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1°. Introduction.
In 1916 L. Fejér (1) proved the following important theorem.

Let f(x) be an arbitrary continuous function on the segment [—1,1], and let
H,(f,z) be the polynomial of degree (2n — 1), uniquely determined by the
conditions

H,(f2") = @), H(f2") =0,  k=12..n

(n) _ 2k —1
T, = cos T
2n

Then the relation

H,(f,2) = f(x),  n—o0

holds uniformly on [—1, 1].

Let us now consider the so-called extended Hermite-Fejér interpolation polyno-
mial F,(f,z) of degree (2n + 3), which is uniquely determined by the equalities

Fi(f,=1)=0,  F.(f,2{")=f@™),  Fi(f,a)=0, k=12 ..,n,
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where {mgcn)}zzl are the Chebyshev nodes (1). In (2, 3) it was proved that
the process constructed even for such a simple function as |z| diverges at x = 0.
Since the node matrix of the process {F,,}22; is obtained by extending the node
matrix of the process {H, }5° ; by adding the points +1 as nodes, this result, in
view of the aforementioned theorem of L. Fejér, is unexpected. We now weaken
conditions (2); namely, we consider the polynomial A, (f) of degree (2n + 2),
which is uniquely determined by the equalities

A () = fay), (3)

A (f 2"y =0,  k=1,2,..,n,
where xgem are, as before, the nodes (1). The polynomials A, are in a certain
sense closer to the polynomials H,, than are the polynomials F),. Therefore the
question of whether the process {4,,(f)}52; will converge uniformly for every
function continuous on [—1,1] is of definite interest. Recently R. B. Saxena (%),
with the aid of results from (3), proved simply that the process {4, (f)},
diverges at = 0 if f(z) = |z|. Thus here the same situation occurs as in the
case of the process {F,, (f)}°

n=1-
In connection with the above, the following questions arise:

1. Does there exist a function continuous on [—1,1] for which the process
{A, (f,z)}5, diverges at all points of (—1,1)?

2. Does there exist a function continuous on [—1, 1] for which the process
{F,,(f,z)}>, diverges at all points of (—1,1)7
In this note only the first question is considered. The second question is resolved
in an analogous way.
2°. Formulation and proof of the theorem.

Theorem 1. The interpolation process {A,,(f,x)}>2,, constructed at the nodes

(1) for f(x) =1— a2, diverges at all points of the interval (—1,1).
Proof. We need the following

Lemma. For any 0 € [0,7/2] one can find a sequence of natural numbers
ny < ng < -, n — 00, k— 00, such that the equality

lim sin? nyd =0
k—oo

holds.
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The polynomial A, (f,z), uniquely determined by the conditions (2), has the
form

Ap(fr ) =

(1;:3) Fe1) 4 142rx {1 N 4n22+ 1(1 x)}f(l)] T2(x)+

©3° ey =00 =) (=) + (14 20w ) o

S 1-a2)(1-w,) n?(x—w,)? "

v=1

T,

" (z) = cosnarccos x. (4)

Therefore, for f(x) = 1 — 22 we have:

(1—x)(1—mT2 {

A (f,w) =

M:
)=
L+
Ha
l\’)
+
T
INRE
A
o
\
&%)—‘
N
—
8|
\
8
N
|

Let us note that

1422, -~ 1422 n 3

Consequently, (5) can be written in the form

— (1 —2)T2(x " n x n

n ~(r—w,)? —H(@-n,) Hr-uz,
1422 & 1 3 & 1
l—2z ~Hz—x, Jr:c—l;l—xl,
(6)
It is known that
T/ (z) = 1 (1—2)T?(x) & 1 sin 2n6 cos 0
n = , n =1— - , x =-cosb,
T, (x) ; x—x, n? ; (r—x,)? 2n sin 6
=n? (7)
; 1—2z,
Therefore from (6) we derive
in 2nf sin 26
An(f,x):(1—x2)+w—35m290052n9, x =cosf. (8)

2n

Consider first the case when 0 < x < 1. Suppose that, for some z in [0, 1),
convergence of the process {A,, (f,x)}5°, takes place. Then, by (8), we have

sin 2n6 sin 20/2n — 3sin® 0 cos? nf — 0, n — oo. (9)
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This equality is equivalent to the equality

lim cos?né = 0, 0 e (0,7/2],

n—oo
which contradicts the lemma. Consequently, in [0,1) the process diverges.

