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ON THE QUESTION OF GENERALIZING
THE INTEGRAL FORMULAS OF CAUCHY,
SCHWARZ, AND POISSON

(Presented by Academician M. A. Lavrent' ev on March 6, 1970)

M. M. Dzhrbashyan (!) established generalized formulas of Cauchy, Schwarz,
and Poisson associated with a given function w(x) € Q. Subsequently the author
(%) obtained generalized formulas of Cauchy, Schwarz, and Poisson associated
with a given system of functions w;(z) € Q (j = 1,...,m). In the present note a
substantial generalization of these latter formulas is given (Theorems 1 and 2).

1. Let the functions w;(z) € Q (j = 1,2,...,m), &5(z) € Q (G=1,2,....,m).
Suppose, further, that

p;(r) = r/ ©(z) dz, py(r) = 7‘/ wi(2x> dz (re(0,1)),

1 1
Agj> =1, Zéﬁ =1, Agg) =—(k+ 1)/0 % dp;(r) = k/o "t (r) dr,

1 1
A = —(k+1) /0 r dpj(r) = k /0 rETNg(r) dr

(G=1,2,....,m; j=1,2,...,), k=1,2,.. x
2. In (?) the author introduced into consideration the function
Sk

C(zwyy ey Wiy :Zim’
= AECU...AEC )
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which is holomorphic in the disk |z| < 1. Therefore, by virtue of Theorem 1 of
(?), the function

L(Gl,m,ﬁfn) [C(reigo; Wiy e ﬂwm)} = C(El,“.,gm)<rei¢; Wiy eee ’wm) =
o XKW KW
= A Am 1)
=0 A Ay

*TIn (1) the function

T

p(r):r/ “’(f)dx (w(z) €Q), re(0,1), p0)=1,

and the sequence of numbers

Akz—(k+1)/0 rkdp(r) (k=0,1,2,...)

were introduced; moreover, it was shown that all the numbers A, (k= 0,1,2,...)
are positive, with

1
Ay =1, A, = k/ wz)zbtdr (k=1,2,..).
0
which, for brevity, we shall denote by C@(rei‘/’;w) (W = (W, yw0,), @ =

(@1, ..., W05 ), and similarly everywhere below), is holomorphic in the disk |z| < 1.

Introduce the function

oo A
S (%w) = 205 (zw) — Cig)(0;w) =1+2 Z Aéﬁikzk 2)
k
noting that

G010 o= B B0 A7) = 1.

Let the function
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be holomorphic in the disk |z| < R. Then, by ((2), Theorem 1), the function

f(w)(ZQW) = f(w1 ,,,,, wm)(z;wh ey W) = Z =1 o) WF (3)
= Ay A

is also holomorphic in the disk |z| < R*. Finally, relying on the expansions (1)
—(3), we arrive at the following theorem.

Theorem 1. If the function

o0
= E akzk
k=0

is holomorphic in the disk |z| < R, then for any p (0 < p < R) the integral
formulas

1

2m
—i0Z. i0. ~
10 =5 [ Co (%) fofoesiran (el <)

2m

. 1 —1 ) ~,
£ =itm )+ 5= [ S (5] Refiypei@ 8 (el <)
T Jy p
3. Introduce the function

} A“ A
P (0,m;0) = Re S (re??;w) =1+2 Z A r cos k0,
k

which is harmonic in the unit disk 0 <r <1, 0 <6 < 27.

Let the function
u(re’?) = ag + Z(ak cos kp — By sin kp)rF
k=1

(o, s By, (K = 1,2,...) are real numbers**) be harmonic in the disk |z| < R.
Then, by virtue of the author’ s theorem (Theorem 2 from (7)), the function
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—Agﬂl) A;cmﬁk sin kep)rF

* The Cauchy-Hadamard formula is used.
** They remain so in what follows as well.

will be harmonic in the same disk |z| < R. Hence it follows that the function

U<w>(r6W’7 w) = Uy, w )(T@ y W1, 7&}m> =
= AECU AECT”) AS) AE:” . i
:a0+; (wak cos ki Wﬁkbmkw T

is also harmonic in the disk |z| < R.* Now Theorem 1 easily implies

Theorem 2. If the function

o0
u(re’?) = ag + Z(ak cos kg — 3, sin k)rk
k=1

is harmonic in the disk |z| < R, then for every p (0 < p < R) the integral
formula

27
. r I
u(re'?) = — /0 P (so -0, ;w) U, (pe?; &) do

(0<r<p, 0 < ¢ < 2m).

is valid.
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Note: Figure translations are in progress. See original paper for figures.
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