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Abstract
Full Text
UDC 539.2

PHYSICS

M. I. KLINGER

QUANTUM THEORY OF THE NONSTA-
TIONARY CONDUCTIVITY OF POLARONS
IN SOME DISORDERED SYSTEMS*
(Presented by Academician S. V. Vonsovskii, 29 XII 1969)

In the present communication a theory is given of the nonstationary conduc-
tivity 𝜎(𝜔) of polarons in a homogeneous (weak) electric field 𝐸 ≡ 𝐸𝑥 ∝ 𝑒𝑖𝜔𝑡

(polaron absorption of electromagnetic waves) in a three-dimensional, spatially
homogeneous disordered system consisting of spatially (R𝑖) and energetically
(𝜀𝑖) inequivalent localization centers for polarons (in states |𝑖⟩). We have in
mind such systems, for example, at comparatively low concentrations 𝑁 of
centers and temperatures 𝑇 (and appropriate other parameters; see (1)), in
which 𝜎 ≡ 𝜎(0) is determined by nonadiabatic jumps of polarons over distances
𝑅 ≡ 𝑅𝑖𝑗 ≡ |R𝑖 − R𝑗| between nearest centers. At the mean distances under
consideration, 𝑟 ≡ (3/4𝜋𝑁)1/3 ≫ 𝑟𝐵 (𝑟𝐵 is the characteristic Bohr radius of the
electron at the center), the initial “small”quantity is the electronic resonance
integral Δ𝑒(𝑅) ∝ exp(−𝑅/𝑟𝐵), while the parameters of the (electron-phonon)
coupling Φ0 ≡ Φ(0) and Φ ≡ Φ(𝑇 ) are practically independent of 𝑟 (of 𝑅). As
in (1,2 ), a polaron is understood in the generalized sense as a quasiparticle of
electron (hole) type plus lattice deformation (i.e., an electron plus the phonons
(bosons) of any branch bound to it), both for weak (Φ0 ≡ Φ(𝑇 = 0) ≪ 1) and
for strong (Φ0 ≫ 1) coupling, including small polarons for Φ0 ≫ 1 and 𝑟𝐵 < 𝑎
(𝑎 is the lattice constant of the regular lattice). An example of such processes
is impurity conduction—the theory and model of similar systems and processes
were discussed in (1,4 ,5 ). The criteria for 𝜎 ≡ 𝜎(𝜔 = 0) are given in (1,5 ) in
the form Δ𝑎𝑣 ≪ 𝐴. For 𝜔 ≫ 𝐴, it is possible that for 𝜎(𝜔) they have the form
Δ𝑎𝑣 ≪ 𝜔, broadening the region (so that, possibly, 𝑁𝑐𝑟 increases with 𝜔).

1. The basic considerations are as follows. Processes of two principal types
determine 𝜎(𝜔): 1) jumps along “conducting chains”through the entire
system—the “normal”conductivity Σ(𝜔)—is determined (in the Kubo for-
mula) by the Fourier transform 𝐾𝑣𝑣(𝜔) of the time (𝑡) correlator 𝐾𝑣𝑣(𝑡) of
polaron velocities (𝑣𝑥): Σ(0) = 𝜎(0) ≡ 𝜎; 2) local polarization currents in
separate clusters 𝑧(≥ 2) of centers—the “polarization”conductivity 𝑆(𝜔)
is determined by the Fourier transform 𝐾𝑝𝑝(𝜔) of the correlator of dipole
moments ( ̂𝑝𝑥): 𝑆(0) = 0. The contribution 𝑆(𝜔) is substantial if, in the
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states |𝑘⟩ of a polaron in a cluster with energies 𝑈 (𝑘) (𝑘 = 1, 2, …), there
exist“large”dipole moments 𝑝𝑘𝑘′ ≡ ⟨𝑘| ̂𝑝𝑥|𝑘′⟩ ∼ 𝑒𝑅 (of zeroth order in the
“small”Δ𝑒(𝑅)). In the systems under consideration with hopping conduc-
tivity, when the width 𝐷 of the band (𝐷) of fluctuations of the levels 𝜀𝑖
and 𝜔𝑖𝑗 ≡ 𝜀𝑖 − 𝜀𝑗 is sufficiently large, i.e. |𝜔𝑖𝑗| ≫ Δ𝑒(𝑅𝑖𝑗) and 𝐷 ≫ Δ𝑒(𝑟),
𝑃 2

𝑑 ∼ (𝑒𝑅)2 ≫ 𝑃 2
𝑛𝑑; 𝑃𝑑 and 𝑃𝑛𝑑 are the characteristic diagonal (in 𝑘) and

off-diagonal dipoles.

