Soviet-era science, translated into English

A PROBABILISTIC
CHARACTERIZATION
OF
ZERO-DIMENSIONAL
COMPACT GROUPS

MATHEMATICS
1970

SovietRxiv

View the original and related papers at https://sovietrxiv.org/items/ru-197001.53013

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the original.


https://sovietrxiv.org/items/ru-197001.53013

Abstract

Full Text

UDC 519
MATHEMATICS

V. M. MAKSIMOV

A PROBABILISTIC CHARACTERIZATION
OF ZERO-DIMENSIONAL COMPACT GROUPS

(Presented by Academician A. N. Kolmogorov, May 7, 1970)

The basic convergence principle for compositions of non-identical distributions
{#t;n} on a compact group G with a countable base asserts that the limiting
points of the products p; ... p,,, n = 1,2, ..., 0o, differ by right shifts by elements
of G (1). In other words, there exist elements «,, of G such that the measures
[y ... pp0v, converge as n — 00. This assertion can be strengthened somewhat by
choosing «,,, with a certain margin, so that for any 7 the sequence p;pt;,q ... tt, oy,
converges as n — co. The element «,, depends not only on the measure p,,, but
also on the entire sequence {y,, }. The question is whether «,, can be chosen to
depend only on the measure p,,.

Definition. A set of measures A on a compact group G will be called complete
if, for any distributions x; € A, i = 1,2, ..., 00, (the measures x; may coincide)
the composition x;z, ... x,, converges as n — oo.

It follows from the definition that for any « € A, the power z™ converges. Hence
there follows the existence of classes A, for example consisting of the powers of
a measure z for which z™ converges.

Now let i be an arbitrary measure on G. Form the shifts of the measure {uc},
where ¢ runs through all elements of G. We shall call this collection of shifts
the class of shifts of the measure pu. Obviously, classes of shifts either do not
intersect, or coincide.

Take one representative from each class of shifts and form from them the set
A. Can the representatives be chosen so that the set A is complete? If this is
possible on a certain group G, then the problem of convergence of compositions
of non-identical measures on G is completely solved. Indeed, if from the class
of shifts containing the measure p one representative is chosen, denote it by
pe(p), where ¢(p) € G and is determined by the class of shifts containing the
measure p. Then for the sequence {u,} put a; = c(py), ay = claytus),

w0y = claptp,,1). By virtue of the completeness of A, the product
WY e [y = g - 0y, Where p) = ;Y p,q, converges as n — oo. That is,
the completeness of A is a stronger property of measures on the group G than
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the convergence principle, and guarantees the existence of «,, depending only
on the single measure p,,.

Furthermore, the existence of the convergence principle for all measures on G
is equivalent to the compactness of G' (1). In this note we give a probabilistic
characterization of zero-dimensional compact groups. Theorem 3 shows that if
G is a positive-dimensional compact group, then it is impossible to make the
set A complete under any choice of representatives from the classes of shifts.
Conversely, if G is zero-dimensional, then this can already be done (Theorem
2).

Let B be an arbitrary complete set of measures. The following several assertions

concerning B follow from the definition of completeness.

Lemma 1. If B is complete, then the semigroup of measures generated by B
is also complete.

Lemma 2. If B is complete, then the closure of B in the weak topology of
measures is also complete.

Lemma 3. If B is complete, then d~'Bd is complete for any d in G.
From Lemmas 1 and 2 it follows:

Theorem 1. If a set of measures B on a compact group G is complete, then
the smallest closed semigroup containing the set B is complete as well.

Theorem 2. If a compact group G is zero-dimensional, then one can compose
a complete set of distributions A from representatives of each class of translates
of measures on G.

Proof. First let the group G be finite, consisting of s elements, and let p be
some measure on it. Then there is an element e whose probability in the measure
& is not less than 1/s. From the class of translates containing the measure p,
take the distribution
fi = pe "

The collection {fi} over all possible classes forms a complete set. Indeed, for any
sequence {fi;} from this set, the probability of the identity G in each measure
is not less than 1/s. Therefore, by virtue of (2), the product

fiy e
converges as n — 00, i.e., the theorem is proved for finite groups.

