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Homeomorphism theorems for elliptic boundary-value problems were established
in papers (1-11). In all these papers it is assumed that the boundary conditions
are normal. Meanwhile, it is well known that the Noether property of elliptic
problems holds without the assumption of normality of the boundary expres-
sions. Therefore the problem naturally arises of establishing homeomorphism
theorems without the assumption of normality of the boundary conditions. This
problem was formulated in conversations with the author by Yu. M. Berezanskii
and M. 1. Vishik; it was also posed by Madzhennes in (°). The present paper
is devoted to the solution of the indicated problem; it is a continuation of (12),
whose basic notation and results are used here. We also note paper (1), in which
a homeomorphism theorem is established (without the assumption of normality
of the boundary expressions) in spaces conjugate to the Holder spaces.

1. In a bounded domain G with boundary I', consider a properly elliptic
differential expression L = L(z, D) of order 2m with complex coefficients,
and on I' a system of m expressions B,(w, D), in general pseudodifferential
in the tangential directions and differential in the directions normal to T,
of orders m; < 2m — 1, which cover L. For simplicity it is assumed that
both the surface I' and all the expressions are infinitely smooth. It is well
known that for every real s > 0 the operator

A, tu— (Lu, Byulp, o, By lp)  (u € WE™3(G)) 1)

is Noetherian

from W™ (@) into W3(G) + > w3 M) = K(G), (2)

=1
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ie. M= {uecWim™(G): A, =0} is finite-dimensional (and does not depend
on s), the range M(A,) of the operator A, is closed in K (G) and has finite
codimension. Moreover, there exists a finite-dimensional space Nt C C*(G) +
C°™(T) independent of s > 0 (C°"(T') = C>°(T') 4+ - + C*>(T")) such that
F=(f, 01, 0m) € K,G) belongs to R(A,) if and only if

PV (F0)+ 3 0p0) =0 (V= (0, €0F) (3

((-,+) and (-,-) denote the scalar product respectively in L,(G) and Ly(T)).

As in (671012, 1) " denote by V/[V/:ﬁ(G) = I/IN/QZ’Zm(G) (I an arbitrary integer) the
completion of the set C°°(G) with respect to the norm

1/2
]l = <UII +ZIID3 tul? Wi ) (4)

1
(DV = ——, v =v(z) is the unit vector of the inward normal to I' at the point z;
v

the spaces W(G) and W5 (@) (W;l/Q( I') and W (=1/2) (I')) are mutually con-
jugate with respect to (-, -) ((-,-)). If { > 2m, then the norms ||[ul|]; and [ully g

are equivalent and WQI (G) = WL(G); for | < 2m these norms are not equivalent.
Since the norm (4) is the norm of the direct sum

2m )
WHG) + 3w, VA,
j=1

in essence W.(G) consists of elements of the form u = (ug, uy, ..., Uy, ), where

uy € Wi(G), u; = DI ug|p, if 1—j > 0; when [—j < 0, u; is an arbitrary element

of the space Wl ]H/Q( ). If ¢ is not an integer, [ < t < [+ 1, then define W}(G)

by complex interpolation between the spaces Wzl (G) and Wz”l (G). For arbitrary
real £, the norm [[ufl ) is equivalent to the norm [[ufyyy(q)+ [ Lulwy2mq) ().

Below ug is the first component of an element u € VIN/'Zt(G)

For each real ¢, the closure by continuity A, of the mapping
u — (Lu, Byulp, ..., By lr) (u e C™(@))

acts continuously from all of W2™*(G) into

2m+t—m;—1/2
K(G) Z A,
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We now formulate the main result of this paper.

Theorem 1. In order that the problem A,, = F € K,(G) have a solution u €
WImHH(@Q), it is necessary and sufficient that the element F = (f, 01, @)

satisfy relations (3). The restriction A, of the operator A, to the subspace
PW3™H (@) = {u € W3 (G) : (ulg, M) = 0}
of the space W;”‘H(G) realizes a homeomorphism
PWEm(G) = QEK,(G),

where
QVE,(G) = {F € K,(G) : [F, "] = 0}

is a subspace of K,(G).

