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This note considers the problem of spectral synthesis* for invariant subspaces
of the shift operator in weighted classes of sequences (or of the corresponding
functions). This problem is related to a certain uniqueness (or quasianalyticity)
theorem for functions regular in the unit disk. The proof of the latter theorem
makes it possible to formulate, under known restrictions, a criterion for the
possibility of spectral synthesis.

§ 1. Notation.

1.1. P(w) = IP(wP) is the space of all sequences x = {z,}>°, of complex
numbers summable with power p, 1 < p < oo, with weight {w?}>° ; (bounded,
if p = 00), equipped with the usual norm,

lb(w)={z elP(w):x={x,}>°,, lirrlnaznwn =0}, 1<p<oco.

1.2. If x € IP(w), then
o0
22)=> x,2"
n=0
is a formal power series convergent for complex z,

2| <lim wy™  P(w)={F:x € P(w)}.

1.3. S is the shift operator in the space of (all) sequences of complex numbers:
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S(xzg, 1, ...) = (0,29, 24, ...),

or

(S2)(Z) = Z3(2)

in the sense of multiplication of formal power series.

14. If A, = w, . /w,, n >0, then T = SA is the weighted shift operator in
the space of (all) sequences, and

A{xn}zo:o = {Anxn}?zo:O

1.5.

r(T) =r,(9) e lim,, wy™.

1.6. If f is a function from ) (w), then N(f) is the family of all its zeros (with
multiplicities taken into account) lying in

D, ={z:]2] <ry(9)}

or in

D, ={z: |z <, (9)}

if % (w) C C(D,.).

* One says that a linear operator T" admits spectral synthesis if any of its
(closed) invariant subspaces is generated by the root vectors of the operator T
contained in it. Together with a simple description of all invariant subspaces of
the operator T, the possibility of spectral synthesis leads to effective criteria for
completeness of systems of the form {T"x}2° .

§ 2. Additional assumptions.

a. {logw, }3~ is a concave sequence, r,,(S) =1, w, 1.
B. n=32logw, 10, r,(S) =1, w, 1.

v. U5 (w) is a Banach algebra (with multiplication of formal power series),

ry(S) =1, w, 1.

In addition, throughout this note it is assumed that w,, > 0, and

sup w,, 1 /w,, < 00
n
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(the boundedness of the operator S in {P(w)).

§ 3. Assertions. The aim of the note is to clarify the connections between the
following assertions:

A. I, (w) is contained in C**(D;) and is a quasianalytic class of functions in D;.
B. f €l (w) and N(f) is infinite = f = 0 (uniqueness theorem).
C. S-invariant subspaces in I} (w) are determined by their zeros* (i.e., for S* in
lf)’/ (w;;?") spectral synthesis is possible).

D.

2, logw
Y =400
n=0 n3/2 +1

§ 4. Theorems.

’

B o B
Theorem 1**. B=1T < A < B.

Theorem 2. Let the sequence {w,, }3° satisfy condition 3, while condition D is
not fulfilled for it. Then:

1) For any sequence {\,, }72;, [\, | <1, 3 (1—|A,[) < oo, lying in the angle

{¢: arg(1—§)| <0 <m/2},
there exists f, f € % (w), such that f(\,) =0, n>1, f#0.

2) There exists an outer (! function m, continuous in D;, m € 1%, (w), such
that ¢, m € I, (w) for every o, a > 0,

z+1
vole) =exp (a0 ) 2l < 1,

and 1, m, a > 0, generate distinct S-invariant subspaces in P (w).

Theorem 3. Let the sequence {w,}5° be such that either r,(S) = 0, or
condition S is fulfilled. Then each of the following assertions follows from the
preceding one:

1) T = SA is a basis operator in I§ in the sense of the definition given in (2).

2) 1% (w4 ) n>0) is an algebra for every j, j > 0, admitting spectral synthesis
of ideals.

3) (w4 j)nso) is an algebra for every j, j > 0, and either r(T) = 0, or
r(T) > 0 and condition D is fulfilled.

Moreover***, if v(T') = 0, then 3) = 1).
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Fig. 1

Figure 1: Fig. 1

Lemma. In order that the space I (w) be a Banach algebra, it is sufficient,
and for p = 1, 00 also necessary, that

n p/ l/p 1 1
sup Z% < 0, -+ = =1
n>0 \ 2o wh wh p P
* That is, if SM C M, M is a closed subspace in I} (w), then

M = My = {f € I (w) : N(f) D E},

where E is some family of complex numbers.

