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MATHEMATICS

S. B. TOPURIA

ON A PROPERTY OF FUNCTIONS OF TWO
VARIABLES AND MULTIPLE FOURIER SE-
RIES
(Presented by Academician I. N. Vekua, 21 V 1970)

In the present article one remarkable feature of functions of two variables and
of trigonometric double Fourier series is established. In particular, a continuous
function 𝐹(𝑥, 𝑦) of two variables is constructed, having, at almost every point,
an arbitrarily prescribed “rate of change”with respect to the aggregate of the
variables (𝑥, 𝑦) and with respect to each variable separately. Further, the dif-
ferentiated Fourier series of the indicated function, depending on the method of
differentiation, sums almost everywhere to different arbitrarily fixed and mutu-
ally independent measurable functions.

For the statement of the results obtained, the following notation is adopted in
this work: 𝑅0 = [0 ≤ 𝑥 ≤ 1; 0 ≤ 𝑦 ≤ 1]; 𝑅 = [−𝜋 ≤ 𝑥 ≤ 𝜋; −𝜋 ≤ 𝑦 ≤ 𝜋];
𝐶(𝑃 ; 𝑟) is the circle of radius 𝑟 with center at the point 𝑃(𝑥, 𝑦); Δ = 𝜕2/𝜕𝑥2 +
𝜕2/𝜕𝑦2;

Δ(𝐹; 𝑥, 𝑦, ℎ, 𝑙) = [𝐹(𝑥 + ℎ, 𝑦 + 𝑙) − 𝐹(𝑥, 𝑦 + 𝑙) − 𝐹(𝑥 + ℎ, 𝑦) + 𝐹(𝑥, 𝑦)]
ℎ𝑙 ,

Δ̃(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙) = [𝐹(𝑥 + ℎ, 𝑦 + 𝑙) + 𝐹(𝑥 − ℎ, 𝑦 + 𝑙) + 𝐹(𝑥 + ℎ, 𝑦 − 𝑙) + 𝐹(𝑥 − ℎ, 𝑦 − 𝑙) − 4𝐹(𝑥, 𝑦)]
ℎ2 + 𝑙2 ;

𝐶1Δ(𝐹; 𝑥, 𝑦, ℎ, 𝑙) = 4
ℎ2𝑙2 ∫

ℎ

0
∫

𝑙

0
[𝐹 (𝑡, 𝜏) − 𝐹(𝑥, 𝜏) − 𝐹(𝑡, 𝑦) + 𝐹(𝑥, 𝑦)] 𝑑𝑡 𝑑𝜏,

𝐶1Δ̃(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙) = 3
ℎ𝑙(ℎ2 + 𝑙2) ∫

ℎ

0
∫

𝑙

0
[𝐹 (𝑥 + 𝑡, 𝑦 + 𝜏) + 𝐹(𝑥 − 𝑡, 𝑦 + 𝜏)+

+𝐹(𝑥 + 𝑡, 𝑦 − 𝜏) + 𝐹(𝑥 − 𝑡, 𝑦 − 𝜏) − 4𝐹(𝑥, 𝑦)] 𝑑𝑡 𝑑𝜏,

Δ∗
𝑟(𝐹 ; 𝑥, 𝑦) = 2

𝜋𝑟3 ∫
𝐶(𝑃;𝑟)

[𝐹 (𝑡, 𝜏) − 𝐹(𝑥, 𝑦)] 𝑑𝑆,

Δ21(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙) = 1
2ℎ2𝑙 ∫

ℎ

0
∫

𝑙

0
[𝐹 (𝑥 + 𝑡, 𝑦 + 𝜏) − 𝐹(𝑥 − 𝑡, 𝑦 + 𝜏)+
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+𝐹(𝑥 + 𝑡, 𝑦 − 𝜏) − 𝐹(𝑥 − 𝑡, 𝑦 − 𝜏)] 𝑑𝑡 𝑑𝜏,

