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MATHEMATICS

L. A. BAGIROV

BOUNDARY-VALUE PROBLEMS FOR EL-
LIPTIC AND PARABOLIC EQUATIONS IN
UNBOUNDED DOMAINS
(Presented by Academician I. G. Petrovskii, August 15, 1969)

I. Let 𝐺 be the exterior of a bounded domain in 𝑅𝑛. The boundary of 𝐺 is a
smooth (𝑛 − 1)-dimensional surface Γ. We shall consider the boundary-value
problem

𝐴(𝑥, 𝐷)𝑢 = ∑
|𝛼|≤2𝑙

𝑎𝛼(𝑥)𝐷𝛼𝑢 = 𝑓(𝑥), 𝑥 ∈ ̄𝐺; (1)

𝐵𝑗(𝑥, 𝐷)𝑢 = ∑
|𝛽|≤𝑚𝑗

𝑏𝑗𝛽(𝑥)𝐷𝛽𝑢 = 𝑔𝑗(𝑥), 𝑥 ∈ Γ, (2)

where

𝑗 = 1, … , 𝑙; 𝛼 = (𝛼1, … , 𝛼𝑘), |𝛼| =
𝑛

∑
𝑘=1

𝛼𝑘,

𝐷𝛼 = 𝐷𝛼1
1 ⋯ 𝐷𝛼𝑛𝑛 , 𝐷𝛼𝑘

𝑘 = 1
(−𝑖)𝛼𝑘

𝜕𝛼𝑘

𝜕𝑥𝛼𝑘
𝑘

.

We assume that the following conditions are satisfied:

1. The operator 𝐴 is uniformly elliptic in ̄𝐺.

2. At every point 𝑥 ∈ Γ the Shapiro–Lopatinskii condition is satisfied.

3. The limit lim|𝑥|→∞ 𝑎𝛼(𝑎) exists for all 𝛼, |𝛼| ≤ 2𝑙.
4. The symbol of the limiting operator

𝑎(∞, 𝜉) = ∑
|𝛼|≤2𝑙

𝑎𝛼(∞)𝜉𝛼

has no zeros for all 𝜉 ∈ 𝑅𝑛.
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5. The coefficients 𝑎𝛼(𝑥) and 𝑏𝑗𝛽(𝑥) are infinitely smooth functions. The
spaces 𝐻𝑘(𝐺) and 𝐻𝑘−1/2(Γ) are the usual Sobolev–Slobodetskii spaces.

Theorem 1. Suppose that conditions 1–5 are satisfied. Then:

a) for any 𝑢 ∈ 𝐻𝑘(𝐺) the inequality

‖𝑢‖𝑘(𝐺) ≤ 𝐶 {‖𝑓‖𝑘−2𝑙(𝐺) +
𝑙

∑
𝑗=1

‖𝑔𝑗‖𝑘−𝑚𝑗−1/2(Γ) + ‖𝑢‖𝑘−1(𝐺0)} ,

holds, where 𝑘 ≥ max(2𝑙, 𝑚𝑗 + 1/2), 𝐺0 = 𝐺 ∩ 𝐾𝑅; 𝐾𝑅 = {𝑥 ∶ |𝑥| ≤ 𝑅};

b) there exists a regularizer for problem (1), (2), i.e., a bounded operator

𝑅 ∶ 𝐻𝑘−2𝑙(𝐺) × 𝐻𝑘−𝑚𝑗−1/2(Γ) → 𝐻𝑘(𝐺)
such that 𝐿𝑅Φ = Φ + 𝑇 Φ, where 𝐿 = (𝐴, 𝐵𝑗), Φ = (𝑓, 𝑔𝑗), and 𝑇 is a
completely continuous operator in the direct product

𝐻𝑘−2𝑙(𝐺) × 𝐻𝑘−𝑚𝑗−1/2(Γ).

The space 𝐻𝑘
𝑎 (𝐺) is the space of functions with norm

‖𝑢‖𝑘,𝑎(𝐺) = ∑
|𝛼|≤𝑘

∬ |𝐷𝛼𝑢|2𝑒2𝑎|𝑥| 𝑑𝑥.