** The proposition A = B means that A implies B under condition g.

**% After the manuscript of the note had been submitted for publication, R.
Gellar informed the author in a letter that for a basis operator T' = SA one
always has r(T') = 0.

Corollary. The operator T'= SA with r(T") = 0 is basic in [§ if

n P/ l/p’
w .
sup (Z ,W) <oo, j5=0,1,..

PP
n20 \ k=0 Wiy Wn kg

For p = 1, 0o the converse assertion is also true.
§ 5. Some remarks.

5.1. In the case r,(S) = 0, the possibility of spectral synthesis for the operator
S* is equivalent to the single-cell property (linear similarity) of the operators S
and T. Therefore Theorem 3 and the corollary give a new strengthening (for
p = oo, a final one) of the results on basicity and the single-cell property for
operators T' = SA obtained in (?).

5.2. As early as 1952 L. Carleson proved (3) that T =B (the uniqueness
theorem: if N(f) is infinite and the conditions «,I" are fulfilled, then f = 0).
By virtue of Theorem 1 this assertion means that every S*-invariant subspace
is finite-dimensional. We also note that the presence of spectral synthesis for
the operator S* (for example under the conditions given in Theorem 1) leads to
a simple description of the cyclic (= weakly invertible) elements of the operator
S: f e lh(w) is cyclic (i.e. {S™f}52, is complete in I (w)) <= f(\) # 0 for
every .

Fig. 1
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5.3. The existence of continual chains of invariant subspaces corresponding to
the “boundary zero” (see Theorem 2, item 2) was discovered by A. Beurling (*)
in 1949 for the space [?. Such chains were later studied in (°,°) (for the space
C,={f€C(Dy): fis analytic in D;}) and (*,®) (for the algebras L'(;0, 00)
on the half-axis [0,00); in particular, () gives a complete description of the
primary ideals in such algebras in the non-quasianalytic case).

5.4. The assertion T' <= A is derived from the theorem of R. Salinas (9)—M.
M. Dzhrbashyan—B. I. Korenblum (1)* on the quasianalyticity of the classes

D{A,} ={f € C(Dy) : [ f™] < KA, n>0}.

5.5. For the proof of the inclusion B = A, certain assumptions on the regularity
of the sequence {w,,}5°, (for example 3) are necessary, whereas A = B is valid
without additional restrictions.

5.6. The main difficulty in the proof of Theorem 1 is the assertions B = A and
B = T, which mean that without condition I" the spaces ¥ (w) contain “bad”
functions, more precisely, the functions from items 1)—2) of Theorem 2. The
estimate of the Taylor coefficients of these functions (¢, m and Bm, B being
the infinite Blaschke product (1)) is carried out by deforming the contour in the
integral

T 2mi

_ 1 baOm(Q) . 1 [ ba(Om(C)
(tham)g /aDlgwde/LdeQ

where L, is a curve composed of a part of the circle {z : |2| =7}, r, > 1, and a
part of the curve L (see Fig. 1), the order of tangency of which with the circle
0D, is regulated by the condition

i log w,, -
d R <

* Tt should be noted that the theorem mentioned was found in 1955 (inde-
pendently and almost simultaneously) by the first two authors, and was then
rediscovered in (1°).

5.7. Condition v in Theorem 1 can be replaced by a Wiener-type condition for
Iy (w): if f € I% (w) and f(X) # 0 for all A, then f is a weakly invertible element
in 1% (w).

5.8. The Borel transform (11) maps the space ¥} (w) into the collection B, of

all entire functions f of exponential type for which {f™(0)}¢ € I?(w). Under
this correspondence the operator S corresponds to the integration operator J,

ane = [ 0w res,
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The description of the cyclic elements of S (see Remarks 1 and 2) now leads
to theorems on completeness (and basicity) of systems of successive primitives
{J"f}72, in the spaces B, (see also (*,'?)).

5.9. Weight sequences {w, }§° with

w, = ecn’, w, = exp(cn‘s(log---log n)<t),

w,, = exp(cn®(log-logn)t (log--logn)?)

and soon (¢ >0, 0 < 6§ <1, ¢ >0, s; are natural numbers) satisfy all the
conditions a-7, and for them all assertions A-T" are equivalent.
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