* Some of the principal results were briefly presented in a review report delivered
by the author in September 1969 at the International Conference on Amorphous
and Liquid Semiconductors in Cambridge (England).

The theory is based on an adequate decoding of the Kubo formula for
𝜎(𝜔) = Σ(𝜔) + 𝑆(𝜔), following the approach and methods of 1 (§§ 3, 10). The
“normal”conductivity
Σ(𝜔) ≃ Σℎ(𝜔) ≃ |𝑒|𝑁𝑐𝜇0𝛽𝑊ℎ(𝜔, 𝑇 ) (|𝑒|𝑁𝑐𝜇0)*
is determined by the effective probability
𝑊ℎ(𝜔, 𝑇 ) = 𝑊ℎ(𝜔)𝐸−1

𝛽 (𝜔) ≡ 𝑧Δ2
𝐴𝑉 𝑉ℎ(𝜔)𝐸−1

𝛽 (𝜔) of uncorrelated 2-site hops
(per 1 sec.); here 𝛽 ≡ 1/𝑇 ; 𝐸𝛽(𝜔) = 1

2 𝜔 cth𝛽𝜔/2;
Δ𝐴𝑉 ≡ Δ𝐴𝑉 (𝑟) = Δ𝑒(𝑅0) and 𝑅0 ∼ 𝑟;
𝑉ℎ(𝜔) ∝ exp(−𝛽𝑊𝐷), and the activation energy 𝑊𝐷(≲ 𝐷) is due to fluctuations
( ̄𝜀𝑖) (in 1,5 the case 𝑇 > 𝐷, exp(−𝛽𝑊𝐷)(≃ 1), is not written explicitly). The
characteristic features of Σ(𝜔; 𝑇 ) (activated behavior with 𝑇 and nonmonotonic-
ity with 𝜔) and their meaning are discussed in 1,2. In particular, for Φ0 ≫ 1,
𝑇 < 𝜔/2 and 𝑇 < ℰ/2, Σ(𝜔) (for 𝜔 ∼ 𝜔𝑖𝑗

0 ) is determined by the average ⟨…⟩𝐴𝑉
decomposition of 𝑉ℎ(𝜔) in its semi-invariants and is a superposition (overlap-
ping for |𝜔𝑖𝑗| ≪ 𝜔0) of nearly Gaussian peaks at 𝜔 = 𝜔𝑖𝑗

0 ≡ 𝜔0 + 𝜔𝑖𝑗 and
𝜔0 = 4ℰ ≃ 2𝜔𝑝ℎΦ0: approximately
Σ(𝜔) ∼ |𝑒|𝑁𝑐𝜇0Δ2

𝐴𝑉 (𝜔𝛿0)−1⟨exp[−(𝜔 − 𝜔𝑖𝑗
0 )2/2𝛿2

0 ]⟩𝐴𝑉 .

2. Generally speaking, 𝑆(𝜔) = 𝑆𝐼(𝜔)+𝑆𝐼𝐼(𝜔): 𝑆𝐼(𝜔) and 𝑆𝐼𝐼(𝜔) correspond,
respectively, to polaron motion near a defect (over the nearest 𝑧(≥ 2) lat-
tice sites at 𝑅 = const) and over clusters of 𝑧(≥ 2) centers; for
Ω ≡ |𝜔𝑖𝑗/Δ𝑒(𝑅𝑖𝑗)| ≪ 1, 𝑆𝐼(𝜔) is discussed in detail in 2. (In 2 one may
have 𝑃 2

𝑑 ∼ (𝑒𝑅)2 for 𝑧 = 2, if Ω ≫ 1, or for 𝑧 > 2, if Ω ≪ 1 and the main
level 𝑈1 is degenerate.) Like 𝑆𝐼(𝜔),
𝑆𝐼𝐼(𝜔) = 𝑆𝐼𝐼

ℎ (𝜔) + 𝑆𝐼𝐼
𝑏 (𝜔) contains contributions 𝑆𝐼𝐼

ℎ (𝜔) of activated hops
and 𝑆𝐼𝐼

𝑏 (𝜔) of nonactivated “tunneling”(zonal-type) transfer under scat-
tering of polarons by phonons with characteristic relaxation time 𝜏𝐷 (one
—when 𝑧 = 2)**.