Δ12(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙) = 1
2ℎ𝑙2 ∫

ℎ

0
∫

𝑙

0
[𝐹 (𝑥 + 𝑡, 𝑦 + 𝜏) − 𝐹(𝑥 + 𝑡, 𝑦 − 𝜏)+

+𝐹(𝑥 − 𝑡, 𝑦 + 𝜏) − 𝐹(𝑥 − 𝑡, 𝑦 − 𝜏)] 𝑑𝑡 𝑑𝜏,

Δ(2)
𝑟 (𝐹 ; 𝑃 ) = 1

4𝜋2𝑟2 ∫
𝐶(𝑃;𝑟)

𝑑𝑆𝑄 ∫
𝐶(𝑄;𝑟)

𝐹(𝑀) 𝑑𝑆𝑀− 1
𝜋𝑟 ∫

𝐶(𝑃;𝑟)
𝐹(𝑄) 𝑑𝑆𝑄+𝐹(𝑃).

We shall say that {ℎ𝑛} and {𝑙𝑚} are 𝜆-sequences if, from the relation 1/𝜆 ≤
𝑚/𝑛 ≤ 𝜆, it follows that

0 < 𝐴(𝜆) ≤ |ℎ𝑛/𝑙𝑚| ≤ 𝐵(𝜆) < ∞.

The symbol (ℎ, 𝑙)𝜆 → 0 means that ℎ → 0, 𝑙 → 0 and 1/𝜆 ≤ |ℎ/𝑙| ≤ 𝜆, 𝜆 ≥ 1.

Next, we shall consider the following derivatives of a function of two variables:

𝐷𝜆𝐹(𝑥, 𝑦) = lim
(ℎ,𝑙)𝜆→0

Δ(𝐹; 𝑥, 𝑦, ℎ, 𝑙), 𝐷̃𝐹(𝑥, 𝑦) = lim
ℎ,𝑙→0

Δ̃(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙),

𝐷̃𝜆𝐹(𝑥, 𝑦) = lim
(ℎ,𝑙)𝜆→0

Δ̃(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙), 𝐶1𝜆𝐷𝐹(𝑥, 𝑦) = lim
(ℎ,𝑙)𝜆→0

𝐶1Δ(𝐹; 𝑥, 𝑦, ℎ, 𝑙),

𝐶1𝜆𝐷̃𝐹(𝑥, 𝑦) = lim
(ℎ,𝑙)𝜆→0

𝐶1Δ̃(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙), Δ∗𝐹(𝑥, 𝑦) = lim
𝑟→0

Δ∗
𝑟(𝐹 ; 𝑥, 𝑦),

𝐷𝜆
21𝐹(𝑥, 𝑦) = lim

(ℎ,𝑙)𝜆→0
Δ21(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙),

𝐷𝜆
12𝐹(𝑥, 𝑦) = lim

(ℎ,𝑙)𝜆→0
Δ12(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙),

Δ∗(2)𝐹(𝑥, 𝑦) = lim
𝑟→0

16Δ(2)
𝑟 (𝐹 ; 𝑥, 𝑦)

𝑟4 .

Theorem 1. Let 𝑓𝑖(𝑥, 𝑦), 𝑖 = 1, 2, 3, 4, be arbitrary measurable and almost
everywhere finite functions on 𝑅0. Then there exists a continuous function
𝐹(𝑥, 𝑦) such that almost everywhere on 𝑅0:

𝐷𝜆
21𝐹(𝑥, 𝑦) = 𝑓1(𝑥, 𝑦), 𝐷𝜆

12𝐹(𝑥, 𝑦) = 𝑓2(𝑥, 𝑦),
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𝐷𝜆𝐹(𝑥, 𝑦) = 𝑓3(𝑥, 𝑦), 𝐷̃𝜆𝐹(𝑥, 𝑦) = 𝑓4(𝑥, 𝑦).

We note that in Theorem 1 the derivative 𝐷𝜆𝐹(𝑥, 𝑦) may be replaced by
the derivative 𝐶1𝜆𝐷𝐹(𝑥, 𝑦), and 𝐷̃𝜆𝐹(𝑥, 𝑦) by the derivative 𝐶1𝜆𝐷̃𝐹(𝑥, 𝑦) or
Δ∗𝐹(𝑥, 𝑦).
Theorem 2. Let 𝜑(𝑥, 𝑦) be an arbitrary measurable and almost everywhere
finite function on 𝑅0. Then there exists a continuous function Φ(𝑥, 𝑦) such that
almost everywhere on 𝑅0

𝐷̃Φ(𝑥, 𝑦) = 𝜑(𝑥, 𝑦).