2. To prove Theorem 1, we first, using the Green formula derived in (12),
describe the set 911 more concretely. Denoting by

Bu = (Byu,...,B,,,), Cu=(Ciu,...,C,.),
B'v=(Bjv,...,B]..), C'v=(Civ,..,C ),
&= (un|1"7 "'7ng71un|r‘)7

we write Green’ s formula (23) from (2) in the form
(Lu,v) + (Bu, C"0) pm(py = (u, LT0) + (Cuy B'0) ) + (€7 T0) pzmry - (5)

(u,v € Wi™(QG)).

Let # and r be operators assigning to each 2m-dimensional vector
N = (1, sNom), respectively, the vectors

=0y ) and = (D415 s Nam)-
Represent the space 91 in the form
NE =N @ N @ NE,

where
N ={neNi:m=0}, NZ={neNt:f=0}4

iftn#0
belongs to M3, then, since 77 # 0, also rn # 0. Let

W22m+s(pr) ={ue W22m+s(G) : Bulp =0} (s>0),
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Wi (pr)* = {v € Wi™(G) : (Lu,v) = (u, L*v) (u € W™ (pr))}.

From Green’ s formula it follows that

W3 (pr)* = {v e W3™(G) : (Tv,Mp) pgmry =0, B'olp € Y (6)

We also put

W™= (pr)t = W™ (pr)* N W5™(G) (s > 0).

Consider problems with homogeneous boundary conditions
Lu=feW3(G), uweW;""(pr) (s=0); (7)
Ltv=geWs5(G), veWi(pr)* (s>0). (8)
Lemma 1. The space N* of solutions of problem (8) with g = 0 is finite-
dimensional and does not depend on s > 0. For solvability of problem (7) it is

necessary and sufficient that (f, M%) = 0, and for solvability of problem (8) it
is necessary and sufficient that (g,91) = 0.

Now consider problems with nonhomogeneous boundary conditions:

Lu=f, Bulp=¢ (=01, ¢m)); 9)
L'v=g, Bulp—verM? (To,Np)pamp) =0 (10)
(W= (Y1, V)

For any real t, for each vector
us 2m+t—m,—1/2
e Z W, )

we construct a vector ¢ € rOt® such that the vector (¢, ) is orthogonal in
LZ™(T) to M3, Tt is clear that by these conditions & is uniquely determined

by the vector ¢; if ey,..., e, is a basis in ‘ﬁf:?’ such that rey,...,re, forms an

orthonormal (with respect to L*(T")) basis in 794, then
q

p=— Z @, 7€;) L (r) TE; (11)

J=1

Theorem 2. In order that problem (9) with F = (f,¢) € K ,(G) (s > 0) have
a solution u € W22m+5(G), it is necessary and sufficient that

<<P»7"‘ﬁ >Lm (r) = 0; (12)

(fs0) + {0, C"0) om0y — (@, Bjy) pmry = 0 (v € NF).
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In order that problem (10) with

(9.4) € W3(C) + 3 W (1) = K(G)

j=1
(s > 0)

have a solution v € W3™5(Q), it is necessary and sufficient that

W, 1) L) =0, (gyu) + (¥, Cu) )y =0 (u € N). (13)

The necessity of this theorem follows from Green’ s formula (5) and the consid-
erations of Sec. 2 of [12]. Sufficiency is proved by reducing nonhomogeneous
problems to homogeneous ones and using Lemma 1. We note also that condi-
tions (12) (taking (11) into account) make explicit the solvability conditions (3)
for problem (9).

Consider also the problem

Lu(z) = f(z) (z € @), Bulp = ¢, (Cu,t‘ﬁlﬂ%nm =0. (14)

Theorem 3. In order that problem (14) with F' = (f,¢) € K (G) (s > 0) have
a solution u € WZ™"*(@), it is necessary and sufficient that

(@t‘ﬁlf)ng(F) =0, (f,v) + (o, C””)L;ﬂ(r) =0 (veMnN). (15)

From Theorems 2, 3 and Green’ s formula (5), by means of the method of
M. L. Vishik—S. L. Sobolev (1?), it follows that in order that problem (14) with
F € K,(G) (s < 0) have a solution u € W2(2m+s>(G), it is necessary and sufficient
that relations (15) be satisfied. Hence it already follows easily that, in order
that problem (9) with F € K (G) (s < 0) have a solution u € ﬁ“/22m+5(G)’ it is
necessary and sufficient that relations (12) be satisfied, i.e. Theorem 1 follows.

In conclusion the author expresses deep gratitude to Yu. M. Berezanskii for
discussion of the results.
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