Now let G be an arbitrary zero-dimensional compact group with an infinite
number of elements. Then, according to (%), the group G is represented by a
convergent sequence of finite groups

Gy, Gyyony Gyoy i=1,2,..., 00,
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i.e., homomorphisms ¢; of the group G,,; onto G; are given, and the group G
then proves to be isomorphic to G ,, the group of sequences

(x17x27 7xn)

with componentwise multiplication, where x; € G; and
Li = PiPit1 - 90];1(%‘)-

A base of neighborhoods of G, consists of sets of the form [U,

], where U,
is a neighborhood in G, and [U,] is the collection of sequences in which the

coordinates with number a belong to U,,. Denote the number of elements of G
by
si = |Gyl

Then s; < s,,,. Since G is infinite, G, is also infinite, and therefore s; — co.

By virtue of the isomorphism of G, and G, it is enough to prove Theorem 2 for
the group G,,. Let p be a measure on G,. If b, € G, then the measure

defines a measure on G, and is called the projection of p onto G|,

Define an element

b= (b17b27 )

of G, so that the probability of b, € G, in the projection p, of the measure u
would be not less than 1/s,. For b, take the element of G; having the largest
probability in p,. Since |G| = s;, we have

p{by} > 1/s;.
Suppose that the first & elements
by,bg, ..., by
have already been defined, for which
pi(b;) = 1/s;, @i(biy1) = b;.

Define the element b, ,. To this end, consider the complete inverse image of
the element b, under the homomorphism ;. Denote it by B,,. B, contains

Sk+1/5k =Ty

elements. By the construction of the projections p we have

Pie1({By}) = pg(by) > 1/s4,.
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Consequently, in B), there is an element b, ; for which

Pri1 (b) = /s = 1/5544.

Thus, the required element
b= (blv b27 )

exists.

Denote
bt = (bt byt )

by ¢(u), and from the class of translates containing the measure p, choose the
representative equal to

pe(p)-
Now take one arbitrary measure p from each class of translates and form A,
consisting of the collection of measures

{pe(p)}
To prove Theorem 2 it remains to show that the set of measures A is complete.

Let
{tme(pt,) }

be an arbitrary sequence of measures from A. In order that

1T #mc(im)

converge, it is enough that the products of the Fourier coefficients of these
measures converge for any finite-dimensional representations ¢ of the group G.
But this convergence will follow from the convergence of the product of measures

1Tt

where p,,(g) are measures on the group
9=v(G,),
induced by the measures pu,,c(u,) under the mapping .
Let N be the kernel of the representation . The factor group
g=G/N

is finite, for otherwise the group G,, would not be zero-dimensional. Therefore, if
the probabilities of the identity in the measures pu,,c(u,,,) are uniformly bounded
below by some positive number ¢, then, by virtue of (), the product of measures

[T (9
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converges. But the probability of the identity in the measure u,,(g) is obviously
equal to the probability of the subgroup N in the measure p,,c(i,,)-

It can be shown that the group N contains the set [e,,] for some n, where e,
is the identity of G,,. The probability of [e,] in the measure pu,,c(u,,), by
the definition of the projection of measures, is equal to the probability of the
identity in the projection wu,,c(u,,) onto G,,. But this probability, in view of
c(p) = (b7, b3, ...), is equal to the probability of the set [b,] in u,,, which by
construction is not less than 1/s,,. But [e,,] C N. Therefore the probability of
the subgroup N in p,,c(p,,) is not less than 1/s, for all m = 1,2,...,00. The
theorem is proved.

Theorem 3. For distributions on a compact group G of positive dimension, it
is impossible to form a complete set of distributions from representatives of each
class of shifts.

We shall first prove two auxiliary propositions.

Lemma 4. There exists a sequence of measures on the circle p, fis, ... such that
no representatives of the shift classes containing the measures iy, piy, ... form a
complete set.

Proof. Let yu, be a distribution on the circle in which, with probability 1/2,
the element exp{i27/f(n)} is taken, and with probability 1/2 the identity el-
ement of the group is taken. If f(n) satisfies the conditions: f(n) are even
positive integers, Y- 1/f(n) = oo, >.1/f(n)? < oo, then the measures u,, sat-
isfy the condition of the lemma. The proof of this is based on the fact that a
representative of the shift class containing the measure p,, must be of the form
exp{i%m(n)}ﬂn, where m(n) is a positive integer not exceeding f(n). Other-
wise the degree of this representative would not converge, which would violate
the completeness of the set of representatives.