Theorem 3. Let {ℎ𝑛} and {𝑙𝑚}, ℎ𝑛 ≠ 0, 𝑙𝑚 ≠ 0, be arbitrary 𝜆-sequences
tending to zero. There exists a continuous function 𝐹(𝑥, 𝑦) such that, whatever
measurable and almost everywhere finite on 𝑅0 functions 𝑓𝑖(𝑥, 𝑦), 𝑖 = 1, 2, 3, 4,
may be, there exist 𝜆-subsequences {ℎ𝑛𝑘

} and {𝑙𝑚𝑗
} for which, almost every-

where on 𝑅0, the relations

lim
(𝑛𝑘,𝑚𝑗)𝜆→∞

Δ(𝐹; 𝑥, 𝑦, ℎ𝑛𝑘
, 𝑙𝑚𝑗

) = 𝑓1(𝑥, 𝑦),

lim
(𝑛𝑘,𝑚𝑗)𝜆→∞

Δ̃(𝐹 ; 𝑥, 𝑦, ℎ𝑛𝑘
, 𝑙𝑚𝑗

) = 𝑓2(𝑥, 𝑦),

lim
(𝑛𝑘,𝑚𝑗)𝜆→∞

Δ21(𝐹 ; 𝑥, 𝑦, ℎ𝑛𝑘
, 𝑙𝑚𝑗

) = 𝑓3(𝑥, 𝑦),

lim
(𝑛𝑘,𝑚𝑗)𝜆→∞

Δ12(𝐹 ; 𝑥, 𝑦, ℎ𝑛𝑘
, 𝑙𝑚𝑗

) = 𝑓4(𝑥, 𝑦).

We note that in Theorem 3, Δ(𝐹; 𝑥, 𝑦, ℎ, 𝑙) may be replaced by the expres-
sion 𝐶1Δ(𝐹; 𝑥, 𝑦, ℎ, 𝑙), and Δ̃(𝐹 ; 𝑥, 𝑦, ℎ, 𝑙) by the expression 𝐶1Δ(𝐹; 𝑥, 𝑦, ℎ, 𝑙) or
Δ∗

𝑟(𝐹 ; 𝑥, 𝑦).
Let us now consider double trigonometric series:

1)
∞

∑
𝑚,𝑛=0

𝜆𝑚,𝑛𝐴𝑚,𝑛(𝑥, 𝑦), 2)
∞

∑
𝑚,𝑛=0

𝜆𝑚,𝑛
𝜕

𝜕𝑥𝐴𝑚,𝑛(𝑥, 𝑦),

3)
∞

∑
𝑚,𝑛=0

𝜆𝑚,𝑛
𝜕
𝜕𝑦 𝐴𝑚,𝑛(𝑥, 𝑦), 4)

∞
∑

𝑚,𝑛=0
𝜆𝑚,𝑛

𝜕2

𝜕𝑥 𝜕𝑦 𝐴𝑚,𝑛(𝑥, 𝑦),

5)
∞

∑
𝑚,𝑛=0

𝜆𝑚,𝑛Δ𝐴𝑚,𝑛(𝑥, 𝑦),
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where

𝜆𝑚,𝑛 =
⎧{
⎨{⎩

1
4 , for 𝑚 = 𝑛 = 0,
1
2 , for 𝑚 = 0, 𝑛 > 0 or 𝑛 = 0, 𝑚 > 0,
1, for 𝑚 ≥ 1, 𝑛 ≥ 1,

𝐴𝑚,𝑛(𝑥, 𝑦) = 𝑎𝑚,𝑛 cos 𝑚𝑥 cos 𝑛𝑦 + 𝑏𝑚,𝑛 sin 𝑚𝑥 cos 𝑛𝑦+

+𝑐𝑚,𝑛 cos 𝑚𝑥 sin 𝑛𝑦 + 𝑑𝑚,𝑛 sin 𝑚𝑥 sin 𝑛𝑦,

|𝑎𝑚,𝑛| ≤ 𝑀, |𝑏𝑚,𝑛| ≤ 𝑀, |𝑐𝑚,𝑛| ≤ 𝑀, |𝑑𝑚,𝑛| ≤ 𝑀, 𝑀 = const.

