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1. A one-dimensional singular integral operator is an operator A defined by the
equality

d(t (T

(a0 =cp + % [£Dar e, (m
o T—1

where T is a contour in the complex plane; ¢(t) and d(¢) (¢t € T') are prescribed

functions (or matrix-functions), which are called the coefficients of the operator

A.

In what follows it will be assumed that the contour I" consists of a finite number
of closed and open simple contours of Lyapunov type. Singular integral opera-
tors will be considered in the Hilbert space Ly(T"), and in the case where c(t)
and d(t) are matrix-functions of order n, in the space LY (T") of vector-functions
¢ ={p;}j-1, where ¢; € Ly(I').

Denote by 2,, the smallest subalgebra of the Banach algebra 9, of all linear
bounded operators acting in the space LJ(I"), containing all operators of the
form (1) with piecewise-continuous coefficients.

In the present note it is proved that the factor algebra 2,, /&, where & is the
ideal of all completely continuous operators in fR,,, is isomorphic and isometric
to a certain algebra of matrix-functions of order 2n, defined on the cylinder
M= {(t,p) : t €T, 0 < p < 1}. This isomorphism assigns to each operator in
A, its symbol. It is also proved that an operator A € ,, is a Fredholm operator
if and only if its symbol is a nonsingular matrix at every point of the cylinder. A
formula is established for computing the index of Fredholm operators belonging
to the algebra 2. For the case when the contour I' consists only of closed lines,
these results were obtained by the authors in paper (1).

2. We shall agree on the following notation: A = A(T") is the set of all functions
piecewise-continuous on I' which are continuous at the ends of the open arcs of

sovietrxiv.org/items/ru-197001.43137 Machine Translation


https://sovietrxiv.org/items/ru-197001.43137

the contour I' and left-continuous on the whole contour I'; A,, is the set of all
matrix-functions of order n with elements from A; S is the operator of singular
integration along I':

(Sp)(t) = l,/F(p(T)dT (tel),

g T—1

acting in the space L,(T"), and S,, is the operator of singular integration in
Ly (), ie. S,{p;}}y = {S¢,;}7_;. The operator A = c(t)I + d(t)S, where
c(t),d(t) € A,,, will be conveniently written in the form

A=F{t)P+G1t)Q, (2)

where F(t) = e(t)+d(t), G(t) = e(t)—d(t), P = (I+8,)/2, and Q = (I—8,)/2.

Suppose the contour I', along with closed lines, contains N open arcs, whose
beginnings and ends we denote respectively by a;, and 5, (k=1,...,N).

By the symbol of the operator A, defined by equality (2), we shall mean the
matrix-function A(t, u) of order 2n, defined on the cylinder 9% by the equality

Flag+Glay) (1) 0 A
0 Flag)u+Gleg)(1—p) )’ v
) FeroptFOO—p)  Val @ (G0 -Gw)) .
At = ( W= (Fe+0) = F)  Gle+0)(1—p) + Glt)n ) el e
(ka)(l — )+ G(Bp 0 ) for ¢ = 4.
0 F(By) (1= ) + G(B)u *

Theorem 1. In order that the operator A = F(t)P + G(t)Q, where F(t),
G(t) € A, be a P-operator in LY (T), it is necessary and sufficient that its
symbol be nowhere degenerate, i.e.

det A(t,pu) # 0 tel, 0<u<l). (3)

Proof. Complete the contour I" to a contour f‘, consisting of a finite number
of closed simple oriented Lyapunov-type curves. Let F(¢) and G(t) (t € T')
be certain matrix-functions coinciding respectively with F(¢) and G(t) on T,

continuous on the closed set T'\ I', and nondegenerate at every point of the
open set '\ T. By S denote the matrix operator of singular integration along
[, and by P and Q the operators (I + S,)/2, (I — S,)/2, respectively.

Consider the operator
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A=B,(FP+GQ)B, +C,(GP + FQ)C,,

where B, = 0, B|};-,, C,, = I — B,,, and B is the operator of multiplication

in L,(T") by the characteristic function of the set I'. The operator Ais a sum
of products of singular integral operators in L% (T") with piecewise-continuous

~

matrix coefficients. In [1] the symbol A(t, ) of such an operator is defined.
From this definition, in particular, it follows that det A(t, ) = det A(t, ), if
t €T, and det A(t, ) = det G(t)F(t), if t € T\ T.

