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DITIONS FOR DEGENERATE ELLIPTIC
EQUATIONS OF HIGHER ORDERS

(Presented by Academician S. L. Sobolev on V. 6, 1970)

1°. Introduction. The question of studying boundary-value problems for el-
liptic equations in the class of unbounded solutions was posed by A. V. Bitsadze
(1): it is required to find a solution regular in the domain which, with a certain
weight tending to zero on approaching the boundary or a part of it, satisfies
the prescribed boundary conditions. Boundary-value problems of this kind for
second-order equations were investigated in (?-*) and others. In the present
note the first boundary-value problem with weighted boundary conditions for
degenerate elliptic equations of higher orders in a bounded domain is studied.

2°. Basic notation and definitions. E, is n-dimensional Euclidean space
of points = (xq,...,2,); Ef ={z:2z, >0} E, ; ={z:z, =0}; 2" =
(xy,...,x,_1); Q is a domain in F, possessing the following property: =
EF N A, where A is such a bounded domain in E,, whose boundary ¥ is a
closed (n — 1)-dimensional surface of smoothness order m + 1, m > 1, and for
which ANE, ; #0; Ty =ANE,_;; Ty =XNE;/; T is the projection of
onto E, ;; the multi-index o = (ay, ..., v, 1) is used to denote differentiation
only with respect to the variables of the set 2: DS,.

In what follows we shall need the functional spaces V and V.

Definition 1. By the space V we shall mean the totality of all functions u,
defined in the domain €, for which there exist generalized (in the sense of S. L.
Sobolev) derivatives of order m, and

R , 1/2
p(u) = (Z Z HQLMUHLM(QJ < 00. (1)

k=1 |a|<my,
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In the seminorm p(u): 1) R,m, are natural numbers; 2) max, . my = m; 3)

1< g, <oo;4) Sgca) is a differential operator of the form

(@) _ pla)pla) (@) (o)
L, = Pk70 Pk,l "'Pk,mk—|a\—1pk,mk—\a\’
where
(@) (g o (@) (g’
PO = w e R = a0,

for |a] < my, 0 < j < my — |al; 5) the functions fy,iaj)(x’) are defined on T'(,

measurable and bounded.

Put

W) = =+ 1 @) + @), o <my, 1< <my—|al,

and, for simplicity of subsequent formulations, we shall assume that the follow-

ing condition is fulfilled.

Condition 1. In the case when |a| < m, — 1, there exists an £ > 0 such
that for any j; and j, satisfying the inequalities j; # jo, 1 < j; < my, — |o],
1 < jy < my — |al, the relation

mes ({x’ ely: ‘ggf‘;l (') + qgl‘ < 6} N {a:’ ely: ’ug,’;z(x’) + q;ll < s}) =0

holds.
Let

N = (o €Ty pf)@) < g}, 1<j<my—lal, | <my.
Let, further,

Q;Ca]) = P,i?P,E?;L_l '“Pliflrztkf\al’ 0<ji<m,—laf, o <my,

so that Q;ca) = Q;f‘g
If a function w;ca;(x/) is given on the set ng?, and if for a function u € V, after

J
a possible alteration of the function QECO‘; u on a set of measure zero in 2, the

equality

Jim (e’ ) = v @)
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holds for almost all ” € FECC’?, then we shall write

() _ o)
Yl = 015 @) 2)

Definition 2. By the space V we shall mean the totality of all such functions
u € V for which

QY

k,j ’Fﬁf‘)y =0, 1<5< my — |O¢|, |a| < My, 1<k<R, (3)
0

and, in addition, 0"u/ON"|p =0, v =0,...,m — 1, where N is the normal to
the manifold I';.

Remark. It is clear that if mesfgca; =0foral j=1,..,my — |a, |a] < my,
k=1,...,R, then

V={ueV: 9"u/ON"|p =0, v=0,...,m—1}.
In what follows we shall regard the space V as a normed space with norm p(uw).

3°. Properties of the space V.

Theorem 1. Let 1 < j <my —|a|, |a] <my, 1 <k < R. Then for all u € 1%
the inequality

@)y
ah ( 'In 1(1—|—x;1)Q§€a;u

(a)
o X, . 0

lor|<mny,

’Lq L (@
holds, where C is a constant independent of u. If, moreover, p(z,,) is a bounded
measurable function such that lim, _,,¢(x,) = 0, then the operator

(g N
A= o(x,)zn" @) In 1(1 —|—m;1)Q§€7;

acts from the space V into the space L, (©) and is completely continuous.

Remark. Theorem 1 can be strengthened; however, in that case its formulation
becomes more cumbersome.

Theorem 2. The space V is a reflexive separable Banach space, and the set
C(()OO)(Q) is dense in the space V.

The proof of inequality (4) is carried out by successive application of the gen-
eralized Hardy inequality (see, for example, (°)); here condition 1 is used. The
complete continuity of the operator A is proved as follows. For any § > 0 the
operator As = x;s(z)A, where x5(x) = 1if x,, > 0, and xs(x) =0 if z, < 9, is
completely continuous by the theorem of V. I. Kondrashov (). Further, from
inequality (4) and the condition lim, _, ¢(z,,) = 0 it follows that |A— A4 — 0
as § — 0, and, consequently, the operator A is completely continuous.
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The separability of the space V is obvious. Reflexivity follows from completeness,
since the unit sphere in V' is uniformly convex. To prove the completeness of V',

consider an arbitrary fundamental sequence {u;}, k = 1,2,.... By a standard
method one proves the existence of a function u € V' for which 9"u/ON" |, =0,
v=0,...,m—1, and, moreover, lim, , . p(u —u;) = 0. Further, that

the fact that, for u, relations (3) are satisfied is established with the help of
inequality (4).

