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Let us consider the gravitational field in Einstein’ s theory. As was shown
independently by A. Einstein (*) and V. A. Fock (?), the equations of motion of
test bodies in this theory follow from the field equations. Although the complete
set of geodesics does not determine the metric (i.e., the field) exactly (3, Ch. 8),
in some cases (the field in a vacuum, etc.) this correspondence is almost rigid:
if the geodesics of two fields coincide under a mapping, then the fields differ
little. It is possible and useful to generalize the problem. Let us subject the
Riemannian space V,, which describes the gravitational field, to such a mapping
onto some manifold V under which the geodesics of V, go over into curves of V
determined by certain equations. We shall call this mapping the modeling of the
field, V; the original, and V the model. In a number of papers (*~%) and others
it has been shown that the problem admits a solution and is of fundamental
interest.

1. The mathematical aspect of the problem leads to broad generalizations,
but for physics the interesting method of modeling is that in which the
model V is no more complicated than the original V,. Therefore, in what
follows, as the model we choose V, with metric of signature type (———+),
and we prescribe the equations of motion in the model in the form

0 [/dx® o dx
)

where -~ denotes covariant differentiation along the modeling curve. If one
requires that all timelike and isotropic geodesics of V, be modeled, then we
arrive at complete modeling; if only some set of geodesics of V, is modeled, we
obtain sample modeling. In the first case it can be shown (7) that modeling of
V, is possible in any V, (even a flat one), with the “force” F® being a polynomial
of degree k with respect to de®/ds, and k is an even number < 4. The theory
of sample modeling leads to nontrivial and as yet unsolved geometric problems.
Without considering them, we shall confine ourselves below to the problem of

sample modeling of the gravitational field of the Sun—the most interesting case,
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connected with the effects of the perihelion shift of planets and the deflection
of light rays.

Restricting ourselves to modeling the orbits of planets and the light rays touch-
ing the Sun, we obtain sample modeling; and by requiring that, in common
coordinates, the modeled and modeling curves coincide with an accuracy deter-
mined by astronomical observations, we arrive at the problem of approximately
sample modeling of the field of the Sun.

2. In Einstein’ s theory of gravitation the field of the Sun is described by the
Schwarzschild metric, which in polar coordinates has the form

(gaﬁ) = dia‘g(_w_la —7"2, —7“2

sin? 6, w),

where w =1— 27M®/c2r, 7 is the gravitational constant, M is the mass of the
Sun, and c is the speed of light. Since the choice of the model depends on us,
we define it by the following requirements: 1) the model and the original are
given in common coordinates; 2) the model V; is a flat space; 3) the equations
of motion in

the models have the form §/ds = v¥dz?/ds, i.e., they reproduce, in outline,
equations of the Lorentz type in electrodynamics; 4) the “field strengths” v2(x)
possess the same symmetries as the Schwarzschild metric, since in the model
it is precisely v% that determine the field; 5) just as in Einstein’ s theory, we
neglect the contribution to the field due to the rotation of the Sun.

In the terms of the Lie group theory of motions, the Schwarzschild metric ad-
mits a 4-member group of motions: £¢.9ap = 0, where ' are Killing vectors
determining the 3-member group of rotations and the static character of the
field, and 251- is the Lie derivative along the direction £*. In a polar coordinate
system, £ have the form

EY = cosp s —sinpctg b og, §8 = —0,&T, &8 = —6g, & =64,

Determining vy from the equations £, vy = 0 and using the 5th condition, we
find that the only nonzero field strengths will be

vi =i =B(r), (1)

and the metric of the model will have the form

(Jap) = diag(—1, —r?, —r?sin 6, 1).

Wishing to obtain a model that physically interprets the one-center problem, one
must assume that B(r) has no singularities in the unclosed interval (R, c0), and
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in this interval B(r) admits an expansion in a Laurent series: B(r) = 3 - ek,
As r — oo, B(r) must tend to zero, and consequently ¢, = 0 for k > 0, and
B(r) = a,/r+ay /1% +ag /13 + ... (2)

Let us determine a, a, from the correspondence principle. Consider a material
point freely falling toward the Sun along the radius. In the polar coordinate
system {r, 0, ¢, x* = ct}, along the trajectory of this point § = const, ¢ = const,
and the first of the equations of motion will have the form

d?r/ds® = (ay/r + ay /7 + az /13 + ...)dz* /d5.

The linear element is

_ 1 /dr\?
d82:C2dt2{1—62<dt> }

Let dr/dt <« c for sufficiently large r, i.e. ds ~ cdt. We require that Newton’ s
law of gravitation hold approximately. Then

2
1dr My a, a
c? ds? c2r? r 72

i.e.

© ~_1.47-10°% cm

c2

in the CGS system.

