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We consider the operators

k=0 n=0

(A — K)o = Molt) — \/% /0 K(t—s)p(s)ds,  t>0, 2)

in the so-called exceptional case, when their symbols

- n _ _L = eiwt
alt)= Y at",  A—K(x)=A m/ook(t) dt

n=—oo

vanish on the unit circle or, respectively, on the real axis. In this connection
we note a series of papers (1719), in which a number of cases of the indicated
operators are investigated, and above all the case of zeros of power type.

Below the operators (1) and (2), admitting factorization, are studied under the
assumption that their symbols have on the contour a finite number of arbitrary
zeros of finite order. For them a theory of normal solvability is constructed, the
index is computed, and new exceptional cases are presented.

1. Normalization of linear operators with nonclosed range. A linear
(bounded) operator A in a Banach space X is called a ®-operator*, if its range
im A is closed in X, and the d-characteristic (a4, 84) = (dimker A, dim ker A*)
is finite. The index of the operator A is the number 4, = a4 — 4.

If the operator A is not a ®-operator, then by its normalization we shall mean

the construction of a ®-operator Zﬂ differing from A by the assignment of a new
space of ranges**.
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Definition. We shall say that a linear operator A(X — X) admits a normal-
ization if there exists a Banach space DX, imA C DX C X, such that the
operator A(X — DX), Ap = Ap for all ¢ € X, is a ®-operator.

If a4y < 00, then the operator A always admits a normalization. In this case the
choice of the space DX can be made, generally speaking, in a nonunique way.
As DX one may take the space im A4+L, L C X \im A, with the corresponding
renorming.

Definition. By the order of a normalization of the operator A we shall mean
the number dim ker A*. A normalization of the operator A will be called proper
if ker A* C ker A*. Among all proper normalizations possible for the operator
A, the maximal one will be that which has the highest order.

* Another common name is a Noether operator, i.e. one satisfying the theorem
of F. Noether (see, for example, (1)).

** In this connection see also (7).

In order that the operator A admit a maximal normalization, it is necessary and
sufficient that its d-characteristic be finite. If 84 = 0 (a4 < ©0), then such a nor-
malization is unique (DX = im A). If 84 # 0, then the maximal normalization

is carried out in a nonunique way, but always ker A = ker A, ker A* = ker A*.

2. Discrete Wiener-Hopf operator. Consider the Banach algebra W of
functions a(t), continuous on the unit circle, that expand into an absolutely

convergent Fourier series,
(oo}
a(t) = E ath.
k=—0oc0

In W we shall distinguish the subalgebras W= of functions, respectively, of the
form

a*(t):Zaktk and a (t) = Z a,tt.
k=0

The algebra W generates the linear manifold 20 of Wiener-Hopf operators of

the form (1). If
Z |a‘k| < 00,
k=—00

then the operator A is defined and bounded in the spaces [,, (1 < p < 00),
¢! *, and its symbol belongs to the algebra W. The algebras W* generate
commutative algebras 20* C 20 of operators A, of the form (1), whose symbols
a*(t) € W*. The spaces of maximal ideals of the algebras W, W+ are described
as follows ((12), pp. 31-32): a) the set of all functions a(t) € W satisfying the
condition a(ty) = 0, [¢;| = 1, forms a maximal ideal J, of the algebra W; b)
the set of all functions a*(t) € W satisfying the condition a*(z,) = 0, |z, < 1
(Izo| > 1), forms a maximal ideal JZ of the algebra W*; the indicated ideals

exhaust all maximal ideals of the algebras W, W=*. Those ideals J;—; of the
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algebras W= that correspond to points |zy| < 1 (]z5| > 1) will henceforth be
called essential, and the remaining maximal ideals of these algebras—inessen-
tial. The essential ideals J ng admit a simple description in terms of the volume
of the functions contained in them: if a*(t) € JZ, || < 1 (|20 > 1), then there
exists a natural number k. such that

a*(t) = (5! — z)*ag (1),

where ay(z) # 0. If A, € 2W* and its symbol a*(t) € JE, where |z,| < 1
(|zg] > 1), then the above number k. will be called the characteristic of the
operator A, (or of its symbol a*(t)) at the point z,.

Denote by 9(zg) = {,}7, the following vector from I, : 1y = —zy, ¥} = 1,
¥, =0, k> 1, generated by the function t — z; € W+. By [1)(2)]™ denote the
m-fold convolution

Y(2g) * P(20) * - * P(2p),

i.e. the vector of Fourier coefficients with nonnegative indices of the function
(t—29)™ € W*. We give the definition of the characteristic of the operator A
at the point ¢y, |ty| = 1, corresponding to an inessential maximal ideal Jtio. This
characteristic depends, generally speaking, on the space in which the operator
A_ is considered.

Definition. Let A, € 2%, and let its symbol a*(t) € Ji, [to] = 1, and
at(t)e Jf, 2| <1, z# ¢t If

[W(tg)]™ €im A, = A (1),

but
[ih(te) ™t ¢im A,

then we shall say that the operator A, (or its symbol a*(t)) has, at the point
ty, an l,-characteristic equal to m. Let A_ € 207, and let its symbol belong
to only one maximal ideal J{O , |to] = 1. We shall say that the operator A_
(or its symbol a™(t)) has at the point #, an [,-characteristic equal to m, if its

transposed operator
AT =A, € Wt
has at the point
ty =tot

an [,-characteristic equal to m. The definition of the [ -characteristic extends
in a natural way to the case of operators A_ whose symbols belong to only a
finite number of maximal ideals of the algebras W,.

