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In the present work we consider several questions in the kinetic theory of gases
with nonspherical molecules, whose interaction can be approximated by the
potential of rigid bodies. The kinetic equation for such gases was obtained
from heuristic considerations by Curtiss (1), and subsequently more rigorously,
though in a rather cumbersome form, by Curtiss and Dahler (). Quite a number
of works have been devoted to the formal generalization, to this case, of the
solution methods developed for the Boltzmann equation describing the motion
of monatomic gases; however, the mathematical structure of these equations has
so far scarcely been studied.

We begin by giving a simple derivation of the kinetic equation. In the first
approximation with respect to the gas density n, for an arbitrary potential with
finite radius of action it has the form (3):

% b HF(2y,t) = n/dIQ 8(P) 70T — 17V F (2, t)F 2y, t). (1)
Here z is the set of generalized coordinates and momenta of a molecule: x =
{r,p,a, M}, where r and p are the coordinates and momenta of the center of
mass, and o and M, are the Euler angles and the conjugate momenta. J¢ is
the Liouville operator for one particle, H (20> = H(xy) + H(xy) is the Liouville
operator for two noninteracting particles, 7, is the Liouville operator for two
interacting particles, and I = exp(—tH,) exp(t%éo)). Let us denote g = {r,a},
p={p,M,}. Then P(q,,qs) is the function defining the region G in which the
interaction potential is nonzero, by the formulas P(g;,q,) > 0 for ¢;,¢q, € G
and P(qy,q5) < 0 outside G. 6 is the Heaviside function, so that 6(P) is the
characteristic function of the region G.

Multiplying both sides of (1) by an arbitrary differentiable function ¢(z;) and
integrating with respect to x,, and integrating by parts in the first term on the
right-hand side, we obtain that it is equal to
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We shall regard the interaction potential of two rigid bodies as the limit of
a sequence of smooth repulsive potentials of finite radius of action. Then, in
passing to the limit along this sequence, the integration in the last two terms
will in fact be performed over an infinitely thin layer surrounding the excluded
volume, so that in the limit both of them will become 0 because the integrand is
finite. It then follows from the fundamental lemma of the calculus of variations
that the kinetic equation for rigid bodies has the form:

OF (xq,1)

T H P (@, 0) = n [ dnyl-H PSP 0 1), ()

Let us pass from integration with respect to r, to the integral with respect
to r9; = 79 — 7. Following Curtiss and Dahler (?), we shall specify r,; in
curvilinear coordinates

k and p, where k is the normal to the surface of the excluded volume, and the
coordinate surface p = const = p,, is specified by the function p,H (k). Then
the volume element dry; will be equal to p?H(k)S(k)dkdp, and the surface
element p = const will be p?>S(k) dk. In these variables one may put P = p, — p.
Choosing the units so that the excluded volume is described by the function
H(k), i.e., for p =1 we obtain the Kertiss-Dahler equation:

Ol s P ) =n [ Iy )Py, 0)9656) HOQS(0) dkda dpy
t (720 p)>0
in [ B 0P 0l ) HOOS(K) dikday dp,. ()
(200 p)<0

They showed that [#} p]H (k) = (k - g),

1
g= E(Pz —P1) + [wy X 0] — [wy X 7],

where w; are the angular velocities of the molecules, and o, are vectors directed
to the point of contact from the centers of the molecules.

Consider the integral [ dk S(k)(k-g). It is taken over the surface of the excluded
volume for fixed orientations of the molecules. Transforming it into an integral
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over the volume, we obtain that it is equal to 0, since divp = 0, and divjwx o] =
—(w-rot o) = 0, because

1
o, = ggrad[pHi(k)P,

where pH, (k) is the function specifying the excluded volume of the i-th molecule.
Consequently,

[ das dpy dics(R) k- ) (2 ) Pl ) =0 (5)

Subtracting this integral from the right-hand side of (4), we obtain the kinetic
equation in standard form:

w + HF(2y,t) = n/ S(k) dk dov, dp, (k- g)[I — 1 F(zy,t)F(2y,t).