The density of the set C’(()OO>(Q) in V is proved on the basis of inequality (4) by
the method of cut-off functions due to S. L. Sobolev.

4°. The first boundary-value problem for degenerate elliptic equa-
tions. In this section we shall confine ourselves to considering the first boundary-
value problem for linear elliptic equations. However, using the Vishik—Browder
theory, one could obtain, on the basis of Theorems 1 and 2, results on the solv-
ability and unique solvability of the first boundary-value problem for quasilinear
equations of elliptic type.

We shall assume that ¢; = ¢, = - = g = 2, i.e., that V is a Hilbert space, and
introduce the following notation. Let 0 < j < my — |al, |a| < my, 1 <k < R.
Put

()¢ _ plas (o) ()¢ pla):
’Ck,j = Pk)mkf\a\Pk,mk*bl‘*l “.Pk,ijlPk’j ’
where
a)* a j(a)(m/> y
li,j) — _ﬂx?ﬁ u  for |al <my, 0<j<my —|af,
and

P(a)*_ u= (—1)\&\Dgxxlk’mrk%a\(a]“,)u.
For example,
() _ pla)x _ pla)s (a)
0 = ko = ey ar Pro
For convenience of notation we renumber the entire collection of operators
)y, 0<j<mi—lal, o] <my 1<k<R,

by means of a single index: £, ... ,£T0, ..., L, in such a way that the operator

L'ECQJ) has number < T, when j = 0 and > T, when j > 0. Next, to each operator
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L;, 1 <1i < T, we assign a function b,(x) according to the following rule: if

£, :zk;, then

A

b(x) =1, if j=0, b(z) =z - >ln71(1 +a,t), ifj>0.

Introduce the following differential operators:

T
Llu - Z '5* Qs '5 u) L2u = Z L‘z(aii)@)ﬁzu)v

is—1 dys—1
Lu = Lyu+ Lyu, oy = Z L3 (( +a?(2))L,,).
Suppose the following conditions are satisfied:
1) o) @)] + |2 (2)] < Cby ()b, ():

2) a@)(x) =0 when max(i,s) < Ty;

3) lim Sup(|a (@) b7 ()b M (@) = 05

%Ox <8

T ) Ty
Z s (T)tiys > 5ozt$a €9 > 0.
izl

i,8=1

Put

V:{UEV Z‘ Qs +a’7,s( ))bgl(x) i ELQ(Q)}v

T
M(u,v) = Z /(ai?(m) + ag)(x))ﬁiu Lovde, wueV,veV.
Q
Consider the equation

Lu=f, fevV, (5)

and the first boundary-value problem for it
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Cgﬂaﬂ)u‘rf; = w;ﬂo";(x’), 1<j<my—lal, la| <my, 1<k<R,

3”u/5N"|F1 =1, (w), wel;, v=0,..,m—1. (6)
Denote by 2l the set of boundary conditions (6). The set of functions u € V

satisfying conditions (6) will be denoted by Vgl

Definition 3. A function w is called a generalized solution (g.s.) of equation (5)
if u eV and M(u,v) = (f,v), Vv e Céoo)(Q). A g.s. of the equations L*u = 0
and Lyu = 0 is defined analogously. We shall call a function u a g.s. of the first
boundary-value problem (6) for equation (5) if u is a g.s. of equation (5) and
u € Vy.

Denote by S, S*, and S, the sets of g.s. of the equations Lu = 0, L*u = 0, and
Lyu = 0, respectively, belonging to the space V.

Definition 4. Let VQI + 0. If M(u,v) = (f,v), Yv € §* and Vu € VQ[, then we
shall write {2, f} L S*.

The following theorems are consequences of Theorems 1, 2 and of the theory of
linear operators in Hilbert space.

Theorem 3. dim S = dim S* < .

Theorem 4. Let Vm # (0. Then a g.s. of the first boundary-value problem (6)
for equation (5) in the space V exists if and only if {2, f} L S*.

Theorem 5. Let ag)(x) =0, Vi,s =1,...,T. Let Vo # 0. Then in the space V'
there exists a unique g.s. of the first boundary-value problem (6) for equation
(5) for any right-hand side f € V*.

Theorem 6. If ag)(x) = a(s? (x), ag)(az) = a(s?(x), Vi,s =1,...,T,and Sy # V,
then the eigenvalue problem Lu — ALyu =0, u € V, leads to a real, discrete,
and finite-multiplicity spectrum with the only possible point of accumulation at
infinity; moreover, the corresponding system of eigenfunctions forms an orthog-
onal basis in the space V © S,.

Remark. Many concrete equations generally admit several representations in
the form (5), and this means that for them there exist several spaces of type
V' and boundary-value problems of the form (6) corresponding to these spaces.
We give a simple example (R =1, m = 2).

- 82 ’Yij<1/> 82’“
Lu=2_ Oz;00;, " w0, @)

,j=1
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where the function ;;(z") is measurable on I'j and SUP,/ s [7;;(z")| < 00. We

restrict ourselves here to indicating 4 forms in which the operator L can be
written,

0 0 0 0 0% @) O%u
Lu = g% — 20 7 T ij .
T By " By By By +WZ<:2” dz,00, " Ow0w,
NHw=0=0, v=r,,(a); 2) w=0, o=n9,,(@)—1,

? Al d*u

Oz,;0x;

2

Ly(Q)  i+j<2

9 1/2
) - (8)
Ly (@)

Condition 1 is satisfied; therefore in all 4 cases boundary-value problems of the
form (6) for equation (7) are posed as indicated above and are solved in spaces
of type V, determined by the seminorms (8).
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