Theorem 2. Suppose that conditions 1–5 are satisfied and that the polynomial
𝑎(∞, 𝜉 + 𝑖𝜏) has no real zeros in 𝜉 for |𝜏 | ≤ 𝑎. Then:

a) for any function 𝑢(𝑥) ∈ 𝐻𝑘
𝑎 (𝐺) the estimate is valid

‖𝑢‖𝑘,𝑎(𝐺) ≤ 𝐶 {‖𝑓‖𝑘−2𝑙,𝑎(𝐺) +
𝑙

∑
1

‖𝑔𝑗‖𝑘−𝑚𝑗−1/2(Γ) + ‖𝑢‖𝑘−1(𝐺0)} ;

b) there exists a regularizer of the problem (1), (2), acting from the space
𝐻𝑘−2𝑙

𝑎 (𝐺) × 𝐻𝑘−𝑚𝑗−1/2 into the space 𝐻𝑘
𝑎 (𝐺).

II. In the same domain with boundary Γ we consider the elliptic problem
with complex parameter

𝐴(𝑥, 𝐷, 𝑞)𝑢(𝑥, 𝑞) = ∑
|𝛼|+𝛽≤2𝑙

𝑎𝛼𝛽(𝑥)𝑞𝛽𝐷𝛼𝑢 = 𝑓(𝑥, 𝑞), 𝑥 ∈ ̄𝐺; (3)

𝐵𝑗(𝑥, 𝐷, 𝑞)𝑢(𝑥, 𝑞) = ∑
|𝛽|+|𝛾|≤𝑚𝑗

𝑞𝛾𝑏𝑗𝛽𝛾(𝑥)𝐷𝛽𝑢 = 𝑔𝑗(𝑥, 𝑞), 𝑥′ ∈ Γ. (4)

The analogous problem in a bounded domain was considered in the work (1).
The parameter 𝑞 varies in the angle 𝑄 ∶ 𝜑1 ≤ arg 𝑞 ≤ 𝜑2. We assume that the
following conditions are satisfied:
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6. The coefficients 𝑎𝛼𝛽(𝑥) and 𝑏𝑗𝛽𝛾(𝑥) are infinitely differentiable functions
in ̄𝐺, and the inequalities |𝐷𝛾𝑎𝛼𝛽| ≤ 𝐶𝛽

𝑎,𝛾 hold, where 𝐶𝛽
𝑎,𝛾 are constants.

7. The operator 𝐴 is elliptic with parameter, and the boundary-value problem
𝐴, 𝐵𝑗 satisfies the Shapiro–Lopatinskii condition with parameter (for the
exact definition see Chap. I, § 4 of (1)).

Theorem 3. Let conditions 6 and 7 be satisfied and let 𝑘 be an integer 𝑘 ≥ 𝑘0 =
max(2𝑙, 𝑚𝑗 +1). Then there exists a number 𝑞1 > 0 such that for |𝑞| > 𝑞1, 𝑞 ∈ 𝑄,
problem (3), (4) has a unique solution 𝑢(𝑥) ∈ 𝐻𝑘(𝐺), if 𝑓(𝑥) ∈ 𝐻𝑘−2𝑙(𝐺), and
𝑔𝑗(𝑥) ∈ 𝐻𝑘−𝑚𝑗−1/2(Γ). Moreover, the inequality holds

‖𝑢‖𝑘(𝐺) + |𝑞|𝑘‖𝑢‖0(𝐺) ≤ 𝐶 {‖𝑓‖𝑘−2𝑙 + |𝑞|𝑘−2𝑙‖𝑓‖0+

+
𝑙

∑
1

(‖𝑔𝑗‖𝑘−𝑚𝑗−1/2(Γ) + |𝑞|𝑘−𝑚𝑗−1/2‖𝑔𝑗‖0(Γ))} .

The constant 𝐶 does not depend on 𝑢(𝑥) and 𝑞.

Remark. An analogous result is valid for the case of an unbounded domain 𝐺
with unbounded boundary Γ.

