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(Presented by Academician 1. M. Vinogradov on 26 III 1970)

The problem of coding (1) meaningful or formal texts is one of the problems of
information processing. The principal difficulty is finding an effective one-to-one
coding. In (%), various rules are considered for coding the words of a certain
dictionary consisting of N words; the chief one among them is the operation of
contraction V,, of the codes of words containing [; letters to codes containing k
letters (k < ;, 1 <i < N). In Theorem 2 of (?) it is proved that contraction
V|, is a non-unique coding with a probability of violating uniqueness tending to
zero as k — | = max, ., n{l;}. Moreover, the coding becomes unique only for
k =1 = max,.;-n{l;}. The contraction V, does not allow one, from a code of
length k, to determine the original word. In extending Theorem 2 to statements,
the quantity & will increase correspondingly.

Below we prove a theorem stating that there exists a one-to-one coding that
allows any statement to be represented by a code of any prescribed length
in advance (for example, k& = 1), from which the original statement can be
recovered.

We introduce the necessary definitions and notation.

An alphabet 2l is a strictly ordered sequence of n pairwise distinct symbols with
ordinal numbers 0,1,2,...,n — 1:

A =agaiaq...a, 1 = (a;, 1=0,1,2,....,.n—1). (1)

We shall call the symbol a, a space.

Any collection of letters from the alphabet 2 that contains no spaces is called
a word in the alphabet 2:

O (A iy, gy ey gy e s ) = Ay oo Qe (2)

In what follows we shall always mean that 1 <i, <n—1forall k=1,2,...,1,
with | > 1.
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The number of letters entering into a given word will be called the length of the
word in the alphabet 2l and denoted by I.

By definition, for I = 0 we shall set kK = 0, i, = 0, 0,(2,0) = qa,, the empty
word in the alphabet 2.

A dictionary ¥ (21) in the alphabet 2 will mean a subset {0 (A, 1,49, ..., ig, .., )}
of the set 3(2) of all words in the alphabet 2, consisting of N words, where
1<r<N:

En@) = {oy (Asiy,igs sy nnrdy )} C X(A), 3)

where r =1,2,..., N.

Similarly, we introduce:

B = bobyby ... b,, | = (b;, i=0,1,2,....m—1), (4)

b, is a space in the alphabet B,

word in the alphabet B, 1 <:<m—1,forall k=1,2,...,] with [ > 1, where [
is the length of the word in the alphabet B.

By definition, for { = 0 we shall take k = 0, i;, = 0, 0((B,0) = by—the empty
word in the alphabet 9.

En(®B) ={oy, (B, i}, i, e g, i )} C E(B), (6)

where r = 1,2, ..., N; ¥ 5(B) is a dictionary in the alphabet 9B, containing N
words; X(8) is the set of all possible words in the alphabet 9B.

We shall call K = (K’ (2,B), K”(8,2l)) a one-to-one coding of words (or simply
a coding) in the alphabet 21 by words in the alphabet 8 and conversely, if

K/(QL %)<0l1(21’i1’i27 ’ik’ >il1)) = 0y, <§Ba Z./172‘/27 ) i;w 7i22)7 (7)

K" (B,0) (0, (B, 07,05, vy iy ey 7)) = 0 (075095 ey gy sy )y (8)

where K'(2,B) is a single-valued transformation (coding) of a word in the
alphabet 2 into a word in the alphabet 9B (the case 2 = B is allowed) for any
word from X(A); K”(B,2) is a single-valued transformation (coding) of a word
in the alphabet % into a word in the alphabet 2 (the case B = 2 is allowed)
for any word from 3(B).
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According to the definition, the coding K establishes a one-to-one correspon-
dence between the words (2) from X(2) and (6) from X(B)

O (A dy, gy e gy ooy ) = 0y (Bya], 00, e gy ey 0y (9)

Consequently, knowing 3, (2(), with the aid of the coding K’(2,) one can
obtain Y5 (B), and conversely—knowing ¥ 5 (B8), with the aid of the coding
K" (58,2l) one can obtain X (2).