In the case considered for 𝑆𝐼𝐼(𝜔) (Ω ≫ 1), the estimates and (𝜔; 𝑇 )-dependences
of 𝑆𝐼𝐼(𝜔; 𝑇 ) are in fact determined by the contribution of individual character-
istic pairs (𝑧 = 2) of centers, at least if their characteristic sizes 𝑟𝑒𝑓 ≲ 𝑟 or are
qualitatively similar (see below). In such a “pair”approximation
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𝑆𝐼𝐼
𝑏 (𝜔) ≃ 𝑆𝐼𝐼

𝐷 (𝜔) (cf. 2); 𝑆𝐼𝐼
𝐷 (𝜔) corresponds to “tunneling”(not hopping) mo-

tion (of“large”dipoles 𝑃𝑑) of polarons in the band of“relaxational”broadening
(∼ 𝜏−1

𝐷 ) of the main level (𝑈 (1)), so that
𝑆𝐼𝐼

𝐷 (𝜔) ∝ 𝑃 2
𝑑 , but

𝑆𝐼𝐼
𝑏 (𝜔) − 𝑆𝐼𝐼

𝐷 (𝜔) ∝ 𝑃 2
𝑛𝑑 and 𝑃 2

𝑛𝑑 ≪ 𝑃 2
𝑑 . The concentration of such pairs

(each containing one of the 𝑁𝑐 polarons) 𝑛 ∝ 𝑁𝑐: apparently, approximately
𝑛 ≃ 𝑁𝑁𝑐. For 𝛽𝜔/2 ≪ 1, 𝑆𝐼𝐼

𝑏 (𝜔) ≃ 𝑆𝐼𝐼
𝐷 (𝜔) is described by a Debye-type

formula, which follows from

𝑆𝐼𝐼
ℎ (𝜔) ≃ 𝑛𝐸−1

𝛽 (𝜔) ⟨∑
2

∑
𝜀1𝜀2

𝜒(12)
𝐷 𝑃 2

𝑑 (𝜔12) (ch 𝛽𝑈12

2 )
−2

⟩
𝐴𝑉

, 𝜒(12)
𝐷 (𝜔) ≡ 𝜔2𝜏2

𝐷(𝜔)
1 + 𝜔2𝜏2

𝐷(𝜔) ;

(1)

𝑆𝐼𝐼
𝑏 (𝜔) ≃ 𝑒2𝑛𝐸−1

𝛽 (𝜔) ⟨∑
2

𝜒̄(12)
𝐷 (𝜔) 𝐺(|𝜔12| < 𝐷0; 𝑅12)𝑅2

12⟩
𝐴𝑉

,

𝜒̄(12)
𝐷 (𝜔) ≡ {𝜒(12)

𝐷 (𝜔) for |𝜔12| = 𝐷0 < {2𝑇 ; 𝐷}}, (2)

* We denote: 𝑁𝑐 is the concentration of current carriers; 𝜔𝑝ℎ and 𝜔𝑀 are the
characteristic and maximum phonon frequencies (of the essential branch); (𝑎𝑐)
and (𝑜𝑝𝑡) are acoustic and optical phonons;
𝜔(𝑎𝑐)

𝑝ℎ = 𝜋𝑠0(max{𝑟𝐵; 𝑎})−1,
𝜔(𝑎𝑐)

𝑀 ≡ 𝜔𝐷 = 𝜋𝑠0/𝑎 (𝑠0 is the speed of sound) in the long-wavelength approxi-
mation, quantitatively adequate for 𝑟𝐵 ≫ 𝑎;
𝜔(𝑜𝑝𝑡)