III. In the author’s work (3) problems for elliptic equations with unbounded
coefficients in the exterior of a bounded domain were considered. Here we
shall study the analogous problem with parameter. To this end, assume
that problem (3), (4) satisfies the following conditions:

8. The inequality holds

∣ ∑
|𝛼|+𝛽=2𝑙

𝑎𝛼𝛽(𝑥)𝜉𝛼𝑞𝛽∣ ≥ 𝛿(𝑥)(|𝜉|2 + |𝑞|2)𝑙

for any 𝜉 ∈ 𝑅𝑛, 𝑞 ∈ 𝑄 = {𝑞 ∶ 𝜑1 ≤ arg 𝑞 ≤ 𝜑2}, 𝛿(𝑥) ≥ 𝛿0 > 0.

9. The function

𝑎2𝑙(𝑥, 𝜉, 𝑞) = ∑
|𝛼|+𝛽=2𝑙

𝑎𝛼𝛽(𝑥)𝑞𝛽𝜉𝛼

for |𝑥| > 𝑁, 𝑞 ∈ 𝑄, 𝜉 ∈ 𝑅𝑛 leaves free of values the angle of the complex plane
𝑄1 = {𝑧 ∶ 𝜓1 ≤ arg 𝑧 ≤ 𝜓2}.

10. The values of the function 𝑎0,0(𝑥) for |𝑥| > 𝑁 lie in the angle
𝑄2 = {𝑧 ∶ 𝜓1 + 𝜋 + 𝜀 ≤ arg 𝑧 ≤ 𝜓2 + 𝜋 − 𝜀}, 𝜀 > 0.
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11. At every point 𝑥′ ∈ Γ the Shapiro–Lopatinskii conditions with parameter
are satisfied.

12. Let 𝑥 be any point of 𝐺, |𝑥| > 𝑁 ; 𝐻 a cube with edge ℎ centered at the
point 𝑥; 𝑦 any point of 𝐻. We require that the functions |𝑎𝛼𝛽(𝑥)−

—𝑎𝛼𝛽(𝑦)|/𝛿(𝑥) for |𝛼|+𝛽 = 2𝑙, |𝑎0,0(𝑥)−𝑎0,0(𝑦)|/|𝑎0,0(𝑥)| tend to zero as ℎ → 0
uniformly in 𝑥, |𝑥| ≥ 𝑁 , 𝑥 ∈ 𝐺.

Introduce the notation 𝛿𝑘(𝑥) = (𝛿(𝑥))𝑘/2𝑙, 𝛾𝑘(𝑥) = (|𝑎0,0(𝑥)|)𝑘/2𝑙.

13. Let |𝛼|+𝛽 = 2𝑙−𝑘, and |𝛾| = 𝑝; then the ratio |𝐷𝛾𝑎𝛼𝛽(𝑥)|/𝛿2𝑙−(𝑘+𝑝)𝛾𝑘+𝑝 →
0 as |𝑥| → ∞, if 0 ≤ 𝑝 ≤ 𝑠 − 2𝑙 for 0 < 𝑘 < 2𝑙 and 0 < 𝑝 ≤ 𝑠 − 2𝑙 for
𝑘 = 0, 2𝑙.

Conditions 12 and 13 allow certain classes of unbounded functions. Condition
12 is satisfied by polynomials and functions of the type 𝑒𝑘|𝑥|.

For convenience we shall use special norms depending on the parameter 𝑞. For
each fixed 𝑞 they are equivalent to the norms ‖|𝑢|‖𝑘(𝐺), which were used by the
author. The definition of the norm is as follows:

⟨𝑢⟩2
𝑘(𝐺) = ∫∫{𝛿2

𝑘(𝑥)|𝐷𝑘𝑢|2 + |𝑞|2𝑘|𝑢|2 + 𝛾2
𝑘(𝑥)|𝑢|2} 𝑑𝑥.

Theorem 4. Suppose conditions 8—13 are fulfilled. Then there exists a number
𝑞1 > 0 such that, for |𝑞| > 𝑞1, 𝑞 ∈ 𝑄, there exists a unique solution of problem
(3), (4) belonging to the space 𝐻𝑘(𝛿, 𝛾, 𝐺), if 𝑓 ∈ 𝐻𝑘−2𝑙(𝛿, 𝛾, 𝐺), and 𝑔𝑗 ∈
𝐻𝑘−𝑚𝑗−1/2(Γ). Moreover, the estimate

⟨𝑢⟩𝑘(𝐺) ≤ 𝐶 {⟨𝑓⟩𝑘−2𝑙(𝐺) +
𝑙

∑
1

‖𝑔𝑗‖𝑘−𝑚𝑗−1/2(Γ)} .

holds.