Theorem 1. For any dictionary X () C X(A) there exist a one-to-one coding
K and an alphabet B such that, for each

Jlr(m7i17i27"'7Z’k}7"'7ilr)EEN(Q[)7 ].STSN,

the following relations hold:

K/ (2, B) (0, (A, dgs ey ey, ) = 01(B 0, iy e 17),

K7 (B,2)(0)(B, 1], iy ey i o)) = 07 (i ey s ey ),

T

where | may be any preassigned positive integer satisfying 1 > 1
1<l 01,0 _9,..., 1.

r OTr

Proof. Let the alphabet (1) be given. Take a positional numeral system with
base n and digits

0,1,2,....n—1=(k, k=0,1,2,....,n—1). (10)

Establish a one-to-one correspondence between the symbols of the alphabet A
and the digits of the numeral system (10) so that the symbol a;, € 2, occupying
the k-th place in the sequence (1), is assigned the digit k& from the sequence
(10), occupying the k-th place, and conversely. Denote the rule establishing this
correspondence by F™:

Fn
ap <k, 0<k<n-—1. (11)

Take the word oy (U, iy,49, ..., 05, ..., 4 ) € Ly(A). By virtue of the rule F”
(11), to the word o; (A, iy, iy, ..., i, ..., 4; ) there corresponds one and only one
positive integer

l

iyiy g iy (n) = ignb ™ ignt 2 o i) = § ipnlrF
k=1
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in the positional numeral system with base n, and conversely:

F™ (0, (Ayiqy by ey ipy ey iy ) = dyln g iy (0), (12)

r

FM(iyiy iy () = 0 (Wyiy, gy eee gy ey ). (13)

r T

The number of digits in the notation of a number will be called the length of
the number.

The following assertion holds:
Lemma. Let !’ = mg\)[({lr} and let [ be positive integers. For any positive integer
T

not exceeding 4, i2,7... y ks -y 7 (n) in the positional numeral system with base
n, there exists a number equal to it, of length not exceeding [, in the positional
numeral system with base

m = [’I’Ll//l]”
where
[ l//l]/ '/t if n!'/! is an integer,
n = ,
'/ +1, otherwise,

[n!'/!] is the integer part of the number n!'/!.

From the validity of the lemma it follows that any number of length not exceed-
ing I’ in the positional numeral system with base n can be represented by an
equal number of length not exceeding [ in the positional numeral system with
base m.

Let R}, be the rule for translating numbers from the positional numeral system
with base n into numbers of the positional numeral system with base m, and
let R™ be the inverse rule (*). Then

Ry (iyis iy iy (n)) = i35 iy, iy (m), (14)
R (i3l ety oo iy (m)) = iy ey ey (1), (15)
where 1,45, ..., 4}, ..., §; are the digits of the positional numeral system with base

m, and the digits are

0,1,2,...m—1=(k, k=0,1,2,...,m—1). (16)
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Let F™ be a rule establishing a one-to-one correspondence between the symbols
in the alphabet (4) and the digits of the positional numeral system with base

m (16), analogous to rule (11):

Fm
by<—=k, 0<kE<m-—1

Consequently,

F(ifily iy ociy(m)) = 0(B, 47, 00, ey Ty e 1)),

F™(0,(B, 1,1, oo gy ey 1)) = 8185 i oo 1) ().
Thus, by virtue of (12), (14), (18), we have

. . N S . . Ry,
Oy (A, iy, ey gy ey By ) > gy g oy (0) =

n Fm
o P y y
= 0115 ... 1) i (m) = (B, 47,45, 0, 0, -0, 1)),

where

= [nl 1ty -
m=[n7, l= max{l}.

If, as K’ (2, B), we use successively F™ (11), R, F™ (17), then

KA, B) (0 (Ayiy,dn, ey gy sy ) = 03(B 7,00, ey i, o

"

Similarly, by virtue of (13), (15), (19), we have

R™ ) R

0’[(%,@1,2/2, . 7i;€’ ees ,Z;) <~ 1122 . 'Lk . Zl<m) :n le2 . lk .Zl<n)

F'n,
= Jlr(ﬂ,zl,zg, ey By e ,zlr),

where

m=[n"/l'], = max {l.}.

1<r<N

If, as K" (B,%), one uses successively F™ (17), Ry, F™ (11), then

-/
aZl

).

Fn
—

(17)
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K7 (B, 20)(0(B, i1 iy ooy iy i])) = 0 (U1 ey -

Thus the theorem is completely proved.

We shall call a statement in the alphabet 2 a finite collection of words (2) in
the alphabet 2 (1), joined into a single word by means of the blank spaces a,:

Ull (Q/[, 7:172.2, ceey Zk7 vee 7il1) a,OO'l2 (Ql, 7:172.2, oes ’ik7 eee 7il2) ag ... aoa'ls X

(R, iy, g, oo gy e iy )-

The length of a statement will mean the number of symbols in it, including the
spaces between words,

k=1

The set of all possible statements from the words of the dictionary ¥ (2) (3)
will be denoted by D(3 5 (2L)).

Analogously we introduce a statement in the alphabet B (4), and D(X 5 (B))—
the set of all possible statements from the words of the dictionary 5 (B) (6).

Obviously, the rules F™ (11), R, F™ (17), R can also be extended to state-
ments. Then the theorem proved will also be valid for arbitrary statements from
D(Xy(2)).
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