𝑀 ≃ 𝜔(𝑜𝑝𝑡)
𝑝ℎ ≡ 𝜔𝑜𝑝𝑡. The polaron gas is not strongly degenerate and

𝑇 > Δ𝐴𝑉 exp(−Φ); ℏ ≡ 1; 𝑘 ≡ 1.
** If Φ0 ≫ 1, then 𝑆𝐼𝐼(𝜔) = 𝑆𝐼𝐼

ℎ (𝜔) for 𝑇 > 𝑇𝑥𝑥 or (and) 𝜔 > 𝜔𝑥𝑥, but
𝑆𝐼𝐼(𝜔) = 𝑆𝐼𝐼

𝑏 (𝜔) for 𝑇 < 𝑇𝑥𝑥 and 𝜔 < 𝜔𝑥𝑥, where
𝑇𝑥𝑥 < 𝑇𝑥, 𝜔𝑥𝑥 ∼ 𝜔𝑀/2, and 𝜏−1

𝐷 ≪ 𝜔𝑥𝑥 < 𝜔𝑝ℎ;
𝑇 (𝑜𝑝𝑡)

0 = 𝑇 (𝑜𝑝𝑡)
1 (Arsh 2Φ0)−1;

𝑇 (𝑎𝑐)
1 ≃ 𝑇 (𝑎𝑐)

0 (2𝜋Φ1/4
0 )−1. If Φ0 ≪ 1, then 𝑆𝐼𝐼(𝜔) = 𝑆𝐼𝐼

𝑏 (𝜔) at least for 𝑇 < 𝑇0
and 𝜔 < 𝜔𝑝ℎ.

where 𝑈12 ≡ 𝑈1 − 𝑈2; 𝑃𝑑(𝜔12) ≡ |𝑝(1) − 𝑝(2)| ∼ 𝑒𝑅 for Ω ≫ 1; 𝐺(|𝜔12| <
𝑥; 𝑅12) = ∫𝑥

−𝑥 𝑑𝜔12𝑔2(𝜔12; 𝑅12); 𝑔2 is the distribution of“pairs”(𝑅12) over 𝜔12,
so that 𝐺(|𝜔12| ≤ 𝑥; 𝑅12) ≈ 1 for 𝑥 > 𝐷; for 𝑥 < 𝐷, evidently, for estimates
one may take 𝐺(|𝜔12| < 𝑥) ≈ 𝐺0(|𝜔12| < 𝑥) ≡ 𝑥/𝐷. In (2) it is taken into
account that the main contribution to (1) is made by |𝜔12| < {2𝑇 ; 𝐷}, since the
expression 𝜒(12)

𝐷 (𝜔)𝑃 2
𝑑 (𝜔12)(ch𝛽𝑈12/2)−2 is maximal at |𝜔12| = 𝐷0 < {2𝑇 ; 𝐷}.

Estimates of 𝜏𝐷(𝜔), decreasing with 𝑇 , give the following (these estimates are
valid both for 𝑆𝐼

𝑏 (𝜔) and for 𝜎𝑏
𝑥𝑥(𝜔) of small polarons (1) in an ideal lattice): 1)
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𝜏−1
𝐷 (𝜔) = 𝑊𝑠𝑐(𝜔; |𝜔12| < 𝐷0) ≪ {𝜔𝑝ℎ; 𝑇 } in the region of applicability of the
theory (𝑊𝑠𝑐 is the probability of polaron scattering per 1 sec.); 𝜏𝐷(𝜔 ≪ 2𝑇 ) ≃
𝜏𝐷 ≡ 𝜏𝐷(𝜔 = 0), but 𝜏𝐷(𝜔) may increase with 𝜔 for 𝜔 > 2𝑇 (for Φ0 > 1 this
is substantial only if also 𝜔𝑥𝑥 > 2𝑇 ); 2) for Φ0 ≪ 1, 𝜏−1

