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The uniformly well-posed Cauchy problem for an evolution equation in a Ba-
nach space has been well studied (see (!)). If one considers systems of partial
differential equations with constant coefficients of the form du/0t = A(D)u,
then necessary and sufficient conditions for the uniform well-posedness of the
Cauchy problem for them in the space £4(R™) were obtained by H. O. Kreiss
(?) and are complicated and difficult to verify. On the other hand, if a system is
Petrovskii correct, i.e., if all eigenvalues of its characteristic matrix lie in some
fixed half-plane, then, as I. G. Petrovskii showed (?), the Cauchy problem for it
is Hadamard well-posed. Thus, Hadamard well-posed Cauchy problems form a
considerably broader class than uniformly well-posed ones.

In the present paper a definition is given of Hadamard well-posedness of the
abstract Cauchy problem for an evolution equation in a Banach space, and
necessary and sufficient conditions for Hadamard well-posedness are found.

In a Banach space E with norm | - ||, consider the differential equation

dz/dt = Ax(t) (0 <t < o0) (1)

with a linear closed operator A, having an everywhere dense domain of definition
D(A) in E.

A solution of equation (1) on the half-axis [0, 00) is a function z(¢) with values
in D(A), strongly continuously differentiable on [0, c0) and satisfying equation
(1) for all ¢t € [0,00). By the Cauchy problem is meant the problem of finding a
solution on [0, 00) satisfying the initial condition

z(0) =z, € D(A). (2)

Let in the space E there be given a linear set F;, contained in D(A), on which
another norm | - ||; and a seminorm | - || are defined.
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Definition 1. The Cauchy problem (1), (2) is Hadamard well-posed with
type w on the set E, if there exist constants €', and C, such that for any
x, € E; there exists a solution z(t) satisfying the conditions

[z < Creaol,  [Az@®)] < Coe ]l

and this solution is unique.

If the Cauchy problem is Hadamard well-posed, then by a change of the unknown
function it is reduced to the same problem with type w = 0. In what follows we
shall consider Hadamard well-posed problems for which

lz@®)] < Cillzoly, Az < Collaoly (29 € Ey). 3)

We make the main assumption.

I. The positive half-axis does not belong to the point spectrum of the operator
A, i.e., for A > 0 there exists the operator J, = (4 — A )~! (generally speaking,
unbounded).

Lemma 1. Under assumption I, for a given x, € D(A) there cannot exist more
than one solution of problem (1), (2), bounded on the half-azis.

Corollary. Under assumption I, the uniqueness requirement in the definition
of Hadamard well-posedness may be discarded.

Definition 2. The maximal domain of Hadamard well-posedness is the linear
set D of all elements z for which there exists a solution of problem (1), (2),
bounded together with its derivative on the half-axis [0, c0).

This definition is justified by the following consideration: by virtue of Lemma

1, on D the norm and seminorm are uniquely determined:

lzol;r = sup (@), lzolr = sup [[Axz(t)],
0<t<oco 0<t<oo

where z(t) is the solution referred to in Definition 2. It is obvious that, in
the norms | - |; and || - |;;, problem (1), (2) is Hadamard well-posed on D.
Furthermore, if problem (1), (2) is Hadamard well-posed with type w = 0 on
some set Ey, then E; C D and |z||; < Cy|z|; and |z|;; < Cylz|s-

Under assumption I, let us study the properties of the operators J,(v > 0).
1°. The operator J,(v > 0) is defined on D, and the formula

J,xy = —/ e Vx(r)dr (xg € D, v>0), (4)
0

holds, where z(t) is the corresponding solution of problem (1), (2).
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2°. The set D is invariant with respect to the operators J,(v > 0), and the
solution y(t) of equation (1) with the initial condition y(0) = J, x is determined

by the formula
y(t) = 7/ e VTx(t+ 7)dT.
0

Moreover,

1 1
ly(@)] < ;”%”I» [Ay(t)] < ;”%”H-

3°. Hilbert’ s identity holds:

1
Sy zto = 3 (Ix=d)ze (20 € D; Av>0),
as do the formulas for derivatives
n 1 d™ 'z,
J)‘%:(n—l)! T (zg €D, A>0, n>1).

4°. For ;€ D, A > 0, and n > 0, the inequalities

I3zl < A2l 1, |3 Az < A" |21
hold.
5°. The equalities (cf. (5))

lzoll; = sup sup [ A" T2,
n>0 A>0

lwoll s = supsup A" T3 Az |
n>0 A>0

hold.

()

(9)

From formula (5) it follows that the solution z(¢) of equation (1) with initial
value z(0) = vJ, zy + xy, for x, € D(A) and v > 0, is representable in the form

z(t) = — /OOO e VTAx(t + 1) dT.

Hence, from (7) it follows
6°. The inequality holds
n 02
1T (v T, @ + @)l < WH%”M Ty € D.

