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Abstract
Full Text
MATHEMATICS

V. I. ZUBOV

ON A PROBLEM OF OPTIMAL STABILIZA-
TION
(Presented by Academician N. N. Krasovskii, 16 VI 1969)

In the present note a problem of optimal stabilization is considered in the form of
a differential game, and conditions for existence and a method for constructing
optimal controls in analytic form are given.

Let us first consider the linear system of differential equations

𝑋̇ = 𝑃𝑋 + 𝑄𝑈 (1)

and the functional

𝐼(𝑋0, 𝑈) = ∫
∞

0
𝑊 (2) 𝑑𝑡, (2)

where

𝑊 (2) = 𝑋∗𝐴𝑋 + 𝑋∗𝐵𝑈 + 𝑈 ∗𝐵∗𝑋 + 𝑈 ∗𝐶𝑈.

We shall assume that the elements of the matrices 𝐴, 𝐵, 𝐶, 𝐶−1, 𝑃 , and 𝑄 are
real, continuous, and bounded functions of time, given for 𝑡 > 0.

Put 𝑋 = (𝑋1, 𝑋2) and 𝑈 = (𝑈1, 𝑈2). We shall assume that the vectors 𝑋𝑖, 𝑈𝑖
have dimensions 𝑛𝑖 and 𝑟𝑖, respectively. In accordance with this the matrix 𝐶
may be represented in the form

𝐶 = (𝐶1 𝐷
𝐷∗ 𝐶2

) .

We shall make an assumption that is essential for what follows. Namely, we shall
suppose that the quadratic form 𝑈∗

1𝐶1𝑈1 is positive definite, while 𝑈 ∗
2𝐶2𝑈2 is

negative definite.

Definition 1. A control 𝑈(𝑡, 𝑋) is called admissible if: 1) 𝑈(𝑡, 𝑋) = 𝑀(𝑡) ⋅𝑋,
where 𝑀(𝑡) is a matrix with real, continuous, and bounded coefficients, given
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for 𝑡 > 0; 2) system (1) under the control 𝑈 = 𝑀(𝑡) ⋅ 𝑋 has a uniformly
asymptotically stable equilibrium position 𝑋 = 0 of exponential type.

Definition 2. An admissible control 𝑈0 = 𝑀0(𝑡) ⋅ 𝑋 is called optimal if

𝐼(𝑋0, 𝑈0) = min
𝑈1

max
𝑈2

𝐼(𝑋0, 𝑈) = max
𝑈2

min
𝑈1

𝐼(𝑋0, 𝑈)

for every initial vector 𝑋0. Here min max and max min are taken over all such
controls 𝑈1 and 𝑈2 that form an admissible control 𝑈 = (𝑈1, 𝑈2).
Remark. The optimal control 𝑈0 may thus be regarded as an equilibrium
situation in a differential game of two persons 𝑋1, 𝑋2, whose sets of admissible
strategies are given by Definition 1.

Theorem 1. In order that an optimal control 𝑈0 exist, it is necessary and
sufficient that there exist a real continuous-

a bounded matrix 𝜃, defined for 𝑡 > 0, satisfying the equation

̇𝜃 + 𝜃𝑄𝐶−1𝑄∗𝜃 + 𝜃(𝑃 − 𝑄𝐶−1𝐵∗) + (𝑃 − 𝑄𝐶−1𝐵∗)∗𝜃 − 𝐴 + 𝐵𝐶−1𝐵∗ = 0 (3)

and such that the control 𝐶−1(𝑄∗𝜃 − 𝐵∗) ⋅ 𝑋 is admissible. In this case 𝑈0 =
𝐶−1(𝑄∗𝜃 − 𝐵∗) ⋅ 𝑋.

Let us next consider the nonlinear system of differential equations

𝑋̇ = 𝑃𝑋 + 𝑄𝑈 +
∞

∑
𝑚=2

𝐹 (𝑚) = 𝐺(𝑡, 𝑋, 𝑈), (4)

and the functional

∫
+∞

0

∞
∑
𝑚=2

𝑊 (𝑚) = 𝐼(𝑋0, 𝑈). (5)

Here 𝐹 (𝑚) and 𝑊 (𝑚) are homogeneous forms of degree 𝑚 with respect to the
components of the vectors 𝑋 and 𝑈 , with real, continuous, bounded coefficients,
defined for 𝑡 > 0. We shall henceforth assume that the series 𝑊 = ∑ 𝑊 (𝑚),
𝐹 = ∑ 𝐹 (𝑚) converge in some fixed neighborhood of the point 𝑋 = 0, 𝑈 = 0
uniformly with respect to 𝑡 > 0.

Definition 3. A control 𝑈(𝑡, 𝑋) is called admissible if:

1) 𝑈(𝑡, 𝑋) =
∞

∑
𝑚=1

𝑈 (𝑚);
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2) 𝑈 (1)(𝑡, 𝑋) is an admissible control in the sense of Definition 1.

Here we assume that the series representing the admissible control converges
uniformly with respect to 𝑡 ≥ 0 in some fixed neighborhood of the point 𝑋 = 0.

Definition 4. An admissible control 𝑈0(𝑡, 𝑋) is called optimal for system (4)
with respect to the functional (5) if there exists some neighborhood of the point
𝑋 = 0 such that for any initial value 𝑋0 from this neighborhood one has

𝐼(𝑋0, 𝑈0) = min
𝑈1

max
𝑈2

𝐼(𝑋0, 𝑈) = max
𝑈2

min
𝑈1

𝐼(𝑋0, 𝑈).

Here, as above, min max and max min are computed for those 𝑈1 and 𝑈2 that
provide an admissible control 𝑈 = (𝑈1, 𝑈2) in the sense of Definition 3.

Theorem 2. If there exists a real continuous bounded solution 𝜃 of equation
(3), defined for 𝑡 > 0, such that the control 𝑀0 ⋅ 𝑋 is admissible in the sense of
Definition 1,

𝑀0 = 𝐶−1(𝑄∗𝜃 − 𝐵∗),

and the system 𝑋̇ = 𝑃0𝑋, 𝑃0 = 𝑃 + 𝑄𝑀0, is proper, then there exists an
optimal control

𝑈0(𝑡, 𝑋) =
∞

∑
𝑚=1

𝑈 (𝑚)
0

for system (4) with respect to the functional (5), representable in the form of
series uniformly convergent for 𝑡 ≥ 0. Here, as above, 𝑈 (𝑚)

0 are homogeneous
forms of degree 𝑚 in the components of the vector 𝑋.

Consider the system of equations

𝜕𝜆
𝜕𝑡 + 𝜕𝜆

𝜕𝑥 𝐺(𝑡, 𝑋, 𝑈) = −𝜕𝐺∗

𝜕𝑥 𝜆 + 𝜕𝑊
𝜕𝑥 , (6)

𝜕𝑊
𝜕𝑈 = 𝜆∗ 𝜕𝐺

𝜕𝑈 . (7)

Here 𝜆 is a vector of dimension 𝑛; the partial derivatives with respect to the
vector 𝑋 and the vector 𝑈 are defined in the natural way as matrices of the
corresponding dimensions.

Theorem 3. If the conditions of Theorem 2 are satisfied, then the system (6),
(7) has a unique solution in the form of convergent series

𝜆 = ∑ 𝜆(𝑚), 𝑈 = ∑ 𝑈 (𝑚), (8)
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𝜆(1) = −2𝜃𝑋, 𝑈 (1) = 𝑀0 ⋅ 𝑋,

uniformly with respect to 𝑡 ≥ 0, and the series (8) gives the desired optimal
control.
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