The constant 𝐶 does not depend on 𝑢(𝑥) and 𝑞.

An analogous result is also true in the case of an unbounded boundary.

IV. After studying the elliptic problem with a parameter, it is natural to in-
vestigate the general mixed problem for a parabolic equation in a cylinder
with unbounded base. Let 𝐺, as before, be the exterior of a bounded do-
main with boundary Γ, and let Ω𝑇 be the cylinder Ω𝑇 = 𝐺 × (0, 𝑇 ) with
lateral surface Ω′

𝑇 = Γ × (0, 𝑇 ).
Consider the parabolic problem

𝐴(𝑥, 𝑡, 𝐷𝑥, 𝜕/𝜕𝑡)𝑢(𝑥, 𝑡) = 𝑓(𝑥, 𝑡), (𝑥, 𝑡) ∈ Ω𝑇 ; (5)
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𝐵𝑗(𝑥, 𝑡, 𝐷𝑥, 𝜕/𝜕𝑡)𝑢(𝑥, 𝑡)∣𝑥=𝑥′ = 𝑔𝑗(𝑥′, 𝑡), (𝑥′, 𝑡) ∈ Ω′
𝑇 ; 𝑗 = 1, … , 𝑙. (6)

For 𝑡 = 0 we prescribe the initial conditions

𝜕𝑘𝑢/𝜕𝑡𝑘∣𝑡=0 = 𝜑𝑘(𝑥) (𝑘 = 0, … , 𝜒 − 1, 𝑥 ∈ 𝐺), 𝜒 = 𝑙/𝑏. (7)

The operator 𝐴 has order 2𝑙, and the operators 𝐵𝑗 have order 𝑚𝑗. The parabolic
weight of the problem is 2𝑏.

Definition. Problem (5), (6) is called normally parabolic if, for each fixed
𝑡 = 𝑎, 0 ≤ 𝑎 ≤ 𝑇 , the problem with a parameter in the domain 𝐺, obtained
from problem (5), (6) by replacing 𝜕/𝜕𝑡 with 𝑞2𝑏, satisfies all conditions 8—13
in the angle | arg 𝑞| ≤ 𝜋/4𝑏.

We shall use on the surface Ω′
𝑇 the usual Sobolev—Slobodetskii space

𝐻𝜆,𝜆/2𝑏(Ω′
𝑇 ), and in the cylinder Ω𝑇 the space 𝐻𝑠,𝑠/2𝑏(𝛿, 𝛾, Ω𝑇 ) with norm

⟨𝑢⟩2
𝑠,𝑠/2𝑏 = ∫

Ω𝑇

∫{𝛿2
𝑠(𝑥)(|𝐷𝑠

𝑥𝑢|2 + |𝐷𝑠/2𝑏
𝑡 𝑢|2) + 𝛾2

𝑠 (𝑥)|𝑢|2} 𝑑𝑥 𝑑𝑡.

It is assumed that 𝑠, 𝑠/2𝑏 are integers.

The discussion is carried out by the method of the Laplace transform, analo-
gously to how this was done in paper (1).
Theorem 5. Let problem (5), (6), (7) be a normally parabolic problem. Suppose
also that the usual compatibility conditions for the right-hand sides are fulfilled.
Then, if 𝑓(𝑡, 𝑡) ∈ 𝐻𝜇,𝜇/2𝑏(𝛿, 𝛾, Ω𝑇 ); 𝑔𝑗(𝑥′, 𝑡) ∈ 𝐻𝜆𝑗,𝜆𝑗/2𝑏(Ω′

𝑇 );

𝜑𝑘(𝑥) ∈ 𝐻𝑠−2𝑏𝑘−𝑏(𝐺), 𝑘 = 0, … , 𝜘 − 1, where 𝜇 = 𝑠 − 2𝑙, 𝜆𝑗 = 𝑠 − 𝑚𝑗 − 1
2 ,

then there exists a unique solution of the problem 𝑢(𝑥, 𝑡) ∈ 𝐻𝑠,𝑠/2𝑏(𝛿, 𝛾, Ω𝑇 ).
Moreover, the a priori estimate holds

⟨𝑢⟩𝑠,𝑠/2𝑏 ≤ 𝐶 {⟨𝑓⟩𝜇,𝜇/2𝑏 +
𝑙

∑
1

‖𝑔𝑗‖𝜆𝑗,𝜆𝑗/2𝑏 +
𝜘−1
∑

1
‖𝜑𝑘‖𝑠−2𝑏𝑘−𝑏} .

