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1. Let Γ be the unit circle and let 𝐿𝑘
2 (𝑘 = 1, 2, …) be the Hilbert space of vector

functions 𝑗(𝜁) = 𝑗{𝑓𝑗(𝜁)}𝑘
𝑗=1 with coordinates from 𝐿2(Γ) and norm

‖𝑓‖ = (
𝑘

∑
𝑗=1

‖𝑓𝑗‖2
𝐿2

)
1/2

.

In the present note we consider the singular integral operator 𝑇 from
ℜ(𝐿𝑛

2 , 𝐿𝑚
2 )*, defined by the equality

(𝑇 𝑓)(𝜁) = 𝑐(𝜁)𝑓(𝜁) + 𝑑(𝜁)
𝜋𝑖 ∫

Γ

𝑓(𝑧)
𝑧 − 𝜁 𝑑𝑧 (𝑓 ∈ 𝐿𝑛

2 ), (1)

where 𝑐(𝜁), 𝑑(𝜁) are 𝑚 × 𝑛 matrices with elements continuous on Γ.
If 𝑚 = 𝑛, then, as is known (1), the operator 𝑇 is a Φ-operator if and only if
the rank of each of the matrices

𝑎(𝜁) = 𝑐(𝜁) + 𝑑(𝜁), 𝑏(𝜁) = 𝑐(𝜁) − 𝑑(𝜁)

is equal to 𝑛 for all 𝜁 ∈ Γ. If, however, for some 𝜁 ∈ Γ at least one of the
functions det 𝑎(𝜁) and det 𝑏(𝜁) vanishes, then, as shown in (2), the operator 𝑇
is neither a Φ+- nor a Φ−-operator**.

In the present note necessary and sufficient conditions are established under
which the operator 𝑇 is normally solvable (Theorem 1). A necessary condition
for normal solvability is the independence of the ranks of the matrices 𝑎(𝜁) and
𝑏(𝜁) from the argument 𝜁. It turns out that in the case 𝑚 > 1 and 𝑛 > 1 this
condition alone is insufficient.
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The results obtained are applied to Wiener–Hopf equations (Theorem 3). For a
single equation (𝑛 = 𝑚 = 1) the results of this note are set out in detail in (3).
2. For all 𝑘 denote by 𝑃 the orthogonal projector in 𝐿𝑘

2, defined by the formula

(𝑃𝑓)(𝜁) = 𝑓(𝜁)
2 + 1

2𝜋𝑖 ∫
Γ

𝑓(𝜁)
𝑧 − 𝜁 𝑑𝑧 (𝑓 ∈ 𝐿𝑘

2)

and put 𝑄 = 𝐼 − 𝑃 .

In what follows it will be convenient for us to write the operator 𝑇 , defined by
equality (1), in the form 𝑇 = 𝑎𝑃 + 𝑏𝑄, where

𝑎(𝜁) = 𝑐(𝜁) + 𝑑(𝜁) and 𝑏(𝜁) = 𝑐(𝜁) − 𝑑(𝜁).

Let Ker𝑇 = 𝑇 −1(0), and let (Ker𝑇 )⟂ be the orthogonal complement of the
space Ker𝑇 in 𝐿𝑛

2 . For 𝑥 ∈ Ker𝑇 put

‖𝑥‖𝑇 = 𝜌(𝑃𝑥,Ker 𝑎𝐼) + 𝜌(𝑄𝑥,Ker 𝑏𝐼).

* If 𝔅1, 𝔅2 are two Banach spaces, then by ℜ(𝔅1, 𝔅2) we denote the set of all
linear bounded operators acting from 𝔅1 into 𝔅2.

** An operator 𝐴 is called normally solvable if its range is closed. It is called
a Φ+-(Φ−-)operator if, in addition, dimKer𝐴 < ∞ (dimCoker𝐴 < ∞). If 𝐴 is
simultaneously a Φ+- and a Φ−-operator, then it is called a Φ-operator.

It is easy to see that ‖ ‖𝑇 is a norm on the linear manifold Ker𝑇 ⟂.

Theorem 1. Let 𝑎(𝜁), 𝑏(𝜁) (𝜁 ∈ Γ) be two continuous 𝑚 × 𝑛 matrix-functions.

In order that the operator

𝑇 = 𝑎𝑃 + 𝑏𝑄

from ℜ(𝐿𝑛
2 , 𝐿𝑚

2 ) be normally solvable, it is necessary and sufficient that the
following two conditions be satisfied:

a) the rank of each of the matrices 𝑎(𝜁) and 𝑏(𝜁) does not depend on the
parameter 𝜁 on the unit circle;

b) Ker𝑇 ⟂ is a complete Banach space with norm ‖ ‖𝑇 .*

It is not difficult to establish that condition b) is equivalent to the condition

b’ inf
𝑥∈Ker 𝑇 ⟂, ‖𝑥‖=1

‖𝑥‖𝑇 > 0.

