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A. V. ARKHANGEL’ SKII

THE SUSLIN NUMBER AND CARDINALITY,
CHARACTERS OF POINTS IN SEQUENTIAL
BICOMPACTS

(Presented by Academician P. S. Aleksandrov on 20 X 1969)

The notation and definitions used here are explained in (1,2,~7). We note
specifically the following. Of topological spaces, only Hausdorff spaces are con-
sidered; of cardinal numbers, only infinite ones. The latter are denoted by the
symbols A\, 7. The character of a set A in a space X is x(A,X) = min{|B| : B
is a base of A in X}, where a base of A in X is a family of open sets containing
arbitrarily small neighborhoods of A. If z € X, then x(z, X) = x({z}, X). The
character of a space X is x(X) = sup{x(z,X) : x € X}*. The combination
(G.C.H.) means that the generalized continuum hypothesis is assumed to hold.
By |a| is denoted the cardinality of the set well ordered by type a. If M is a
set, then exp M = {A: AC M} and exp M ={A: AC M and |A] <}

Definition 1. The height h(x, X) of a space X at a point x is

min{x(F,X):xz € F C X, F is bicompact}.

Definition 2. The height h(X) of a space X is sup{h(z,X) : z € X}.

Definition 3. The bitightness bt(X) of a space X is the least of those 7
such that if M C X and [M] # M, then there exist z € X \ M and a family
A C exp_M for which: a) [\| <7 and b) {z} = N{[P]: P € A}.

Definition 4. The divergence div(X) of a space X is the least 7 such that for
every set M not closed in X there exist 2 € [M]\ M and a family { C exp_M
converging®* to x, for which [£] < 7.

Proposition 1. ¢(X) < bt(X) < div(X) < x(X)***.
Proposition 2. If Y is a quotient space of a space X, then div(Y) < div(X).
Lemma 1. If A C X, then |[A]| < |A[**X0).

Proof. We shall assume that A is infinite. Put bt(X) = 7. Define, by transfinite
induction, for every ordinal number « less than 7, the set A, as follows: Aj =
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A; if A, is defined, then
A,i1 ={z € X there exists A € exp_(exp_A), for which {z} = N{[P]: P € A\}};

if 8 is a limit ordinal and the sets A, are defined for all @ < 3, then Az =
U{A, : @ < B}. We shall show that: 1. |4,] < |A|" for all @ < 77, and II.
U{A, : o < 77} is a closed set.

Suppose that relation I is not true, and let « be the first transfinite ordinal
for which it is violated. Then «y > 0, since |A,| = |A| < |A|". The transfinite
ordinal ay cannot be a limit ordinal—in the contrary case |4, | <

* If M is a set of cardinal numbers, then sup M is the least of the cardinal
numbers not smaller than every element of M.

** A family € converges to a point x if every neighborhood of the point x contains
some element of the family &.

*ik Tt is easily proved that the weak tightness ¢.(X) and the tightness ¢(X) in
the sense of (2) always coincide. Therefore t(X) = t.(X) < bt(X).

<Y AL s a < ag} <|A|7, since |ag] < 77 < |A|7 and |A,| < |A|7 for all « <
ag by the choice of a,. Hence, ay = @’ + 1. But |4,/| < |A|". Tt is known that
for any set B the cardinality of the family exp_B does not exceed |B|™ (?). To
each point x € A,/ assign some family A(x) of subsets of the set A, for which
A@)] <7, [U{P:PeXx)} <7,and {z} = "{[P]: P € A(z)}. Obviously,
this defines a one-to-one mapping of the set A,/ ,; into the set exp_(exp_A,/).
Hence,
A ] < lexp, (exp, Ag)| < (|40 ") < |AI"

Relation I is proved.

Now suppose that relation II is not true, i.e., that the set C = [ J{A4, : a <77}
is not closed. Then there exist a point z ¢ C and a family p € exp_(exp_C)
such that {z} = ({[P] : P € p}. Obviously, for some a* < 77, then | J{P, P €
pt € U{A, : @ < a*} C A,.. From the definition of the set A,..; it now
follows that z € A,.., a contradiction. Thus, C' is a closed set. Moreover, by I,
|C| < 71A|” < |A|™. But A= A, C C; consequently, [A] C C and |[A]] < |A4]|".
Lemma 1 is proved.

We shall need the following two assertions:

VI (transitivity of character). If X, C X; C X, where X, and X, are bicom-
pacts, then x(X,, X) < x(Xy, X;) + x(X1, X) (3).

VII. If X is 7-compact, bt(X) < 7, and x(X) < 27, then | X| < 27.

Assertion VII is obtained in an obvious way from the main theorem 2 of (1) by
means of Lemma 1.
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Lemma 2 (main). Let X be a bicompact, t(z,X) < 7 < A for every point
x € X, and let the cardinal number 7 be regular. Suppose further that from
A C X and |A| < 7 it follows, for every A C X, that |[A]| < A. Then there
exists a closed set B in X for which x(B,X) < 7 and 0 < |B| < \.