The constant 𝐶 does not depend on 𝑢(𝑥, 𝑡).
V. Now in the same domain 𝐺 with boundary Γ consider problem (1), (2). We
shall assume that conditions 1, 2, and 5 are satisfied. Conditions 3 and 4 will
be replaced by the following.

Condition 9°. The coefficients of equation (1) and their derivatives have the
form

𝐷𝛽𝑎𝛼(𝑥) = 𝑎0
𝛼𝛽(𝜔)𝑟|𝛼|−|𝛽|−2𝑙 + 𝑎1

𝛼𝛽(𝑥); 𝑟 = |𝑥|.
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Here 𝜔 = (𝜔1, … , 𝜔𝑛−1) is an infinitely differentiable coordinate system on the
unit sphere, and

𝑎1
𝛼𝛽(𝑥) = 𝑂(𝑟|𝛼|−|𝛽|−2𝑙−𝛿)

as 𝑟 → ∞; 𝛿 > 0.

Consider in 𝑅𝑛 the elliptic equation ∑ 𝑎0
𝛼(𝜔)𝐷𝛼𝑢 = 𝑓 . Make the change of

variables 𝑥 → (𝑟, 𝜔), and then the change 𝑟 = 𝑒−𝑡. It is well known that after
these changes we obtain the equation

𝐴0(𝜔, 𝐷𝜔, 𝐷𝑡)𝑣(𝑡, 𝜔) = 𝑒−2𝑙𝑡𝑓(𝑡, 𝜔) (8)

in the cylinder Ω = 𝑆 × (−∞, +∞), where 𝑆 is the unit sphere |𝑥| = 1. After
the Fourier transform in 𝑡 we obtain an elliptic equation with a parameter on
the sphere:

𝐴0(𝜔, 𝐷𝜔, 𝜆) ̃𝑣(𝜆, 𝜔) = ̃𝑓1(𝜆, 𝜔). (9)

It is known that the inverse operator 𝑅(𝜆) for equation (9) is a meromorphic
function of 𝜆, and in each strip | Im 𝜆| < 𝐶1 there exists only a finite number of
poles. The spaces 𝑊̇ 𝑘

𝛼(𝐺) are the same as those used by V. A. Kondrat’ev in
paper (2).
Theorem 6. Suppose conditions 1, 2, 5, and 9 are satisfied, and suppose that
the function 𝑅(𝜆) of problem (9) has no poles on the line

Im 𝜆 = 1
2(−𝛼 − 𝑛 + 2𝑘), 𝑘 ≥ 𝑘0 = max(2𝑙, 𝑚𝑗 + 1

2 ).

Then, if
(𝑓, 𝑔𝑗) ∈ 𝐻̇𝑘

𝛼 = 𝑊̇ 𝑘−2𝑙
𝛼 × 𝐻𝑘−𝑚𝑗−1/2,

then, provided a finite number of conditions of the form 𝐹𝑖(𝑓, 𝑔𝑗) = 0 are satis-
fied, where 𝐹𝑖 are functionals in 𝐻̇𝑘

𝛼(𝐺), there exists a solution of problem (1),
(2) belonging to 𝑊̇ 𝑘

𝛼(𝐺).
Under the same assumptions, there hold a theorem on the increase of smooth-
ness, a theorem on the finite-dimensionality of the space of solutions of the
homogeneous problem, and a theorem on the asymptotic expansion of the solu-
tion as 𝑟 → ∞. The methods of proof are analogous to the methods of proof in
paper (2).
The author expresses deep gratitude to V. A. Kondrat’ev for the formulation
of the problems and for his constant attention.

Moscow State University
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