* The elements of the indicated spaces are vectors ¢ = {p, }22,. For a detailed
definition see (13).

An arbitrary operator A € 20 is a P-operator if and only if its symbol a(t)
belongs to none of the maximal ideals of the algebra W (13). Moreover, when
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the indicated condition is fulfilled, the operator A admits a factorization, i.e., a
representation in the form A = A_A, where A, € 20%. If the symbol a(t) of
the operator A has the form

n
H t—t,)alt),

where |t,] = 1, Reay, > 0, a(t) # 0 on the unit circle, then the operator A
admits a maximal normalization of finite order (%:9:19).

By F we denote the class of operators A € 2 admitting a factorization A =
A_A,. Tt is assumed here that the symbols a*(t) of the operators A, belong to
no more than a finite number of maximal ideals of the algebras W+ and, at all

points corresponding to inessential maximal ideals, have finite [,-characteristics.

Theorem 1. Let A_ € 20~. In order that in the space m, =l +a, =
dimker A_ < o0, it is necessary that the symbol a™ (¢) of the operator A_ belong
only to a finite number of maximal ideals of the algebra W~. If A_ € F, then
ay < 00.

The validity of the theorem follows from the fact that if a=(¢) belongs to
inessential ideals J; , [t,| = 1, & = 1,2,...,n, and to essential ideals J_,
|| > 1, I = 1,2,...,m, has finite I -characteristics at the points ¢;, and at
the points z; characteristics equal to s;, then the linear spans generated by the
following systems of vectors:

= {20 T<k<mg = (1) ()5 )2y 0<j< 8-

belong to ker A_. If, moreover, a~(¢) belongs to no other maximal ideals of
the algebra W™, then the direct sum of the indicated spans coincides with the
subspace ker A_.

Corollary 1. In order that A, € 20* admit in the spaces [, (1 <p < 00), ?
a maximal normalization of finite order, it is necessary, and if A, € F, also
sufficient, that its symbol a*(t) belong only to a finite number of essential

maximal ideals of the algebra W+,

Corollary 2. Let A_ € F and let A . be the ®-operator generated by the
maximal normalization of the operator A_. Then

m

X7 —<n+§ 51) inl, and xjy :—g spinl,, (p>1), ¢
+ +
=1

=1

X7 = —Xxji inall spaces [, (p>1), e
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Consider in the spaces [,, (1 <p < o0), c? the operator A = A_A, € F. Let
m* be the number of essential maximal ideals J7% to which the symbols a*(t)
k

of the operators A, belong; let s be their characteristics at the points z; let

n* be the number of inessential maximal ideals J; to which the functions a*(t)
J

belong; and let ozji (p) be their l,-characteristics at the points t]i. Introduce the

following notation:

m n
st = Zsf, a*(p) = Zozji(p) (p > 1 in the case of the space [,,, p =0
k=1 =1

in the case of the space cg; p = oo in the case of the space m,). Under the
indicated assumptions the following result holds:

Theorem 2. In the spaces [,,, (1 <p < 00), o

a, =max(s™ — st —af(p), 0).

In the spaces [,,, (1 <p < 00), o

Ba=max(st —s" —a (p'),0), p =p/lp—1)

in the space I

Ba=max(s" + 17 —a(c0), 0),

where i (0 <72 < n') is the number of maximal ideals Jt‘; that differ from each
of the maximal ideals Jt; ,1<5<n".

It follows from Theorem 2 that the operator A € F always admits a maximal
normalization of finite order. In those cases where the construction of the oper-
ator A~ is known, it is possible to describe effectively the subspace im A4, and
with it the space DX of images of ®-operators A.

3. The Wiener-Hopf integral operator. If k(t) € L(—o0, c0), then the op-
erator (2) is defined and bounded in the spaces L, (0,00) (1 < p < 00), C°(0,00).
Tts symbol A — X '(z) belongs to the Banach algebra R of functions continuous
on the real axis and representable by an absolutely convergent Fourier integral,
enlarged by adjoining constants by one dimension. R* are the subalgebras of R
consisting of functions analytically continuable into the upper (lower) half-plane.
By a factorization of the operator Al — K one understands its representation in
the form A\ — K = (A\_I — K_)(A, I — K ), where the operators A\, I — K__ have
symbols A\, — X*(z) € R*.
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The real axis, completed by one infinitely remote point, and the upper (lower)
closed half-plane are spaces of maximal ideals of the algebras R, RT (R™),
respectively. Analogously to the case of the discrete operator, essential and
inessential maximal ideals of the algebras R*, and the L -characteristics of the
operators A\, I — K, are defined. In this case the role of the vector v(z,) is
played by the function

V.. () = {z 2mexp(—t)[1 + (297 — 1)t], if 2y # o0,

—iv2mexp(—t), if z5 = oc.

Its Fourier transform has the form

V(@) = {@ 2w+ i)7 iz 0o,

(x+14)71, if zy = o0.

For the operator (2), admitting such a factorization that the symbols of the
factor multipliers belong to only a finite number of maximal ideals of the algebras
R* and have finite L,-characteristics at points of the real axis, results hold
analogous to Theorems 1, 2 and the corollaries following from them. The general
scheme of the proof of these theorems is preserved, with the small change that
in the case under consideration the space L, (0,00) is not a part of M(0,00),
and therefore the analogue of Theorem 1 must be proved separately for each
space under consideration.
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