Lemma 5. Let g be a commutative subgroup of G, and let A be a complete
set of measures consisting of representatives of all shift classes. Then for any
countable sequence of measures pii, o, ... with supports in g, there exist ele-
ments ay,aq, ... belonging to g, and an element d of G, such that the measures
d~Y(pyay)d,d 1 (pugasy)d, ... belong to A.

Proof. For simplicity, we first consider the case of two measures p,
and 5. From these measures construct the sequence of distributions
pbys by oy, oo byt piobs,,, ..., where b, and b,,, are connected by the
relations by, = c(by,! 1p15) and by, ; = c(bQ’&fl),ul).

The function ¢(+) is defined on G so that the measure pc(p) is a representative
of the shift class containing the measure p. Therefore the products of the first
2n — 1 and 2n terms of this sequence, equal respectively to (uypig)™ *ii1bs, 1
and (pq49)"by,,, have the same limits as n — oo.

By the convergence principle, the powers (1 p5)™ will converge to the invariant
measure on the group g;, g; C g, if they are shifted by the corresponding
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elements «,,, o, € g. Since (p fi5)" v, 0, by, converges, it follows that a,,1bs,,

must be equal to ggn) dw, where ggn) C g; C g, and the element dw tends to

some d € G. Similarly, (pq00)" " purbony = py(papin)" o, 10,1,y (by
the commutativity of g) converges to the same limit as (uqpig)"bs,. Since the

support of y; is contained in g, and g is commutative, we obtain by, ; = gé")df)

where gé") C g, and d'? tends to d € G.

)

Taking now into account the form of the elements by, ; and b,, and the com-

pactness of the group G, one can find indices n,; such that g&"i) — qq, gé"i)

g(lm—l) — q, g(;”_l) — ¢b. It is clear that all these limits belong to g. Then

bgﬁi fisbs, — d =gy ppqyd, which, by the commutativity of g, can be written

— 92,

in the form d~'puy(grg5")d. Similarly, by, ) uibs, y — d 7 (a5) "y (g7)d =
d™ 1y (g) 1qjd. Denote q,q5* = a, € g, ¢;(¢5)™* = ay € g. By Theorem 1,

the limit measures d~!(u;a4)d and d=!(uya4)d belong to A. Thus Lemma 5 is
proved for two arbitrary measures y; and .

The case of a larger finite number of measures p;, io, ..., tt,, with supports be-
longing to g is, obviously, considered analogously.

Thus, for any initial measures pq, o, ..., i, of the sequence {y,,}, there will be
found elements 04(1”>7 ey aﬁln) € g and d,, € G such that the measures
d;ll (Nza£n>)dn

belong to A for i = 1,2, ..., n.

Let now, for the sequence {d,, }, the element d of G be a limit point. Then for
the pair {d,,, o™} there exists a limit point {d,;}, where a; € g.

Since the measure d? (uiagm)dn € A, by virtue of Theorem 1 the measure
d1(p;a;)d also belongs to A. The lemma is proved.

We now pass directly to the proof of Theorem 3.

Let the group G be of nonzero dimension. Then there exists a linear represen-
tation ¢ of the group G with kernel N such that G/N is a Lie group.

Let (1) be the measure on G/N generated by the measure y under the mapping
. Suppose that Theorem 3 is not fulfilled for the group G, i.e., there exists
a complete set A of representatives of each class of shifts on G. But from
the completeness of A follows the completeness of ¢(A), which also consists of
representatives of all classes, but now on the group G/N. Thus there exists a
Lie group G, = G/N for which Theorem 3 does not hold. In every Lie group
there is a subgroup that is a circle. Denote one of such subgroups G, by ¢g. On ¢
consider measures (i, ty, ... satisfying the conditions of Lemma 4. According to
Lemma 5, there exist elements o, a,, ... € g and d € G, such that the measures
d™ (p;a;)d, i =1,2,..., 00, belong to A. The collection of measures d ! (u;«;)d,
1=1,2,...,00, must be complete as a subset of the complete set A. But then,
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by virtue of Lemma 3, the sequence {p,;a;} is complete on the circle g, which
contradicts Lemma 4. The theorem is proved.
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