, the conservation laws of momentum and energy.
In these cases, respectively,

Py = pu; Q= pv® + /807

Py ="1/,p0" +1/,80%  Qy="/5pv° + pvp*. (4)

The quantity @ is the single component of the momentum-flux-density tensor
different from 0, P, is the energy density of the fluid, and @, is the energy-flux-
density vector.

An essential feature of the equations of a barotropic fluid with v = 2 is that
they allow one to find other conservation laws as well. Indeed, considering
polynomials P, , homogeneous in powers of p and v?, ne-

it is difficult for each polynomial to construct, with the aid of equations (1),
relations of type (2). For example,

9

Py = pv® + 3pup%; Qs = pv + 5 Bp*0? + 2%
P, = pv* + 68p*v* + 26%p%; Q4 = pv® 4 86p*v® + 6% p’v;

— .5 2,3 2, 3. 25 5
Py = pv° + 108p%v° + 105%vp>; Qs = pv® + 22 Bp20t + 2082027 + 2B
Py = pv® +158p%0* + 308%p30v? + 533 p4; 2 2

Qs = pv” + 188p%v° + 5052 p3v3 + 2083 ptu;
6
(5)

and so on. This series can be continued to infinity: for each moment of the
velocity v there is a definite conservation law.

It follows from this, in particular, that for an arbitrary initial distribution of
density po(x) and velocity vy(x), one can, according to (3)—(5), determine an
infinite number of constants I,, that are conserved throughout the motion*. In
particular, if at the initial instant the fluid is at rest (vy(x) = 0), then

b =0 Ly =08 [ [yl e, (6)

Consequently, in this case all moments of the initial density distribution p,(x)
are conserved.

2. Exact solutions. Riemann simple waves—particular solutions of the Eu-
ler equations—play an important role in the qualitative analysis of phenomena
arising in nonlinear hydrodynamics. The equations of a barotropic fluid with
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~v = 2, in addition to Riemann simple waves, admit another broad class of exact
nonlinear solutions. To find them, let us make a hodograph transformation in
equations (1), i.e., we shall regard p and v as the new variables, and x and ¢ as
unknown functions. After the usual calculations (see (4)) we arrive, instead of
(1), at the following linear equations for the functions x(u, p), ¢, (u, p):

Ox/0u —udty /Ou+ pot,/0p = 0; Oty /0u—u0dt,/0p+ dx/0p =0. (7)

Here u = v3 12, t, = t8Y2 (the subscript 1 will be omitted below).
1

The equations (7) for the functions z and tu are homogeneous with respect to
p and u?. Therefore their particular solutions may be sought in the form of
polynomials homogeneous in powers of p and u?. We shall assume first that =
is an even function of u:

n n
Ly (ua p) = Z ankUQkpnik; tn (U, P) = u71 Z bnkuzkpnik' (8)
k=0 k=0
Substituting these expressions into equations (7) and equating the terms with
equal powers u?¥p" % we arrive at the recurrence relations
k—n—1
by = ok 1 (an,k—l - bn,k—1);
(n+1—-3k)(n—Fk+1)
= —b 9
A 2k(2k - 1) (an,k—l n,k—l)v ( )

which relate the coefficients a,,;, and b,,;,. Setting a,, =1, b,y = 0, we succes-
sively find the functions z,, and t,,—particular solutions of equations (7):

1

x1:P_§U2§ by = —u;
o 1y to = —2pu — gu?"
Ty = p°— iu ; 2 3 ’ (10)

3
3 3 1 — 9,2 3 5
zq = p3 5pzuz + quzx 6“6; ty = —3up” — 3pu 1Ou .

and so on.

Each of the solutions found corresponds to definite initial conditions for equation

(1):

p = polx), u=uy(x) att=0. (11)
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* This assertion is valid only in the absence of strong discontinuities, since on
the lines of strong discontinuities the conservation laws (5) may fail to hold.

Let us find them. We take into account that conditions (11) define in the space
(p,u), in parametric form (with parameter z), a certain curve p(u). On this
curve t = 0, and = = zy(p), where the function z(p) is the inverse of py(x). In
our case the condition ¢t = 0 is satisfied for all solutions when v = 0. Thus, each
of the solutions found, x,,,¢,,, describes a one-dimensional motion of the fluid

under the initial conditions: uy(z) = 0, po(z) = z¥/™.

It is not difficult to verify that each of the solutions (10), z,,,%,,, is self-similar:
it can be represented in the form

p= N f () w= Vg () =g /e (19)

It is essential that equations (7) for the functions z(u,p), t(u,p) are linear.
This means that not only the functions z but also an arbitrary linear
combination of them

thnv

T = Z;Cnxn(u, p); t= ;Cntn(x, p) (13)

satisfies equations (7). The obtained class of solutions is characterized by an
infinite sequence of constants C,C,,...,C,,, or else by an arbitrary function

expandable in a series. Indeed, suppose, for example, that at the initial moment
the fluid was at rest, i.e., at t =0,

’LL(.’I?,O) =0; p(.’l?,O) = p0<$)' (14)

According to (11), when v = 0, t,, = 0, x,, = p". Therefore, expanding in a
Taylor series the function z,(p), inverse to py(x),

< 1 [9"xy(p)
zo(p) = 2o + Z Chp™; Ch== [8"] ) (15)
n=1 n: p p=0
we determine the constants C,,. In other words, formulas (13) with coefficients
C,, determined according to (15) give, in implicit form, the solution of equations
(1) with boundary conditions (14). Of course, the solution (13) is no longer self-
similar. The development of the solution (13) leads to a gradual steepening of
the functions p(z) and u(x), accompanied at some moment ¢ by the occurrence of
singular points, which is entirely analogous to the behavior of a simple Riemann
wave. The values x;, and ¢, corresponding to the appearance of a singular point
are found from the system of equations (%) dx/dp|, = 0; 0%x/0p?|, = 0. Near
a singular point, p — p;, ~ (z — 2,)Y/3; u—uy ~ (x — ;)3
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We have considered the case when z is an even function of u. Analogous solutions
can also be found in the case when z is an odd function of w. They have the
form:

— et 2B o
T, = up—|—3u, ty = p+u;
1 1 1 3 1
Ty = —up? + §pu3 + gu5, ty = 5/)2 + 5pu2 + 1u4;
5,3 5.2 7 L 3 2,2 4 16
Ty = —up’ + —pu’ + ——u ty = -p° + 2p%u* + pu* + —u

) 35 3 15

and so on. These solutions also represent self-similar functions p(z, t) and u(z, t):
p= 1;1/1'7,‘}017"1(7_)7 u = tl/zann(T)y = xt*(?’!ﬂrl)/?’n_

Physical Institute named after P. N. Lebedev
Academy of Sciences of the USSR
Moscow

Institute of Terrestrial Magnetism, the Ionosphere
and Radio Wave Propagation

Academy of Sciences of the USSR
Akademgorodok, Moscow Region

Received
26 II 1970

CITED LITERATURE
1. G. Chew, M. Goldberger, F. Low, Proc. Roy. Soc., A236, 112 (1956).

2. L. M. Gorbunov, ZhETF, 56, 1693 (1969).
3. A. V. Gurevich, A. B. Shvartsburg, ZhETF, 58, No. 6 (1970).

4. L. D. Landau, E. M. Lifshitz, Fluid Mechanics, “Nauka,” 1954.
Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.57742 Machine Translation


https://sovietrxiv.org/items/ru-197001.57742

	Abstract
	Full Text
	ONE-DIMENSIONAL NONSTATIONARY FLOWS OF A BAROTROPIC FLUID
	CITED LITERATURE