Conditions a) and b) are independent. Indeed, put
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𝑎(𝜁) = ( 𝜓(𝜁) 1
𝜓2(𝜁) 𝜓(𝜁)) , 𝑏(𝜁) ≡ (1 0

0 1) ,

where 𝜓(𝜁) is a continuous function on Γ that vanishes on an arc of the circle.
It is easily shown that in this case condition a) is satisfied, whereas condition
b) is not satisfied.

We note that, in general, condition b) is not satisfied when Ker𝑇 = {0}, while
at least one of the subspaces Ker 𝑎𝐼 , Ker 𝑏𝐼 has positive dimension.

In the case where 𝑚 = 𝑛 = 1, the function 𝑎(𝜁) vanishes at only one point and
𝑏(𝜁) ≡ 1, it is easily verified that condition b) is satisfied, whereas condition a)
is not satisfied.

In the proof of the sufficiency of conditions a) and b) the complete continuity
of the operators 𝑄𝑎𝑃 and 𝑃𝑏𝑄 is used essentially (see (4)). In addition, the
following assertion is used: if the rank of the matrix 𝑎(𝜁) does not change on
the unit circle, then the operator 𝑎𝐼 from ℜ(𝐿𝑛

2 , 𝐿𝑚
2 ) is normally solvable (see

(5)).

The proof of the necessity of condition a) is the most difficult part of the proof.
It is based on the following two lemmas:

Lemma 1. Let 𝑎∗(𝜁) (𝜁 ∈ Γ) be a continuous matrix-function whose rank
assumes different values on Γ.
Then there exists a constant matrix 𝑣 of order 𝑚 such that the matrix-function

𝑓(𝜁) = ∥𝑓𝑗𝑘(𝜁)∥ 𝑗=1,…,𝑛
𝑘=1,…,𝑚

def= 𝑎∗(𝜁)𝑣

satisfies the following condition.

For every positive integer 𝑠 there exist an interval 𝑈𝑠 ⊆ Γ, a linear combination

(ℎ𝑠1(𝜁), … , ℎ𝑠𝑚(𝜁)) =
𝑛

∑
𝑗=1

𝜆𝑠𝑗(𝑓𝑗1(𝜁), … , 𝑓𝑗𝑚(𝜁))

of rows of the matrix-function 𝑓(𝜁), complex numbers 𝛽𝑠1, … , 𝛽𝑠𝑚, and a positive
number 𝛿𝑠 such that

𝑚
∑
𝑗=1

|𝛽𝑠𝑗|2 = 1,

and the following estimates hold:
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sup
𝜁∈𝑈𝑠, ∑ |𝜉|2=1

∣
𝑚

∑
𝑘=1

ℎ𝑠𝑘(𝜁)𝜉𝑘∣ ≤ 2𝛿𝑠,

inf
𝜁∈𝑈𝑠

∣
𝑚

∑
𝑘=1

ℎ𝑠𝑘(𝜁)𝛽𝑠𝑘∣ ≥ 1
2 𝛿𝑠,

* In the case 𝑚 = 𝑛 = 1, condition b) is a consequence of condition a).

sup
𝜁∈𝑈𝑠

∣
∣
∣
∣
∣

𝑓(𝜁)
⎛⎜⎜⎜⎜⎜⎜
⎝

𝛽𝑠1
⋅
⋅
⋅

𝛽𝑠𝑚

⎞⎟⎟⎟⎟⎟⎟
⎠

∣
∣
∣
∣
∣𝑛,2

≤ 1
𝑠 ,

sup
𝑠,𝑘

‖ℎ𝑠𝑘‖𝐿2(Γ) < ∞,

where

|(𝛼1, … , 𝛼𝑛)|𝑛,2 = (
𝑛

∑
𝑗=1

|𝛼𝑗|2)
1/2

.

Lemma 2. Let 𝑅 be an orthogonal projector in 𝐿2(Γ), and let 𝜑, 𝜓 be two
functions from 𝐿2(Γ).
If 𝑅𝜑 = 𝑅𝜓, then for any measurable set 𝑈 ⊆ Γ the inequality

‖𝜑‖ ‖𝑅𝜑‖Γ\𝑈 + (‖𝜓‖𝑈 + ‖𝑅‖𝜑𝑈)‖𝑅𝜑‖𝑈 ≥ 0

holds, where

‖𝜒‖𝑉
def= (∫

𝑉
|𝜒(𝜁)|2 |𝑑𝜁|)

1/2

for 𝜒 ∈ 𝐿2(Γ) and 𝑉 ⊆ Γ.
We give an outline of the proof of the necessity of condition a). Suppose that
the rank of the matrix 𝑎(𝜁) on Γ changes. To prove that the operator 𝑇 is not
normally solvable, it is enough to construct a sequence of functions 𝑦𝑠 ∈ 𝐿𝑚

2 for
which the numbers
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𝛼𝑠 = inf
𝑥