𝐷 (𝜔) ≈ 𝑊ℎ(𝜔; 𝑅 =
𝑅12)/𝑧 ∝ Δ2

𝑒(𝑅12), but for Φ0 ≫ 1 usually 𝜏−1
𝐷 (𝜔) ≫ 𝑧−1𝑊ℎ(𝜔; 𝑅 = 𝑅12) and

𝜏−1
𝐷 (𝜔) ∝ Δ4

𝑒(𝑅12); 3) for Φ0 ≪ 1 and 𝑇 < 𝑇 (𝑎𝑐)
0 , for (𝑎𝑐) 𝜏−1

𝐷 ∝ 𝑇 (or 𝜏−1
𝐷 ∝

𝑇 𝛼, 0 < 𝛼 ≤ 1) for 1-phonon scattering (not too small 𝜔𝑝ℎ/𝐷), but 𝜏−1
𝐷 ∝ 𝑇 3

for 2-phonon scattering; 4) for Φ0 ≫ 1 and 𝑇 < 𝑇 (𝑎𝑐)
1 , for (𝑎𝑐): 𝜏−1

𝐷 ∝ 𝑇 (or
𝜏−1

𝐷 ∝ 𝑇 𝛼, 0 < 𝛼 ≤ 1) for 1-phonon and 𝜏−1
𝐷 ∝ 𝑇 7 for 2-phonon scattering; 5)

for (𝑜𝑝𝑡), in general, 𝜏𝐷 ∝ (sh𝛽𝜔𝑜𝑝𝑡/2)2 (for 𝜔(𝑜𝑝𝑡)
𝑀 ≃ 𝜔(𝑜𝑝𝑡)

𝑝ℎ ≡ 𝜔𝑜𝑝𝑡).

Because of the sharp dependence of 𝜏𝐷 on 𝑅12, in (2) one may approximate
(cf. (3)) (𝜔𝜏𝐷(𝜔, 𝑅12) + 1/𝜔𝜏𝐷(𝜔; 𝑅12))−1 ≈ 𝜋𝑟𝑅𝛿(𝑅12 − 𝜌0) for 𝜌0 ≲ 𝑟, where
𝜌0 ≡ 𝜌0(𝜔, 𝑇 ) is determined from 𝜔𝜏𝐷(𝜔, 𝜌0) = 1. This means that (for 𝜌0 ≲ 𝑟)
only selective pairs with 𝑅12 = 𝜌0(𝜔, 𝑇 ) determine 𝑆𝐼𝐼

𝑖 (𝜔); for example, for
𝛽𝜔/2 ≪ 1 we have for (𝑎𝑐): 𝜌0/𝑟𝐵 ∝ ln(𝑇 /𝜔) for 1-phonon scattering both
for Φ0 ≫ 1 and for Φ0 ≪ 1 (or 𝜌0/𝑟𝐵 ∝ ln(𝑇 𝛼/𝜔), 0 < 𝛼 ≤ 1), while for
2-phonon scattering 𝜌0/𝑟𝐵 ∝ ln(𝑇 3/𝜔𝑇 2

𝑝ℎ) for Φ0 ≪ 1, or 𝜌0/𝑟𝐵 ∝ ln(𝑇 7/𝜔𝑇 6
𝑝ℎ)

for Φ0 ≫ 1; for (𝑜𝑝𝑡), 𝜌0/𝑟𝐵 ∝ 𝐴 − 𝛽𝜔𝑜𝑝𝑡, 𝐴 = const; 𝑇𝑝ℎ ≡ 𝜔𝑝ℎ/2. However,
the contribution of jumps 𝑆𝐼𝐼

ℎ (𝜔) is determined rather by pairs 𝑅12 ≲ 𝑟 and is
not so sensitive to the value of 𝑅12 (since pairs 𝑅12 ∼ 𝑟 give “large”dipoles
𝑃𝑑 ∼ 𝑒𝑟), for it contains no sharp 𝑅-dependences of the type Δ𝑒(𝑅).

3. As a result one can write the following estimates for 𝑆𝐼𝐼(𝜔). In the region
(𝐺ℎ) ≡ {𝑇 > 𝑇𝑥𝑥 or (and) 𝜔 > 𝜔𝑥𝑥 for Φ0 ≫ 1}

