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In papers (}?), necessary and sufficient conditions were obtained for stabil-
ity with respect to the initial data of two-level difference schemes, defined as
operator-difference equations on a family of Hilbert spaces {H},}.

In the present paper estimates are constructed for certain energy norms of so-
lutions of two-level difference schemes in terms of the initial data y, € H; and
the right-hand side o(t) € H,,, which coincide for ¢ = 0 with the estimates of

(1,2).

To study stability with respect to the right-hand side, the method of separating
stationary inhomogeneities is applied (see (*%)), which makes it possible to
remove certain restrictions (such, for example, as smallness of the time step 7) of
paper (°), where stability was investigated by the method of energy inequalities.
In addition, it proved possible to consider the case of non-self-adjoint operators
and to establish a number of new estimates. We note that all the estimates
obtained hold under the same conditions on the operators of the difference
scheme that ensure stability with respect to the initial data.

1. Let {H},} be a family of Hilbert spaces (real or complex) depending on
a parameter h (H, is an analogue of the space of grid functions), w, =
{t, =n1, n=0,1,...} agrid with step 7 > 0, and A, B : H;,, — H,, linear
(additive and homogeneous) operators acting in H, and depending on h,
T,and t =1¢,.

A two-level difference scheme is defined as the operator equation (see (°))

B(tn>yt+A(tn)y: Sp(tn)7 n:0717”-; yO € Hha (1)

where y = y,, = yp, - (t,,) € Hp, Yy = (Y1 — Yn) /T, @(t) € Hy,.

An operator A : H — H is called positive (A > 0) if (Az,z) > 0 for all
0 # = € H, and nonnegative (A > 0) if (Az,z) > 0 for all x € H. If A is
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a self-adjoint and positive operator, then one may introduce the energy norm
lyla = v (Ay,y).

The following lemmas will be needed for the proof of the stability theorems.
Lemma 1 (see (1'?)). The inequality

ISI<p, S=E-7C, (2)
follows from the condition

B+ B
By>-——A, By=ReB= J; :

T 1+p

if p>1,A*=A4>0,C=AY?B1AY2 and from the condition

.
1+p

(A7) > B7',  (A7)g=ReA™, (4)

if p>1, B"=B>0,C=DB"'24B""/2,

Remark. In the case of a real space H;, inequalities (3) and (4) are equivalent
respectively to the conditions

.
>
1+p

T

71'
“1+p

We shall say (see (5)) that the self-adjoint operator D = D(t) satisfies the Lip-

schitz condition with respect to t if there exists a constant ¢; > 0, independent
of 7, h,n, such that for all ¢ and 7 the operator inequalities

(1—em)Dt—7)<Dt) < (1+¢y7)D(t— 7). (5)

Lemma 2. If D(t) is a self-adjoint positive operator, then the Lipschitz condi-
tion (5) is equivalent to the estimate

|DY2@) (D1(t) — Dt — 1)) DV (H)| < ey (6)
Proof. Passing in (5) to inverse operators, we obtain
—e Dt < D~ D1 < DY
where D = D(t), D= D(t — 7). Hence the inequality
—,7E < DYV2(D~1 — D) DY2 < ¢, 7E,

equivalent to (6), follows.
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2. Theorem 1. Let the operator A(t) satisfy the Lipschitz condition and let
A*(t) = A(t) > 0. Then, if the stability condition (3) is fulfilled with constant
p =e%7 ¢y >0, for the solution of problem (1) the estimate

Wil ae,) < 2" Yol aco) + Z 0" B ol a, ) n=0,1,.., (7)
n’=0

. . ~ 57- ~
is valid, where p = e“", ¢, = ¢, + ¢, /2.

Proof. Represent equation (1) in the form of an equivalent explicit scheme (see

(1))
T, =987, +TAY2B (8)

where x,,. = AY2(t,))Ypi1, T, = AV (t,)y,, S =FE —71C, C = AYV2B71 A2,

n

From the stability condition (3), by Lemma 1, the estimate (2) of the norm of
the transition operator S follows, and from the Lipschitz condition—the obvious

estimate
12, < VT+erT e, < ez,

Therefore from (8) we obtain
lzn 1l < Pla,] + 7IAVZB 0, |,

whence (7) follows.
Similarly one proves

Theorem 2. Let the operator B(t) satisfy the Lipschitz condition and let
B*(t) = B(t) > 0. Then, if the stability condition (4) is fulfilled with constant
p = e%7 ¢, >0, for the solution of problem (1) the estimate

lnilsie,) < ™ M yol oy + D 70" lelta ) lsrge, 0, (9)

n’=0

where p = e%7, ¢, = ¢y + ¢, /2.

