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Full Text

MATHEMATICS

V. M. BRODSKII

ON THE TRIANGULAR REPRESENTATION
OF OPERATORS CLOSE TO UNITARY ONES,
AND THE MULTIPLICATIVE FACTORIZA-
TION OF THEIR CHARACTERISTIC FUNC-
TIONS

(Presented by Academician A. Yu. Ishlinskii, 19 V 1969)

Let $ be a separable Hilbert space, R the ring of bounded linear operators acting
in 9, and &, a symmetrically normed (s.n.) ideal of the ring R, introduced by
V. I. Matsaev (1).

I. Ts. Gohberg and M. G. Krein in the paper (?) obtained a triangular represen-
tation of operators T' € R having unitary spectrum. In the same paper, as well
as in the work (), multiplicative factorizations of the characteristic functions of
these operators are given. The results listed are extended in the present paper
to operators T' € R which, generally speaking, do not have unitary spectrum.

Lemma 1. If an invertible operator T € R possesses a discrete * chain
B = {P;}5°, then there exists an operator V. € R possessing the chain R
and satisfying the conditions AP,VAP; = 0 (AP; = P, — P;_4, j = 1,2,...),
such that

T=DI+V) (D = / e #(P) dP) ,
(G

where the integral converges strongly, and the scalar function p(P) is determined
from the relations e“"(PﬂAPj = AP;pAP;. If, in addition, I —T*T € &, then
the operator V' is Volterra.

Proof. The strong convergence of the integral D was proved in the paper (*).
Let g, (j = 1,2,...) be a unit vector of the one-dimensional subspace AP;$.
Since

Tg; = Bj101 + -+ Bj ;191 + g,
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the numbers e*?(F3) belong to the spectrum of the operator 7. By the invert-
ibility of T,

inf |e?(P)| > 0,
J

and, consequently, the operator D is invertible.

Put V=D 'T —1I. Then T = D(I +V) and
VP, =D 1PTPj P; = P,(D~ T — I)P; = Py pj,
_ —1 _
AP;yAP; = AP;5 AP;7AP; — AP; = 0.
Let us note that

AP(I+V*)'AP; = AP, AP;,D(I+V)AP; = APj,DAP;.

From the equalities

I—-D'D =Y AP/(I—D"D)AP; =

=Y AP((I+V*) = D*D(I+V))AP,; =
j=1

*\—1 _ ES
AP(I+V*)'HAP, (H=1-T°T)

<
Il
—

U

* For terminology and notation see (4,%).

it follows (see also (%), p. 109) that I — D*D € &_,. Hence one can obtain the
relation

S=T+V) Y I—(I+V)I+V) e

w*

Moreover, AP;SAP; = 0, and therefore, by (1), the integral

/PSdP ZP (I+V")Aap— ZP (I+V)AP; =
%l
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- i P, VAP, =~V

J=1

converges uniformly and is a Volterra operator. The lemma is proved.

Let T € Rand I —T*T € &,,. Denote by ), the closure of the linear span of all
root subspaces of the operator T' corresponding to its eigenvalues not lying on
the unit circle. Introduce the orthoprojectors P9 and P! respectively onto o
and $; = HOH,. Consider the operator 7};, induced by the operator pOT PO
in $,, and the operator T;, induced by the operator PMTP®M in §,. The
operator T, has a discrete chain 0 = {Q;}5°*, while the operator 7;** has
a maximal chain PV = {Q}, separating its spectrum (2). We shall also need
the maximal chain 98 = {P}, which is the union of the chains R, = {QP?}
(Q € B©) and P, = {PY + QPW} (Q € PM)), and the scalar function ¢(P)
(P €%9), defined by the following conditions:

L " F)AP; = AP, AP; (AP; = P;— P, , P; € %B).

IT. o(P) (P € PB,) coincides with the least of the numbers 7 for which the
arc e* (0 <t < 7) contains the spectrum of the operator T} ph = PT}h
acting in the subspace P$); (h € P$H,).

Theorem 1. If the operator T' € R is invertible and I —T*T € &, then

—1
T = / e Pl dp (I + / (I - PHP)'PH dP) (H=1-TT), (1)
%) %)

where the first integral converges strongly, and the second uniformly.