Consider now the interval (—1,0). If at some point € (—1,0) the process
{A,}22, converged, then, according to the preceding, lim,,_, . cos?nf = 0 (9),
where £ = cosf. Put 0 =7 — 60, 7/2 < 0 <w. Thus 0 < 6 < w/2. Since

cos? nf = cos®nb,

it follows from (9) that lim, , . cosnf = 0. This again contradicts the lemma.
Thus the process {A,,(f)}52, also diverges on the interval (—1,0). The theorem
is proved.

Along with the polynomial A,,(f,z), consider the polynomial B,,(f, z), uniquely
determined by the conditions

B,(f,1)=f1),  B,(f,-1)=f(=1),  B.(f,—1) =0,

B,(f.af") = f@),  Bu(fa”)=0,  k=12..n
By an almost verbatim repetition of the arguments in the proof of Theorem 1,
we obtain Theorem 2.

Theorem 2. The interpolation process { B, (f,x)}°, constructed at the Cheby-
shev nodes (1) for f(x) = 1— 22, diverges at all points of the interval (—1,1).

Corollary. The interpolation process {A, ()}, constructed at the Chebyshev
nodes (1) for f(x) = 22, diverges at all points of the interval (—1,1).

Indeed, for f =1, A,,(f) = 1, hence

A,(1—222)=1—A4,(2%z). (10)

If, for x € (—1,1), A,(2%,2) — 2%, n — oo, then, according to (10), A, (1 —

22 x) — 1 — a2, n — oo, which contradicts Theorem 1.

Theorem 3. The interpolation process {A, (f)}52,, constructed at the Cheby-

n=1’

shev nodes (1) for f(x) = x, diverges at all points of the interval (—1,1).
Proof. Since A,(1,z) =1, according to (4),

(x—1)? (1-a)1-a®)~1—-2))+(1+22,)(@—1,)

_ _ 72
1 An(za I) Tn (l‘) 2 + 7’L2 P (1 _ l’g)(l’ _ 371,)2
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Hence, after simple transformations, we obtain

1—A,(z,2) :Tf(ac) (36—21) + (1—55)(21_95 ) (2(133_ 1) Z 1—1x

n v=1
= 1 20 +1 & 1 2 1
T+, 14 R=TrarE
= 2(z + x, —ztrHr—v, H@—x,
(11)
Expression (11), after application of identity (7) and the identity
n
> Y(+m,)=n?
v=1
takes the form
1—A (22) = (1—2)— (1—2x) sin.2n9c0s9 n 3(x? + 1) cos® nf
2n sin 0 2 (12)
N (21‘4—1)(1—JT:)Cosm?sian7 I
nsin 6
If A, (z,2) = z,n — oo, then from (12) it would follow that lim,, , . cos?nf = 0,

and this contradicts the lemma.

Remark. In connection with Theorems 1 and 3 it is curious that if the process
{A, (f)}eo, is constructed for f(z) = (1—2?)(1—=x), then it converges uniformly.
Moreover,

A (f) = fl<12/n,  2[<1, fla)=(1-2)1—-2).  (13)

Indeed, in the present case

—2)(1—2)T2(2) & — 2 x
An(f,x):(l )(1 )T2( )Z< 1 4 +1_3).

n? —\(r—z,)* z-1,

Hence, with the aid of the identities (7), we obtain

_ . . _ . . _ 2 22
A (f.7) = (1_x)(1_$2)_(1 z)sin2nfsin2f (4o +1)(1 —2)sin2nfsinf  3(1 — x) cos” nfsin 9.

4n 2n n

Thus, (13) holds.
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