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1. Let T" be the unit circle and let L’2c (k=1,2,...) be the Hilbert space of vector
functions j(¢) = j{fj(C)}?:1 with coordinates from L,(T") and norm

A 1/2
ILfl = (Z IIijI%Z) :
j=1

In the present note we consider the singular integral operator T from
R(LY, L3)*, defined by the equality

(THE) = Q) f(0) + X /F / <Z)C iz (fely) 1)

™ zZ—

where ¢((), d(¢) are m x n matrices with elements continuous on I'.

If m = n, then, as is known (!), the operator T is a ®-operator if and only if
the rank of each of the matrices

a(§) = ¢(Q) +d(C),  b(¢) = c(¢) —d(()

is equal to n for all ( € I'. If, however, for some ¢ € I' at least one of the
functions det a(¢) and det b(¢) vanishes, then, as shown in (?), the operator T
is neither a ®_ - nor a ®_-operator**.

In the present note necessary and sufficient conditions are established under
which the operator T is normally solvable (Theorem 1). A necessary condition
for normal solvability is the independence of the ranks of the matrices a(¢) and
b(¢) from the argument ¢. It turns out that in the case m > 1 and n > 1 this
condition alone is insufficient.
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The results obtained are applied to Wiener-Hopf equations (Theorem 3). For a
single equation (n = m = 1) the results of this note are set out in detail in (3).

2. For all k denote by P the orthogonal projector in L%, defined by the formula

phHo =191 [FO,

2 " 2mi f2—¢ (/€ L3)

and put Q=1—P.

In what follows it will be convenient for us to write the operator 7', defined by
equality (1), in the form T = aP + bQ, where

a(¢) = ¢(C) +d(¢) and  b(¢) = ¢(¢) — d(Q).

Let KerT = T7%(0), and let (KerT)* be the orthogonal complement of the
space KerT' in Lj. For x € Ker T put

|zl = p(Pz,Keral) + p(Qx,Ker bI).
*If 9B,,B, are two Banach spaces, then by (B, 9B,) we denote the set of all
linear bounded operators acting from B, into B,.

** An operator A is called normally solvable if its range is closed. It is called
a ®_ -(P_-)operator if, in addition, dim Ker A < oo (dim Coker A < 00). If A is
simultaneously a ® - and a ®_-operator, then it is called a ®-operator.

It is easy to see that | |, is a norm on the linear manifold Ker 7+.
Theorem 1. Let a(¢), b(¢) (¢ € T') be two continuous m X n matrix-functions.

In order that the operator

T =aP + bQ
from R(LY, L5") be normally solvable, it is necessary and sufficient that the
following two conditions be satisfied:

a) the rank of each of the matrices a({) and b(¢) does not depend on the
parameter  on the unit circle;

b) Ker T+ is a complete Banach space with norm || ||,.*

It is not difficult to establish that condition b) is equivalent to the condition

b’ ||+ > 0.

inf
zeKer T, |z|=1

Conditions a) and b) are independent. Indeed, put
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©= (30 wo) *0=(09),

where ¥(¢) is a continuous function on T' that vanishes on an arc of the circle.
It is easily shown that in this case condition a) is satisfied, whereas condition
b) is not satisfied.

We note that, in general, condition b) is not satisfied when KerT' = {0}, while
at least one of the subspaces Ker al, Ker bl has positive dimension.

In the case where m = n = 1, the function a(¢) vanishes at only one point and
b(¢) =1, it is easily verified that condition b) is satisfied, whereas condition a)
is not satisfied.

In the proof of the sufficiency of conditions a) and b) the complete continuity
of the operators QaP and PbQ is used essentially (see (4)). In addition, the
following assertion is used: if the rank of the matrix a(¢) does not change on
the unit circle, then the operator al from (LY, L") is normally solvable (see

(5))-

The proof of the necessity of condition a) is the most difficult part of the proof.
It is based on the following two lemmas:

Lemma 1. Let a*(¢) (¢ € T') be a continuous matrix-function whose rank
assumes different values on I'.