To determine a5, we use the more subtle effect of the displacement of the peri-
helion of planets. The curves modeling orbits are determined by the system of
equations

2

d*r dé o, (do\® m  ag dxt
d?_l(d) ranto () | = (S + ) G

d*0  2drdf dy

¥l +r££—51 90089<d8) = 0;
d?>o  2drdyp do dy d?z* m  ds dr
Zr 222 49 it s - B -
ds?  rdsds +zct ds d ' ds? ( r2+7"3 )d’
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dr\? L, [rdoN? 5 de)? dzt\”
(%) {(H oo (57) +(d) =1

Using the possibility of choosing a polar coordinate system, we integrate the
second equation with the initial data 6, = 7/2, (df/ds), = 0. If 6(5) is an
analytic function, then, successively differentiating this equation and expanding
0(5) in a series, we find § = w/2. The third and fourth equations give the
quadratures

dp h dx? . m  ds n

ds 12’ ds 1T T T o2 ’
as a consequence of which (and of the fifth equation) the first equation turns
into an identity, while the fifth, after eliminating ds and making the inversion
r = 1/u, takes the form

du\> 2 2_
(3) +u= T Tl 0w,

i.e.

d?u m  (m? —ay) 5

In Einstein’ s theory we have for planetary orbits the equation d?u/de? + u =
m/h? + 3mu?. The constants h, ¢, characterizing the orbits, in both cases are
determined from the classical approximation and are equal to ¢ = 1+ O(1079)
and h >~ 9.3-10% cm. As in Einstein’ s theory, we assume that the coordinates
coincide with the astronomical ones, although there is something a posteriori in
this assertion.

Let us apply to both equations simultaneously one and the same method of
approximate integration. Discarding on the right all terms except the first, we
obtain as the first approximation

m
b =15 [1 4 ecos(e — )],

where ¢, is the longitude of perihelion, and ¢ is the eccentricity. Substituting

this approximation into the right-hand sides of both equations and discarding

o . . . 3
insignificant or nonresonant corrections, we obtain on the right ;5 + 6;12 e cos(p—

) in Einstein’ s theory and 7% + %5 cos(p — ¢g) in our model. In order

that the displacement of the perihelion of the planets in the original and in
the model be the same, it is necessary and sufficient that a; = —5m? and
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vl = B(r) = —m/r* — 5m?/r3. In approximate modeling the remaining terms
of the expansion of B(r) may be discarded.

3. A light ray can be modeled, with a corresponding choice of the parameter
on the curve, in an isotropic or nonisotropic curve with the same equations
of motion and the same tension as above. For example, repeating the
integration of the system of equations of motion, under the condition of
isotropy of the curve we arrive at the equation of a light ray in the model

du\? 5  ¢*  2qm m?(5q+1) , 5m? . 25m*
(%> +u=ﬁ+ h2u+ 52 u+h2u+4h2u.

If we take into account that u < 1/R_ ~ 10712, mu < 1077, and bear in mind
the order of accuracy of the measurement of the deflection of a light ray, then
the third, fourth, and fifth terms on the right may be discarded and the equation

du\> 2 9
(l) +u2:q7+ﬂu7
de

where ¢, h are constants of integration depending on the shape and position of
the light ray. We have the differential equation of a hyperbola (with eccentric-
ity > 1), and, in order to determine from it the deflection of the light ray from
a straight line, one must know two parameters g, h, in contrast to Einstein’ s
theory, where only one parameter g/h appears. To determine g, h, we impose
the conditions that hold in Einstein’ s theory (the original): 1) the orbits have
perihelia (du/d¢)|,—1/r, = 0; 2) the deflection of the ray must give the Ein-
stein value ~ 4m/R, or, what is the same thing, the mean observation of the
deflection (~ 1.87). After this the model will be determined by the parame-
ters ¢ ~ m?(e? — 1)/R, ~ 047 ~ 1/2; h = mVe?> — 1 ~ R, /2, and for such
a hyperbola we obtain the deflection Ay — 7 = 4m/R with the accuracy al-
lowed by observations. If the modeling curve is nonisotropic, then one must
take ¢ ~ 1.28; h ~ 0.8R,.

4. Thus, Einstein’ s theory of the gravitational field of the Sun admits ap-
proximate selective modeling in a flat space, when the orbits of planets
and light rays passing near the solar disk are modeled by non-geodesic
curves determined by equations of motion of the Lorentz type in elec-
trodynamics; and for this model the “field strengths,” analogous to the
tensor of the electromagnetic field, satisfy equations of the Maxwell type:
Viag~y = 0, V7, = j* The “current vector” j“ (without going into
details) may be interpreted as the current vector of the gravitational field,
by associating energy and the density of distributed mass with the field.
We note that in such a model the “energy” of the gravitational field is
written as a definite negative quantity (9)—a conclusion to which Maxwell
also came, on the basis of other considerations; and the density of the
“mass of the field” is likewise negative.
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Such modeling is useful for some problems and deserves attention, without re-
placing Einstein’ s theory, but merely describing some of its results in other
terms.
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