Series 1) is called 𝑅(𝛼, 𝛽) [𝑅𝜆(𝛼, 𝛽)]-summable (𝛼 and 𝛽 are natural numbers)
to the value 𝑆(𝑥, 𝑦) at the point (𝑥, 𝑦), if

lim
𝑢,𝑣→0

𝑅𝛼,𝛽(𝑢, 𝑣, 𝑥, 𝑦) = 𝑆(𝑥, 𝑦) [ lim
(𝑢,𝑣)𝜆→0

𝑅𝛼,𝛽(𝑢, 𝑣, 𝑥, 𝑦) = 𝑆(𝑥, 𝑦)] ,

where

𝑅𝛼,𝛽(𝑢, 𝑣, 𝑥, 𝑦) =
∞

∑
𝑚,𝑛=0

𝜆𝑚,𝑛𝐴𝑚,𝑛(𝑥, 𝑦) ( sin 𝑚𝑢
𝑚𝑢 )

𝛼
( sin 𝑛𝑣

𝑛𝑣 )
𝛽

.

Starting from series 1), form the series

𝑎0,0
192 (𝑥4 + 𝑦4) + 1

2
∞

∑
𝑚=1

𝐴𝑚,0(𝑥, 𝑦)
𝑚4 + 1

2
∞

∑
𝑛=1

𝐴0,𝑛(𝑥, 𝑦)
𝑛4 +

∞
∑

𝑚,𝑛=1

𝐴𝑚,𝑛(𝑥, 𝑦)
(𝑚2 + 𝑛2)2 ,

which converges absolutely and uniformly to a certain continuous function
𝐹(𝑥, 𝑦).
We shall call series 1) (see (1), p. 289) 𝑅∗

2-summable to the value 𝑆(𝑥, 𝑦) at the
point (𝑥, 𝑦), if

Δ∗(2)𝐹(𝑥, 𝑦) = 𝑆(𝑥, 𝑦).

Theorem 4. Let 𝑓𝑖(𝑥, 𝑦), 𝑖 = 1, 2, 3, 4, be arbitrary measurable and finite
almost everywhere functions on 𝑅. Then there exists such a continuous function
𝐹(𝑥, 𝑦) that, if 1) is its Fourier series, then almost everywhere on 𝑅 we have:
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1. Series 2) is summable by the method 𝑅𝜆(2, 1) to 𝑓1(𝑥, 𝑦).
2. Series 3) is summable by the method 𝑅𝜆(1, 2) to 𝑓2(𝑥, 𝑦).
3. Series 4) is summable by the method 𝑅𝜆(2, 2) to 𝑓3(𝑥, 𝑦).
4. Series 5) is summable by the method 𝑅∗

2 to 𝑓4(𝑥, 𝑦).
Theorem 5. The Fourier series of any summable function 𝑓(𝑥, 𝑦) is summable
by the method 𝑅∗

2 almost everywhere on 𝑅 to the value of this function.

Theorem 6. For every measurable and finite almost everywhere on 𝑅 function
𝑓(𝑥, 𝑦), there exists a double trigonometric series 1), summable by the method
𝑅(2, 2) almost at every point to the value of the function 𝑓(𝑥, 𝑦).
In the proofs of the theorems presented, various variants of the methods used
in the works of N. N. Luzin (see (2), pp. 78, 236), I. Marcinkiewicz (3), N. K.
Bari (4), and A. G. Dzhvarsheishvili (5) have been applied.

In conclusion, the author considers it his pleasant duty to express gratitude to
Prof. A. G. Dzhvarsheishvili for the attention shown to the present work.

Georgian Polytechnic Institute
named after V. I. Lenin
Tbilisi

Received
13 V 1970
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Note: Figure translations are in progress. See original paper for figures.
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