‖𝑥‖/‖𝑇 ∗𝑦𝑠‖

increase without bound, where the lower bound is taken over all vectors 𝑥 ∈ 𝐿𝑛
2

having the property 𝑇 ∗𝑥 = 𝑇 ∗𝑦𝑠 (𝑇 ∗ = 𝑃𝑎∗ + 𝑄𝑏∗).
It turns out that such a sequence of functions may be the sequence

𝑦𝑠(𝜁) = 𝜁𝑥𝑠(mes𝑈𝑠)−1/2𝜒𝑈𝑠
(𝜁) 𝑣

⎛⎜⎜⎜⎜⎜⎜
⎝

𝛽𝑠1
⋅
⋅
⋅

𝛽𝑠𝑚

⎞⎟⎟⎟⎟⎟⎟
⎠

,

where 𝜒𝑈𝑠
is the characteristic function of the interval 𝑈𝑠, and 𝑥𝑠 is a sufficiently

large integer.

The last assertion is proved with the help of the estimates from Lemma 1 and
Lemma 2.

Theorem 2. If for all 𝜁 ∈ Γ the ranks of the matrices 𝑎(𝜁) and 𝑏(𝜁) are equal
to min{𝑚, 𝑛}, then the operator 𝑇 is normally solvable.

Theorem 2 follows from Theorem 1.

3. From Theorems 1 and 2 one can derive criteria for the normal solvability
of systems of equations of Wiener–Hopf type. Below we give examples of
such theorems.

Let 𝑙𝑘2 be the Hilbert space of all sequences

𝑥 = {(𝜉1
𝑗 , … , 𝜉𝑘

𝑗 )}∞
𝑗=−∞

for which

‖𝑥‖2 =
𝑘

∑
𝑠=1

∞
∑

𝑗=−∞
|𝜉𝑠

𝑗 |2 < ∞,

and let ̃𝑙𝑘2 be its subspace of all sequences of the form

{(𝜉1
𝑗 , … , 𝜉𝑘

𝑗 )}∞
𝑗=0 (𝑘 = 1, 2, …).

If 𝜑(𝜁) is a continuous function on Γ, then by 𝑇𝜑 we denote the operator from
ℜ(𝑙12, ̃𝑙12) defined by the Toeplitz matrix ‖𝜑𝑗−𝑘‖∞

𝑗,𝑘=1, where 𝜑𝑗 (𝑗 = 0, ±1, …) are
the Fourier coefficients of the function 𝜑. By 𝑈𝜑 we denote the operator from
ℜ( ̃𝑙12, ̃𝑙12) defined by the matrix ‖𝜑𝑗−𝑘‖∞

𝑗,𝑘=−∞.
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The minimal angle (see (6)) between two subspaces 𝔐 and 𝔑 of a Banach space
is called the angle 𝜑(𝑚)(𝔐, 𝔑) (0 ≤ 𝜑(𝑚) ≤ 𝜋/2), defined by the equality

sin𝜑(𝑚)(𝔐, 𝔑) = min{𝜌(𝑆(𝔐), 𝔑), 𝜌(𝑆(𝔑), 𝔐)},

where 𝑆(𝔐) is the unit sphere of the subspace 𝔐.

Theorem 3. Let
𝑎(𝜉) = 𝑎𝑗𝑘(𝜉)∣𝑗=1,…,𝑚

𝑘=1,…,𝑛

be a continuous 𝑚 × 𝑛 matrix-function on Γ; 𝑇𝑎 be an operator from ℜ(𝑙𝑛2 , 𝑙𝑚2 ),
defined by the matrix

‖𝑇𝑎𝑗𝑘
‖𝑗=1,…,𝑚

𝑘=1,…,𝑛
,

and 𝑈𝑎 an operator from ℜ( ̃𝑙𝑛2 , ̃𝑙𝑚2 ), defined by the matrix

‖𝑈𝑎𝑗𝑘
‖𝑗=1,…,𝑚

𝑘=1,…,𝑛
.

In order that the operator 𝑇𝑎 be normally solvable, it is necessary and sufficient
that the following conditions hold:

a) the rank of the matrix 𝑎(𝜉) on Γ does not change;

𝛽)
sin𝜑(𝑚)(Ker𝑇 ⟂

𝑎 ,Ker𝑈𝑎) > 0,
where Ker𝑇 ⟂

𝑎 is the orthogonal complement of Ker𝑇𝑎 in 𝑙𝑛2 .
We note that conditions a) and 𝛽) are independent.

Theorem 4. Let 𝑇𝑎 be the operator from the formulation of Theorem 3. If, for
all 𝜉 ∈ Γ, the rank of the matrix 𝑎(𝜉) is equal to min{𝑚, 𝑛}, then the operator
𝑇 is normally solvable.

The author is deeply grateful to I. Ts. Gohberg for posing the problem, for
guidance, and for support.
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