~

Let condition (3) be satisfied; then det A(t,pu) # 0 (t € I', 0 < u < 1), hence
[1], the operator Aisa d-operator in Lg(f‘), and, consequently, the operator A
is a ®-operator in Ly (T").

Conversely, suppose the operator A is a ®-operator in Lg(f); then the operator
A = BnZBn—i—Cn is a ®-operator in Lg(f‘), and, consequently, det A, (t, ) # 0
(tel, 0<pu<1). Itis not difficult to verify that if det.4, (¢, ) # 0, then
the symbol A,(t, 1) of the operator A, = B, + C’HXC’,L is also everywhere
nondegenerate, and, consequently, the operator A, is a ®-operator in LQ(f).
It follows that the operator A is a ®-operator in Ly(T). Since det A(t,pu) =
det A(t, ) for points t € I', we have det A(¢t, ) #0 (t €I, 0 < p < 1). The

theorem is proved.

3. Introduce on the cylinder MM = {(¢,u) : t € T, 0 < pu < 1} a topology by
defining neighborhoods of each point by one of the five equalities:

u(oy, 0) = {(ag, 1) : 0 < p < el (B 1) = {(B, p) 1€ <p <1},

u(ty, 0) = {(t, ) : [t—to| <0, t <t, 0 < p < LU{(t, ) : 0 <<} (Lo # o),

Wty 1) = {(t ) ¢ l—tol < 8, t > 10, 0< p < U (kg ) e < <1} (f # By),

ulto, po) = {(tos ) st — 0y <p<pg+05}  (pg #0; 1),
where 0 < d; < pg, 0 < dy <1—pg, 0 <e <1, and t <ty means that on the
oriented contour I' the point ¢ precedes the point .
By 7, we denote the algebra of matrices of functions of order 2n of the form

H(t, p,) = (ij(tv M))jykzl’
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where H (¢, ) are arbitrary matrix-functions of order n satisfying the following
conditions: a) the matrix-functions Hy; (¢, 1), Hyo(t, 1), Hop (t, 1) and Hyg(t,1—
@) are continuous on the cylinder 9 with the topology introduced above; b)
the matrices Hy (¢, 1) and Hqo(t, p) vanish if u takes one of the values 0,1, and
t is an arbitrary point of the contour, and also when ¢ takes one of the values
oy, B, (k=1,...,N), while y is any number of the interval 0 < p < 1.

The algebra P becomes a Banach algebra if one introduces in it the norm equal
to
| H (£, )] = Sup s (H(t, ),
0<up<1

where the number [s; (H(t,p))]? for each point of the cylinder 9t denotes the
largest eigenvalue of the matrix H (¢, u)(H (t, u))*.

Theorem 2. Let Ay (j=1,...,k 1 =1,...,m) be singular integral operators
with matriz coefficients from A,,, and let A;(t, ) be their symbols. Then for
the operator

n’

k m
A= 1T @

j=11=1
the equality
inf |[A+T|=
o A+ T =4 p)l (5)

holds, where
k

tuzz

j=11

',:]3

Ay (6)

Il
—

and the norm on the right-hand side of (5) is the norm in the algebra P,,.
The proof is analogous to the proof of Theorem 2.2 in (1).

The matrix-function (6) is naturally called the symbol of the operator (4).
From equality (5) it follows that the symbol of an operator A does not depend
on the manner in which the operator A is represented in the form (4).

Let 21, be the algebra obtained by closing the set of operators of the form (4) in
the algebra RR,,. Equality (5) makes it possible to define the symbol A(¢, ) for
each operator A € 2, as the limit in the algebra 7, of a sequence of symbols

A, (t, ) of operators A, of the form (4), converging uniformly to the operator
A.