𝑆𝐼𝐼(𝜔) = 𝑆𝐼𝐼
ℎ (𝜔) ∼ 𝑒2𝑛𝜔2𝑟5

𝑒𝑓𝐸−1
𝛽 (𝜔)𝑉ℎ(𝜔, 𝑇 ) for 𝑟(≷)𝑟𝑒𝑓(≫ 𝑟𝐵), (3)

so that 𝑆𝐼𝐼
ℎ (𝜔, 𝑇 ) ∝ 𝜔2𝐸−1

𝛽 (𝜔)𝑉ℎ(𝜔, 𝑇 ): the behavior of 𝑆𝐼𝐼
ℎ (𝜔, 𝑇 ) with varying

𝜔 and 𝑇 is analogous to the behavior of 𝜔2Σ(𝜔, 𝑇 ) (see above for Σ(𝜔, 𝑇 )) and
is characteristic of jumps, including an almost Gaussian peak at 𝜔 ∼ 𝜔0 = 4ℰ𝜎.
In the region (𝐺𝑏) ≡ {𝜔 < 𝜔𝑥𝑥 and 𝑇 < 𝑇𝑥𝑥 for Φ0 ≫ 1, or 𝜔 < 𝜔𝑝ℎ and 𝑇 <
𝑇0 for Φ0 ≪ 1}

𝑆𝐼𝐼(𝜔) = 𝑆𝐼𝐼
𝑏 (𝜔) ∼ 𝜋𝑒2𝑟𝐵𝑛𝜔𝜌4

0𝐸−1
𝛽 (𝜔)𝐺(|𝜔12| < 𝐷0; 𝜌0) for 𝑟 ≳ 𝜌0(≫ 𝑟𝐵).

(4)

Hence, taking into account the estimates for 𝜌0(𝜔, 𝑇 ) and 𝐺 (for simplicity
𝐺 ≈ 𝐺0), the 𝜔- and 𝑇 -dependences for 𝑆𝐼𝐼(𝜔, 𝑇 ) in (𝐺𝑏) follow, for 𝜔min < 𝜔 ≪
𝜔max and 𝑇 ′

min ≪ 𝑇 < 𝑇max*, when 𝑟 ≳ 𝜌0 ≫ 𝑟𝐵. (For Φ0 ≫ 1, the conditions
𝑇 < 𝑇max and 𝜔 < 𝜔max are usually inessential, since 𝜔𝑥𝑥 < 𝜔max and 𝑇𝑥𝑥 <
𝑇max—the region of such 𝜔 and 𝑇 that 𝑟 ≳ 𝜌0 ≫ 𝑟𝐵 is relevant experimentally.)
Thus in (𝐺𝑏): 1) 𝑆𝐼𝐼(𝜔, 𝑇 ) grows with 𝑇 : for 𝐷 ≫ 𝑇 , 𝑆𝐼𝐼(𝜔, 𝑇 ) ∝ 𝜌4

0(𝛽𝐸𝛽(𝜔))−1;
in particular, this growth is weak (almost logarithmic, weaker than ∼ 𝑇 ) for
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* A preliminary analysis of 𝑆𝐼𝐼
𝑏 (𝜔) for 𝜌0 ≳ 𝑟 suggests that, probably, also in

this case the essential clusters of centers can be treated as a set of effective pair
clusters with 𝑅12 ∼ 𝑟. If this is so, the estimate (4) for 𝜌0 ≳ 𝑟 is modified only
by the replacement 𝜋𝑟𝐵𝜌4

0 → 𝜔𝑟5 and (𝜌0 → 𝑟 in 𝐺).
𝜔 < 2𝑇 and under scattering (especially one-phonon scattering) by acoustic
phonons (𝑎𝑐); 2) 𝑆II(𝜔, 𝑇 ), generally speaking (at least for 𝜔 ≪ 2𝑇 ), increases
with 𝜔, 𝑆II(𝜔) ∝ 𝜔𝜌4

0𝐸−1
𝛽 (𝜔), or, approximately, 𝑆II(𝜔) ∝ 𝜔𝑠 for 0 < 𝑠 ≡

𝑠(𝜔, 𝑇 ) < 1, where 𝑠 decreases (logarithmically) with 𝜔/𝑇 , but possibly also
𝑠 ≈ 0 (a plateau) for 𝜔 ≳ 2𝑇 (and even a decrease with 𝜔, 𝑠 < 0, for 𝜔 ≫ 𝜔1 >
2𝑇 and Φ0 ≪ 1, with 𝜔1 ≫ 𝜏−1

𝐷 , but apparently 𝜔1 < 𝜔𝑝ℎ).