Lemma 3. Every nonempty open subset of a regular space contains a nonempty
closed-in-this-space set of type Gj.

Proof of Lemma 2. If | X| < A, the assertion is obvious. If | X| > A, one can
carry out a construction by transfinite induction, as a result of which to each
a < 7 there will be assigned a point z(«) so that the set {z(a) : @ < 7}, well
ordered in accordance with the order of the transfinite numbers, will be a free
sequence of length 7 (1). In parallel, nonempty closed sets F'(«) will be defined.

As x(0) choose any point of the set X. Take as F(0) some nonempty set closed
in X, of type G4, not containing the point z(0). Let oy < 7, and suppose
that for every o < oy, a point z(«) and a nonempty closed set F'(a) C X have
already been defined so that x(F(a),X) < |a| + Ry, and if oy < oy < ay,
then F(aq) D F(ay). Introduce the notation A(ay) = {x(a) : @ < apy}. Then
[A(ag)| € {a @ a < ap}| < 7, and therefore |[A(ag)]] < A\. Put B(agy) =
(HF(a) : a < ag}. If |Blag)| < A, then B(ay) is the desired set, for {F(«) :
a < ag} is a centered family of nonempty, closed-in-X sets, X is a bicompact,
the character and pseudocharacter of a closed set in a bicompact coincide, and
> Al s o < ap} <ol + Ry < 7. IF [Blag)| > A, then B(ag) \ [A(ag)] # A.
Take as x(ag) any point of the set B(ag) \ [A(ag)]. Define F(a,) as some
nonempty set, closed in X, contained in B(ag) \ ([A(ag)]U{z(g)}), of type Gy
in B(oy). By VI,

X(F(ag), X) < x(B(ag), X) +Rg < |ag| + Ry

We shall show that the described process of defining the points z(«a) and the
sets F(«), under any realization of it, stops at some transfinite ordinal smaller
than 7. The realization determines only which particular transfinite ordinal
a* < 7 turns out to be obstructing. For this o* we then have |B(a*)| < A and
x(B(a*), X) < |a] + X, < 7, whence it follows that B(a*) is the desired set.

-set. Suppose, however, that the sets F'(«) and the points z(a) have been
defined for all @ < 7. Put A = {x(a) : @ < 7}, and z(0y) < z(ay) if and only if
ay < ag. For ay # ag, x(ay) # x(ay). Hence |A| = 7. By the construction, if
ay < 7, then [{z(a) : @ < ag}] N F(ay) = A, and if 5 > oy, then z(8) € F(aoy).
Therefore

[{z(@) s a < agl] N {z(B) : g < B} C [{z(e) s a < ag}] N Flag) = A

Thus it has been proved that A, < is a free sequence of length 7. But then some
point y € X is a point of complete accumulation for A. Now a simple fact is
needed (see (1)).
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Lemma 4. If the tightness at every point of a topological space X is less than
T, and T is a reqular cardinal number, then in X there is no point of complete
accumulation for any free sequence of length T.

Lemma 5. Suppose that all the assumptions of Lemma 2 are satisfied. Then
there exists a family v of pairwise disjoint closed subsets of X such that [|J{P :
Pen}l=X, and for every P € v, x(P,X) <7 and 0 < |P| < \.

Lemma 5 is easily proved on the basis of the Kuratowski-Zorn principle.

Definition 5. A family & = {v, : o € M} of families of subsets of a set X is
called HausdorfF if, for any ay,ay € M, where oy # ay, there exist P; € v,
and P, € v,, such that P, N P, = A. A family 7 of sets is called a prefilter if
from P’ € v, P” € ~ it follows that there exists P € v for which P ¢ P’ n P”.

Lemma 6. Let £ = {v, : « € M} be a Hausdorff family of prefilters in X, with
|M| > 27 and |v,| < 7 for every a € M. Then there exist a set M’ C M and
sets P, € v, for everya € M’, such that |M’| > 7 and the family {P, : « € M}
is disjoint.

Lemma 6 easily follows from Lemma 6 of paper (4). Lemmas 7 and 8 are obvious.

Lemma 7. Ifx € U C X, where U is open in X, and h(z,X) < 7, then there
exists a bicompact ® C X for which x € ® C U and x(®,X) < 7.

Lemma 8. If h(X) < 7, then there exists a disjoint family S of bicompact
subsets of the space X such that (j;) : [{F : F € S} = X, and (J,) :
X(F,X) <7 for every FF € S.

Lemma 9. If X is bicompact and bt(X) < 7, then there exists a disjoint family
v of closed subsets of X such that: (ky): [U{P: P €~} =X; (ky):if P €,
then |P| < 27, and (k3) : x(P,X) <7 for all P € 7.