7°. For x; € D the relation

ILm [N I (vd, Azy + Azgy)| =0

(10)

sovietrxiv.org/items/ru-197001.40672 Machine Translation


https://sovietrxiv.org/items/ru-197001.40672

holds uniformly with respect to A > 0 and n > 0.

Let us introduce the set G, consisting of all elements y € E for which

lyle = supsup [A"J{y| < oo. (11)
n>0 A>0

From the closedness of the operators J, it follows that G, with respect to |- ||,
is a Banach space. From 1°, 2°, 4°, and 5° it follows that D C G and ||z|; = |z|«
for x € D. For every y € G the function J,y can be analytically continued by
means of the expansion

o0

gy = kZ:O(V —NETE Yy (A >0), (12)

which converges in the disk |[v — A| < A. Varying A, we obtain an analytic
continuation of J,z into the right half-plane.

The following assertion is essential:

Lemma 2. The operator J,, (> 0) is a bounded operator on G in the norm
(11), and, moreover, for it the relation

1
12l < ;”m”G (13)

holds.

For the proof, the quantity [A"J} (uJ,z)| for 1 < A can be estimated with the
aid of the expansion (12):

n 'LL > n n
gl < 53 (1- ) [An R TR ] < ] .
k=0

For A < v the same estimate can be obtained by expanding the function A"J{x
in a series at the point A = p. From these estimates the inequality (13) follows.

Let F now denote the collection of all elements of G for which

Iy +yle — 0 as p— oo, (14)

By virtue of the uniform boundedness of the operators u.J,,, F' is a closed sub-
space of G. From the commutativity of the operators J, and .J,, and the
boundedness of J, in G, it follows that J,F C F. The operators J,, bounded
in F' form a pseudo-resolvent, and since they vanish only at zero, they are the
resolvent of some operator A. By virtue of (14), the domain of definition of this
operator is dense in F. It is not difficult to verify that the operator A is the
restriction of the operator A to the space F, i.e., it is defined on all elements
xy € FN D(A) for which Az, € F, and on them coincides with A.
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By what has been said and by Lemma 2, for the operator A the conditions of
the Hille-Yosida theorem are satisfied, and consequently it is the infinitesimal
generator of a contraction semigroup U(¢) of operators in F' (see (1,4)). For

—~

every z, € D(A) there exists a solution z(t) = U(t)x, of the equation
v = Ax
in F, satisfying the condition x(0) = z,. This solution will also be

is a solution of problem (1), (2), since the norm in F' is stronger than the norm
in £. Further:

sup [lz(t)| < sup [U(t)zole = [zola < oo,
0<t<oo 0<t<oo

sup [Az(t)| < sup [U(t)Axglq = [Azle < oo,
0<t<oo 0<t<oo

ie. zyeD.

Thus, D(A) C D. On the other hand, by properties 1°—7° D ¢ D(A), whence

D =D(A).
From all that has been said the following main results follow.

Theorem 1. Under assumption I the maximal domain of Hadamard correctness
consists of all elements x, from D(A) possessing the properties:

1) x5 € G and ||, + 7g| g — 0 as p — o0;
2) Azy € G and ||pJ, Az + Azgl e — 0 as p — oo.

Theorem 2. Let I be satisfied. In order that the Cauchy problem (1), (2) be
Hadamard correct on a set Ey with type w = 0, the following conditions are
necessary and sufficient:

1) for each z, € E; all operators J, (A > 0) and all their possible products
are defined;

2) the inequalities are valid (z, € E;):

[Tzl < CLA™ gl TR Azl < CoA™" a2
3) uniformly with respect to n > 0 and A > 0 the relations hold
A" IR (1] + o)l = 0,

lim
=00

Tim |\ (], A + Aag)]| = 0.
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Theorem 3. Let I be satisfied and let the Cauchy problem be Hadamard correct
with type w = 0 on the set E,. Then there exists a space F, algebraically and
topologically embedded in the space E and containing the set Ey, such that for
the equation

dz/dt = Az,

where A is the restriction of A in the space F, the Cauchy problem is uniformly
correct and has type w = 0.

Voronezh State University
named after the Lenin Komsomol

Latvian State University
named after P. Stuchka
Riga

Received

13 X 1969

CITED LITERATURE

LS. G. Krein, Linear Differential Equations in Banach Space, “Nauka,” 1967.
2 H. O. Kreiss, Sborn. per. Matematika, 7, No. 2, 39 (1963).

3 1. G. Petrovskii, Bull. Moscow State Univ., Ser. Math. and Mech., 1, 7, 1
(1938).

4 E. Hille, R. S. Phillips, Functional Analysis and Semi-Groups, IL, 1962.

5 W. Feller, Ann. Math., 58, 1, 166 (1953).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.40672 Machine Translation


https://sovietrxiv.org/items/ru-197001.40672

	Abstract
	Full Text
	ON THE HADAMARD WELL-POSEDNESS OF THE CAUCHY PROBLEM FOR AN EVOLUTION EQUATION
	CITED LITERATURE