In general, taking account of 𝑆I(𝜔) from (2), we have: 1) for Φ0 ≫ 1, 𝑆(𝜔)
increases with 𝜔 up to an almost Gaussian peak at 𝜔 ∼ 𝜔0: as 𝜔𝑠 in (𝐺𝑏) (with
0 ≤ 𝑠 < 1, or 𝑠 = 2, and (for (𝜔𝜏𝐷) > 1) 𝑠 = 0 for the cases and frequencies
for which 𝑆(𝜔) = 𝑆II(𝜔) or 𝑆(𝜔) = 𝑆I(𝜔), respectively), but more strongly (see
above and (1,2 )) in the region (𝐺ℎ); 2) for Φ0 ≪ 1 and 𝜔 < 𝜔1, 𝑆(𝜔) does not
decrease with 𝜔 and increases as 𝜔𝑠 (0 ≤ 𝑠 < 1 or 𝑠 = 2) for 𝜔 < 2𝑇 . In contrast
to Σ(𝜔), 𝑆(𝜔) does not contain a strong dependence ∼ Δ𝐴𝜈2(𝑟), and in (𝐺𝑏) it
likewise does not contain a temperature activation factor: 𝑆(𝜔) ∝ 𝑇 𝛼 → 0 as
𝑇 → 0, 𝛼 ∼ 1 (cf. (3,4 )). Qualitatively, the graph of 𝑆(𝜔) is analogous to Fig.
1 in (2) (to Fig. 4 in (2) and Fig. 2 in (1) for 𝑇 < 𝑇𝑥𝑥, there may be either
𝜎 ≡ 𝜎(0) < 𝜎(𝜔0), or 𝜎 > 𝜎(𝜔0), depending on 𝑇 and other parameters).

In view of the similarity of the behavior of 𝑆(𝜔, 𝑇 ) in (𝐺ℎ) and Σ(𝜔, 𝑇 ) (more
precisely, 𝜔2Σ(𝜔, 𝑇 )), the behavior of 𝜎(𝜔, 𝑇 ) for Φ0 ≫ 1 is also qualitatively
analogous, independently of the magnitude of Σ(𝜔)/𝑆(𝜔) (≷ 1), although in
(𝐺𝑏), for 𝜔 < 2𝑇 , the parameter 𝑠 may vary as indicated. In fact, 𝜎(𝜔) ≃ 𝑆(𝜔)
for 𝜔 > Δ𝐴𝜈, at least, but in (𝐺𝑏) in reality also at lower 𝜔 > 𝜔2, where
𝜔2 < {Δ𝐴𝜈; 𝜏−1

𝐷 }, with Σ(𝜔2) = 𝑆(𝜔2). For 𝜔 < 𝜔2 (in (𝐺𝑏)) or 𝜔 < Δ𝐴𝜈,
𝜎(𝜔) ≃ Σ(𝜔), and for 𝜔 < 2𝑇 , 𝜎(𝜔) − 𝜎 ∝ 𝜔𝑠=2 (1). For Φ0 ≪ 1, 𝜎(𝜔) ≃ 𝑆(𝜔),
and 𝑆(𝜔) determines the behavior of 𝜎(𝜔) for 𝜔 > 𝜔2.

For Φ0 ≪ 1 and 𝜔 ≪ 2𝑇 , the formulas following from the theory, 𝑆II(𝜔) =
𝑆II

𝐷(𝜔), are analogous (in justification and range of applicability) to those pro-
posed in (3) for 𝑆II

𝐷(𝜔) (on the basis of the Debye formula for dielectric losses),
but with the interpretation of 𝑆II

𝐷(𝜔) as the conductivity of the tunneling (not
hopping) type in the sense that the correlator 𝐾𝑏

𝑝𝑝(𝑡) ∝ exp(−𝑡/𝜏𝐷) for 𝑡 ∼
𝜏𝐷 ≫ 𝛽, whereas the behavior of the hopping correlator 𝐾ℎ

𝑝𝑝(𝑡) at substantially
small 𝑡 ≪ 𝛽 is essentially different (1). This distinction, and the distinction
between 𝑆II

ℎ (𝜔) and 𝑆II
𝑏 (𝜔) for Φ0 ≫ 1, is essential for a correct calculation of

𝑆(𝜔) for Φ0 ≫ 1 (and, in general, of other kinetic coefficients for 𝜔 ≠ 0).
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