(k-g)>0
(6)

Let us now consider the equation linearized with the aid of the equilibrium
distribution function Fy(z) = Q 'exp(—E/kT): F = F,(1 + ¢). We shall
restrict ourselves to the case where the molecules possess a center of symmetry.
The equation for ¢(z,) has the form:

a(p(xh t)

o +Hep(xy,t) = n/ S(k) dk day dpy (k- g) Fo(wo)[I — 1][p(zy, 1)+

(k-g)>0
+o(xy,1)] = nle. (7)

We shall seek its solution in the Hilbert space £y[F,(z)] of functions that are
square-integrable with weight Fjj(z) and vanish at the boundaries of the domain
of variation of r. Consider the expression

(pLy) = A ) O(k~g)5(k) dk day day dpy dpy Fy (1) Fo(22)p(21) [p(2])+

1

bpla) = play) —pley)] = —7 [ (k- g)S(0 dkda, da dp, dp, dp] dp)x
(k-g)>0

X Fy (1) Fy(z9)[p(21) + @) — (1) — p(25)]* — {[0(a) + ¢(25)]—
—lp(zy) + (2, ®)
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The transformation x — a2’ = Iz is canonical as a limit of canonical transforma-
tions. Since ¢’ = g, it follows that D(p1, ps) : D(p;,p5) = 1. Therefore, passing
in the penultimate integral to the integration variables pi,p5, and noting that
for molecules with a center of symmet-

or (k-g) =—(k-g’), and, using equality (5), we obtain that the term in braces
is equal to 0 and, consequently, (pLy) < 0.

Let us now define the adjoint operator L*. It is easy to see that the operator L
can be written as

Ly = liny [ dz, (k- 8) 6(P) Fyliey) S2p(ay) + (o). (9)

Here $'% = exp(tHy). Then

(L) = limy [ doyde, (- g)(P) w(ay) Fylan) Fo(oy) S2feler) + (o)
- %131 dayday (k- 8) 8(P) Fo(wy) Fo ) () + (w2)] SP () + p(5)]

= 2 tim [ deyday [p(e,) + ()] SP) (I - 8) 5(P) Fy(ay) () (1) + ()]
(10)

The last equality follows from the unitarity of the operator S(,QT). Noting that

P Fy(a1)Fy(2y) = Fo(ay) Fyly),  lm SP8(P) =8(P),  lim 57" (kg) = —(k-g)
T

7—0

for (k- g) > 0, and using equality (5), we obtain:

Lty =—lim / dy (k- ) 8(P) Fy(wp) 87 [t(y) + v(ay)
. @ (11)
—— tim [ do, (k- g)5(P) Fyla) [S ~ [uey) + (e

(k-g)<0

Just as above, it is easy to prove the inequality (pL*¢) < 0. Since (@FH ) = 0,
the operator nL — A and its adjoint turn out to be dissipative. Hence it follows
that it generates a contracting semigroup of operators U(t) = exp[t(nL — )],
and the solution of the Cauchy problem for equation (7) is given by the formula

(t) =U(t)p(0) .

The last thing that we want to prove is the normality of the operator L. Write
it in the form L = L, + L,, where
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Lip = lim / dx, (k - g) 6(P) Fy(w5) Sp(xy),

Lo =ty [ do (- )8(P) Fyas) $%p(a,) (12)

If the operator S<_27) is represented formally as an integral operator with kernel
(2, | 27, 25; —7), then Ly and L, can also be regarded as integral operators
with kernels

Li(zy | 2y;—7) = /dﬂflzd% (k- g)d(P) Fy(xo) Iy, 2y | 27, %5 —T),

ly(xy | 275 =7) =/dwédw2 (k- g)0(P) Fo(y) T(zy, x5 | 2,295 =7). (13)
The kernels of the adjoint operators L} and L} can then be written as

G(xy | 2] —7) = (2] [ 2y;—7) = =l (zy | 23;7),

Ly [ 2y =7) = (@) | 245 =7) = =l (2 [ 27;7). (14)

The last equality follows from formula (11). Let A(z; | #7) be the kernel of the
operator LjL;. Then

Ay | $/1> = /dz2 li@jl | 295 —7) 11 (24 | 17/13—7) = _/d% (2 | 29;7) %

X ly(xy | @)5—7) = */dwz Li(x) [ 23 7)1y (g | 95 —T7) = A(2] | 24),
(15)

ie., L1L; = L;Lj. The normality of L, is proved similarly. Consequently, the
operator L is normal, and there exists a spectral representation for the operator
nL — X, which makes it possible to obtain estimates for the rate of decay of
solutions of equation (7).
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