We note that if the operator A(t) is also self-adjoint, then for estimate (9)
condition (3) is sufficient.

3. Estimates different from (7) can be obtained by using the method of sepa-
rating stationary inhomogeneities, which consists in the following.

Let the operator A(t) in scheme (1) be self-adjoint and positive. Represent the
solution of problem (1) as the sum

yTL :UTL—’_wTL’ n:()?]‘?"'? (10)
where w is the solution of the equation

Aty ) = ¢(t),  n=01,... (1)
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Suppose, moreover, that w(0) = w(7). To determine the function v(t), we obtain
the problem
B(t)v, + A(t)v =@, Vg =Yg — W1, (12)

where @ = —(B — 7 A)w,.

The solution v,,  ; of the auxiliary problem (12) is estimated by Theorem 1. After
this, using the triangle inequality, from (10) and (11) we obtain an estimate for
the solution of problem (1).

Theorem 3. Under the same conditions as in Theorem 1, for the solution of
problem (1) the estimate

lWni1lac,) < 2" (lvoll aoy + 190 a-r0)) + o) a-1e,)

- ~n+1-n’ (13)
+ > el ilae,) + 1w ilaie, )
n’/=1

holds, where j = €7, & = ¢y +¢1/2, @5 = (P — Pp1)/T-

Proof. Using the method of separating stationary inhomogeneities, we obtain
the estimate

1Ynsillac,) < lvnallae,) + le@) a1, (1)

where v, is the solution of problem (12). Just as in Theorem 1, for (12) the
estimate

lniilae,) < lvallae, )+ 7IB ' @ullac,), n=12.., (15)

can be proved, and

lvill a0y < pllvollao)-

To estimate the term |B~1%, |4 in (15), note that

|B71 %4 = 1SA 2wy,

where S = E —7C, C = AY2B-1A4'Y/2,

Further, according to (11) we have

w, = (A7) = Ahpp + (A = A Ho(t, 1)/7,
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so that the estimate

1 -
[AY 2w, < el ase,) + —IAYA(AT = AH Ao () asge,

is valid.

Hence, taking Lemma 2 into account, we obtain

1B Bulac,) < plerlen-sla,) + 1nilaa,}-

Thus, from (15) there follows the estimate

n
H%H”A(tn) < ﬁnH”UoHA(O) + Z Tprrn [01 ”(pn’—lnA*l(tn/) + ”(pn’f”A*I(tnx)]'

n’/=1

Finally, noting that

lvoll a0y < W0l a0y + w1l a0y = 190l a0y + I0ll aco)-

we obtain (13).

4. In the case of permutable operators, more general estimates can be ob-
tained.

Theorem 4. Let the operator A(t) satisfy the Lipschitz condition, A*(t) =
A(t) >0, AB= BA, and A(t)A(t —7) = A(t —7)A(t) for allt and 7. Then, if
the stability condition (3) is fulfilled with p = e®7, ¢, > 0, then for

for 1=0,1,2,... the following estimates hold for the solution of problem (1):

n
ALt )l < 74 AN Ol + D o A ) (16)
n’=0
1A' (t) | < 57 [ATO)yol| + | (2 )pn | + 57| (0) e
(17)

n
+ Z Tﬁn+1_n/ [Cl ||Al_1<tn/)g0n/71H + ”Al_1<tn/)@n/){

n’/=1

IE

where p = €7, ¢y = ¢y + ley.

Theorem 5. Suppose that the operator B(t) satisfies the Lipschitz condition,
B*(t) = B(t) > 0, AB= BA, B(t)B(t—7) = B(t—7)B(t). Then, if the stability
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condition (4) is fulfilled with p = e%7, ¢, > 0, then for [ = 0,1,2, ..., for the
solution of problem (1) the estimate

IB' ()l < BB O)woll + D 75" Bt ) (18)

n’=0

is valid, where p = €7, ¢, = ¢, + l¢;.
Remark 1. If the operator A(t) is also self-adjoint, then (18) holds under
condition (3).

Remark 2. Estimates (16), (18) with { = 0 also hold without the Lipschitz-
continuity requirement.
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