Proof. Using Lemma 1 and Theorem 1 of paper (?), it is not difficult to
represent the operator T in the form T'= D(I + V'), where

D= / e?P) dp,
P

and V is a Volterra operator possessing the chain 3. From Theorems 3.1 and
7.1 of paper (°) follows the equality

I+V)yl=1I+ / (I — PHP)"'PHdP.
gY

Theorem 1 shows that an invertible operator T° € R satisfying the condition
I —T*T € G, can be represented as the sum of a normal operator and a
Volterra operator possessing one and the same maximal chain.
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Let

TeR,  Jp=signI—TT), Rp=(1—T"T)%.

The function

0p(C) = (T = CJp [T = TT*[V2(I = ¢TI =TT )|

* For definiteness, we consider only the case where dim £, = co.
** The spectrum of the operator T} lies on the unit circle ().

acting from the space R, into the space R, is called the characteristic function
of the operator T

Lemma 2. If the operator T' € R is invertible and I — T*T € G, then

0r(§) = Uy (I — Jp|H[V2FPY(D* D)~ 2(¢D* + (D*D)V/2)(I — £T%) 1 |H|'/?)
% (I = Jp|H[Y?FPO(D* D) 2(£D* + (D*D)V2)(I — €T*) M [H[V2) | |

(F=(I+ (D'D)">(I+V))™).
The operator U, satisfies the relation UyJp;;0* = Jp., maps the whole space R
onto the whole space SR, ., and is computed by the formula
Uy = (T")71(I = Jp| HIV2F[H|'?).

Let & be an arbitrary s.n. ideal of the ring fR.

Lemma 3. If the operator T € fR is invertible and the operator I —T*T belongs
simultaneously to the s.n. ideals & and &, then

I — I | H[V2PPO(D* D) V2 (¢D" + (D D)V2)(1 — 1) HY? =
= (gl
= @=L > 22 pl) | 92
H(Q I & ) ®

where the infinite product converges in the norm of &, the numbers ¢; (J

1,2,...) are determined from the relations §;AP; = AP,z AP;, PU) (j=1,2,..)
are one-dimensional projectors computed by the formula

14¢ .
[ e lH PP

J

Pl —

sovietrxiv.org/items/ru-197001.56919 Machine Translation


https://sovietrxiv.org/items/ru-197001.56919

and QU =T — PV,

Lemma 4. If the operator T € fR is invertible and the operator I —T*T belongs
simultaneously to the s.n. ideals & and &, then

I = Jp|HIV2FPW(D*D)~V2(eD" + (D*D)V2)(I — €17) 7} H|'? =

ip(P)
:/ (I— md(ZJﬂHP/QFP“)PP“)F*H|1/2)> . (3)
(B4) er T

The integral (3) converges in the norm of &.

Lemma 4 for the special case when |H|| < 1 and the spectrum of the operator
T lies on the unit circle was given in paper (5).

Let the function 6(§), whose values are linear bounded operators in §), satisfy
the following conditions: 1) () is holomorphic in the domain obtained by
deleting from the disk || < 1 at most a countable set of isolated points {gj}j.:l
(@ < o0, & # 0); 2) () is invertible at least at one point § (|{| < 1); 3)
[0 <1 (Jg] < 1) and [6(0)f]| < [|I£] for all f # 0.

Then, as shown in article (7), there exists a contraction T such that 6(¢) =
U.01(§)U, where the operators U and U, isometrically map the spaces $ and
Rr., respectively, onto Ry and H. If, in addition: 4) there exists a point &,
(|&| < 1) such that the operator I — 6*(&,)0(&,) belongs simultaneously to the
ideals & and &, then (see (2)) the operator I — T*T belongs to these ideals.
Hence from Lemmas 2, 3, and 4 it follows that

Theorem 2. If the function 6(§), whose values are linear bounded operators in
9, satisfies conditions 1)—4), then

ip(P) q ) o . ,
0(6) = Uy, [% | (1— WdF(P)) 11 (QU) + fi gé@“”) U, (4)

=1

where 93, is a maximal chain in some space $; C $; ¢(P) (P € By, 0 < p(P) <
2m) is a nondecreasing scalar function; F(P) (P € ;) is a positive operator-
valued function; P (j = 1,2,...) are one-dimensional orthoprojections; Q) =
I—PY, and Uyp) is an isometric operator mapping the space $); onto $). The
integral and the infinite product converge in the norm of &.

Theorem 2 generalizes results of V. P. Potapov (%) and Yu. P. Ginzburg (°,
10%* on the multiplicative representation of contractive analytic operator-valued
functions.
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