Then there exists a constant matrix v of order m such that the matrix-function

1) = (O jom = (o

=1,...,m

satisfies the following condition.

For every positive integer s there exist an interval U, C I', a linear combination

(hsl(g)a (A hsm(C)) = Z)‘sj<fjl<<)a LA fjm(C))
J=1

of rows of the matrix-function f(¢), complex numbers 3,1, ..., B,,,, and a positive
number J, such that

Z ‘/st|2 =1,
j=1

and the following estimates hold:
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sup hsk(()gk < 2557
CeU,, Y 1E)P=1 ;
<i€nUfS ;hsk(C)ﬂsk > %ésa

* In the case m = n = 1, condition b) is a consequence of condition a).
ﬂsl
sup |f(¢) [ - <

¢eU,

®» | =

stm n,2

sup ||hskHL2(F) < o0,
s,k

where

" 1/2
|(a17"‘7an)|n,2 = (Z|C¥J|2> .
j=1

Lemma 2. Let R be an orthogonal projector in Ly(T"), and let ¢, be two
functions from L, (T").

If Ry = R, then for any measurable set U C I" the inequality

lel1Belre + (4l + [ Rleo) [Relly = 0

holds, where

Iy 2 ( [ dc)m

for x € Ly(I') and V C T

We give an outline of the proof of the necessity of condition a). Suppose that
the rank of the matrix a(¢) on I' changes. To prove that the operator T is not
normally solvable, it is enough to construct a sequence of functions y, € LJ* for
which the numbers
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a, = inffz /[Ty,
increase without bound, where the lower bound is taken over all vectors x € L3
having the property T*x = T*y, (T* = Pa* + Qb%).

It turns out that such a sequence of functions may be the sequence
le
Ys(¢) = ¢+ (mesUy) ™ 2xy (Qv | - |,

6sm

where x;;_is the characteristic function of the interval U, and z, is a sufficiently
large integer.

The last assertion is proved with the help of the estimates from Lemma 1 and
Lemma 2.

Theorem 2. If for all { € T" the ranks of the matrices a(¢) and b(¢) are equal
to min{m,n}, then the operator T is normally solvable.

Theorem 2 follows from Theorem 1.

3. From Theorems 1 and 2 one can derive criteria for the normal solvability
of systems of equations of Wiener-Hopf type. Below we give examples of
such theorems.

Let % be the Hilbert space of all sequences
x={(,... ,5;?) i
for which

k o)
lol? =" Y 17 < o0,

s=1 j=—o0

and let 7’5 be its subspace of all sequences of the form

If () is a continuous function on T', then by 7|, we denote the operator from
R (11,11) defined by the Toeplitz matrix |- l3%=1, where ¢; (j = 0,£1,...) are
the Fourier coefficients of the function ¢. By U, we denote the operator from
R (74,13) defined by the matrix [, ]|2,_

—0o0”
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The minimal angle (see (6)) between two subspaces 9t and 1 of a Banach space
is called the angle ©™ (901,91) (0 < ™ < 7/2), defined by the equality

sin (p(m) (ma m) - mln{p(S(i)ﬁ), m)a p(S(m>7 m)}a

where S(91) is the unit sphere of the subspace 1.

Theorem 3. Let
a(§) = ap(9)]i=1,..m

k=1,..,n

be a continuous m x n matrix-function on I'; T, be an operator from (I3, 17"),
defined by the matrix

In order that the operator T, be normally solvable, it is necessary and sufficient
that the following conditions hold:

a) the rank of the matrix a(€) on I' does not change;

B)
sin o™ (Ker T, Ker U,) > 0,

where Ker T)F is the orthogonal complement of Ker T, in 3.
We note that conditions a) and ) are independent.

Theorem 4. Let T, be the operator from the formulation of Theorem 3. If, for
all £ € T, the rank of the matrix a(€) is equal to min{m,n}, then the operator
T is normally solvable.

The author is deeply grateful to I. Ts. Gohberg for posing the problem, for
guidance, and for support.
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