Theorem 3. The two-sided ideal S, of all completely continuous operators
acting in L5 (T) is contained in the algebra A,,, and the quotient algebra A, /6
is isomorphic and isometric to the algebra P,,. Under this isomorphism the
residue class containing the operator A (€ ,,) is mapped to the symbol A(t, 1)
of the operator A. In order that the operator A (€ 2,,) be a ®-operator in LY (T'),
it is necessary and sufficient that the condition det A(t, n) # 0 hold for allt € T’
and 0 < p < 1.
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The proof of this theorem is carried out according to the same scheme as the
proof of Theorems 4.1 and 4.2 in (}).

4. Let us establish a formula for computing the index of ®-operators from
the algebra 2(,. Recall that the index of a ®-operator A is the number
ind A, equal to the difference dim ker A — dim coker A.

In this section we additionally assume that the contour I' can be completed
to a closed contour I', bounding a connected set M of points of the plane and,
consequently, consisting of a finite number of closed simple contours of Lyapunov
type. We shall also assume that the point z = 0 is an interior point of the set
M.

Theorem 4. Let the operator A € ., and let the matriz-function

n’

2
'A(ta ,LL) = ||H]k<tv N)”j,k:l

*be its symbol. If det A(t, ) #0 ((t ,*
0 < p < 1), then the function

detHQQ(akhu’) H2721(O[k:50>7 for t:aka
falt,p) =< det A(t, p) det Hyg (t,0)Hoot (8, 1), for t € T and t # ay, B,
det Hyo (B, 1) Hyy (Biy 1), for t = f3,,

is continuous on M, and

. 1

indA =—o— [arg f4 (¢, 1)]on- (7)
T

Let us explain the meaning of the right-hand side of formula (7). If the operator

has the form

k m
A= Z H(Fjlp +G;Q) (Fy, Gy € A,), (8)

then the set of values of the function f, (¢, 1) consists of a finite number of closed
continuous curves, which are naturally oriented: at the points of continuity of
all the matrix-functions F;(t) and G (t), motion along the curve f,(t, ) is
determined by the change of ¢ along the contour in the positive direction, while
along the additional arcs it is determined by the change of u from 0 to 1. The
number [arg f 4 (¢, pt)]on/27 is equal to the number of turns of the curve f, (¢, u)
around the origin.
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Let A € 2,,. Then the function f,(¢, ) is the uniform limit of a sequence of
functions f4 (¢, 1), where the Ay are operators of the form (8). For sufficiently
large N, the number [arg f4 (Z, pt)]oy does not depend on N, and by definition

[arg fa(t, 1)]on = A}E{l)o[arg Fay (@t 1)l

The proof of Theorem 4 is carried out according to the following scheme. Since
both sides of formula (7) are continuous functions of the operator A, it is suf-
ficient to establish this formula for operators of the form (9). Let A be an
operator of the form (9), and let L = Z(F;, P + G ;Q) be its linear extension
(see (2)). The operator L is a singular integral operator with matrix coefficients
in the space L5(I'), where r = (mk — k + 1)n. Let I?'jl(t) and C?;-l(t) (t € T) be,
respectively, certain matrix-functions coinciding with Fj(¢) and G;(t) on the
contour I' and continuous on the closed set I'\T'; then ind A = ind(BT’EBT—i—CT),
where L = E(fﬂP + QZQ). Thus, the problem of computing the index of the
operator A is reduced to the problem of computing the index of the operator
A= B,LB, + C,, acting in Lj (I"), which was solved in (1). From the formula
for the index of the operator A given in (1), formula (8) is easily derived.

5. Let ¢q,...,t. (r =0,1,...) be fixed points on the contour I, distinct from
the endpoints of the open arcs. By 2,,(¢1,...,t,) we denote the algebra
obtained by closing in the algebra 2, the set of operators of the form (8) for
which the matrix-functions Fj;(¢) and G(t) are continuous at all points
of the contour I', except possibly the points ¢;,...,¢,.. In this case the
factor algebra 2A(¢,,...,t,)/S, is isomorphic and isometric to the algebra
of matrix-functions defined on the contour obtained from the contour I'
by splitting each point ¢, (k = 1,...,7) into ¢;, and ¢; and adding intervals
with endpoints ¢; and ¢, and also by adding intervals to each of the
endpoints «;, and f;, of the open arcs.
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Note: Figure translations are in progress. See original paper for figures.
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