Proof. All the assumptions of Lemma 2 are satisfied with respect to the space
X and the cardinal numbers 7 in the role of 7 and (27)" in the role of A, since
71 is regular, t(X) < bt(X) < 77, and if A C X, |A| < 77, then |A| < 7 and
[[A]] < 77 =27 < (27)" = A by Lemma 1. Therefore Lemma 5 is applicable.
Lemma 9 is proved.

Lemma 10. If F is closed in X, then bt(F) < bt(X).
Theorem 1. |X| < 20HX)+e(X)+A(X)

Proof. Choose a family S of nonempty subsets of the space X in accordance
with Lemma 8. To each F' € S apply Lemma 9—in accordance with it choose a
family v of nonempty subsets of the space F. Put £ = {y : F € S}. By the
transitivity of character (VI), x(®, X) < bt(X)+h(X) for every & € £. To each
® € & assign some base {g of the set ® in X, for which |{s| < bt(X) + h(X).
Since X is a Hausdorff space, and the family & consists of pairwise disjoint
nonempty bicompacts, {{g : ® € £} is a Hausdorff family of prefilters. If we

had
|5| > 9¢(X)+bt(X)+h(X)

)
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then, by Lemma 6, there would be a disjoint family of elements of these prefilters
whose cardinality is greater than ¢(X), and this is impossible, since the prefilters
€p, € &, consist of open sets. Hence

|€| < 20(X)+bt(X)+h(X).

From this and from condition (k,) of Lemma 9 it follows that
|U{(I> = €}| < 9e(X)+bt(X)+h(X)

But, obviously, [ {®: ® € £}] = X. By Lemma 1 it follows that

HU{(I) = ‘S}H < |U{¢) P e 5}|bt(X) < (2bt(X)+c(X)+h(X))bt<X) — 9bt(X)+c(X)+h(X)

Theorem 1 is proved.
Theorem 2. [{z € X : x(z, X) < 2% 4+ h(X)}] = X.

Proof. We apply Lemmas 8 and 9, in particular using condition (k) from the
formulation of Lemma 9 (note that if F' is compact, then x(z, F) < |F|); we
shall further refer to the transitivity of character (VI).

Theorem 3 (G.C.H.). [{z € X : x(z,X) < bt(X) + h(X)}] = X.

Proof. Choose in X (Lemmas 8 and 9) a disjoint family &£ of compacta whose
character in X does not exceed h(X) + bt(X), and whose cardinality does not
exceed 29X such that [ J{® : ® € £}] = X. It is known (®) that if X is
a compactum and y(x,X) > 7 for all z € X, then |X| > 207", Assuming
that 2(7*) > 27 (this follows from the generalized continuum hypothesis), we
conclude that in each ® € & the points whose character in ® does not exceed
bt(X) form an everywhere dense subset. The conclusion of the theorem now
follows from the transitivity of character.

A topological space is called homogeneous if for any x,y € X there exists a
homeomorphism f : X — X such that f(z) =y and f(X) = X.

Theorem 4. If X is homogeneous, then y(X) < 2%X) 4+ h(X).
Theorem 5 (G.C.H.). If X is homogeneous, then x(X) < bt(X) + h(X).
Theorem 6. If X is homogeneous, then |X| < 2i¢(X)+bHUX)+A(X) (gee (1)).

Theorem 4 follows from Theorem 2, Theorem 5 follows from Theorem 3, and
Theorem 6 follows from Theorem 4 and (1) (see Theorem 2).

1st group of corollaries. Let X be a space of point-countable type. Then:
a) if X is sequential and satisfies Suslin’ s condition, then | X| < 2%o;

b) if X is sequential, then [{z € X : x(z, X) < 2% }] = X;

c) (C.H.) if X is sequential, then [{z € X : x(z, X) < N} = X;

d) [{o € X : (2, X) < 209} = X = [{r € X : y(z, X) < 2(21)};

e) (G.CH.) {z e X :x(z,X) <bt(X)} =X =[{z € X : x(z, X) <2t}
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f) (C.H.) if X is a quotient space of a space with the first axiom of countability,
then [{z € X : x(z,X) <Ry} = X.

2nd group of corollaries. Let X be a homogeneous compactum. Then:
a) if the space X is sequential, then |X| < 2%o;

b) (C.H.) if the space X is sequential, then x(X) < N;

¢) |X| < 20,

d) (G.C.H.): x(X) < bt(X).

Note added in proof. The following holds.

Theorem 7 (G.C.H.). The cardinality of a homogeneous compactum cannot
be a limit cardinal number.

From the proofs of Lemmas 2, 5 and Lemmas 8, 9 there evidently follows

Theorem 8. If h(X) <X, and ¢(X’) <R, for all X’ C X, then
X = [X*], where | X*| < 2o,

An analogue of this theorem is true for any 7.

The idea of formulating Theorem 8 was suggested to me by B. Shapirovskii after
he had read an oral presentation of this work.

Mechanics and Mathematics Faculty
Moscow State University
named after M. V. Lomonosov
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