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MATHEMATICS
R. D. KULOV

ON EMBEDDING THEOREMS FOR BESOV
SPACES WITH MIXED NORM

(Presented by Academician S. L. Sobolev on February 17, 1970)

Embedding theorems for the spaces W(lp) (I integer), H, (lp), SiH, Li, () With
mixed norm have been considered in a number of works (°~1%). In the present
note embedding theorems are given for the spaces Bép)(E") with mixed norm.

+
Weighted spaces Bép) o(E™) are also considered. Let E™ be the n-dimensional

+
real Euclidean space of points x = (2q,...,2,); E™ = {x : z, > 0}; E" =

+ ~ ~ ~ ~
En1 X oeee X Enk — Em1 X oeee X EmT; En — En1 X e X Enk — Eml X e X _Em-r7
and the decompositions into E™ and E™i (E™ and E™i) (i = 1,...,k; j =

1,...,7) do not depend on one another; the vectors of the subspaces E™ and E™
will be denoted respectively by x,, = (z;1, ..., %;,,) and x,, = (2, ... ,xﬁ%l)
(7’ = ]-7 7k7 ] :7]-7"' 77—); p = (pla apk>’ q = (qlv "'?QT)7 1 = (llﬂ 7ln)a
r=(ry,...,7,); ¥, l;,7; (i =1,...,n) are nonnegative integers, o > 0.

DZ’” (Xm:) is an n;-dimensional parallelepiped in E™i with vertex at the point
x,,, and edges h*i, ... " (i =1,..,k).

n

Let f(y) be a smooth finite function in E™ and

P

/P
+ ) <oco (1)
Lipy(E™)

< dt o 7
M = (] s/ 2208 f13)
(p), 0

(E™) t1+pray

+
(where L, (E™) is the space with mixed norm (see (8)));
f + - f + + f X + . 2
I ”pr:_’a(E") | ||L<p~,(E”) ; H “zfg),a(Ew (2)

+
Putting in (2) @ = 0 and replacing E™ by E™, we obtain
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115t my = WL, () + ; Hf||4(l;~)<En>~ (3)

+
By the spaces Bfm(E") and Bép) . (E™) we shall mean the closures of the set of
smooth finite functions in the norms (2) and (3).

We formulate the main results.

Theorem 1. If 1 < p, < ¢ < oo (i =1,...,k j=1,..,7) 1, =1, + o,
O0<o;<1(i=1,...,n);

nq LI (A | 14 1
i=1 " i=1 £ =1 "1 =1 10 j=1{;

o~

fe Bé}g)(En)7 then D{* - Di* f € L,y (E™), and the inequality

[y D A, gy < L, g (4)

holds.

Theorem 2. If 1 <p, <¢q; <oo(i=1,...k j=1,..,7); l,=1,+a;, 0<
o, <1, r=r+p6,0<p5,<1(=1,.,n);

nq k1 1 | r
_ — — — + — T>7S (3:1,...,n),
;ll ;p by Haiz1)

NS

e Bép)(En)’ then f € B(Q)<En) and the inequality

£, (&) < Clflet (om) (5)

holds.

Theorem 3. If 1 < p, <¢q; < oo, 0<a<p/max;p; (i =1,..k j=
Lo )ili=lL+a;, 0<a;<1(i=1,..,n);

o
31

1

n 71 7'1 11
1— 1 = =N —
Z(+V —+

i=1 " i—1 Pi j=1"1J -1 i =1 l

~

N

+ +
fe Bép),a(En)7 then DY ... Dy f € Lg)(E™) and the inequality
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| DY - Dy f

. <C + 6
b g <O, (6)

(a) (p),ox )

holds.

< py/max;p; (1 =1,....k j=

Theorem 4. If1<pi§qj<oo, 0<
T4+ B, 0<B,<1(i=1,..,n)

L,ml=L+o, 0<a,<1, 7 =

K2

_|_Q

L T Pl 1 I 1 7
I D DL DUUD DED DF SRS
i Pityn i—1 Pi j=1 "ij im1 i j=1 lj s

+ +
fe Bép%a(E”), then f € B€q>(E”) and the inequality

+ <C +
My o SOl

holds.
In inequalities (4)—(7) the constant C' does not depend on f.

Let us indicate the scheme of proof, for example, of Theorem 2. Consider the
norm || f]| £rz (Bn)¢ its estimate, in view of Theorem 1, reduces to estimating the
q

expression

S

e 1/q, 1
— 2 — —
N‘(Z o 182D f @) W) L wherex, =+ (s=1..

Using the integral identity of V. P. II' in (®), and making the necessary trans-
formations and estimates, we obtain

hxs d 1/q,
o 6—T X —2X4) || £]|97
vl [ A, 0|

21/xs vXi

/ dv
THX—e+7i X T Xs
0 v 0

h

n hXs dz
ey | [ S
=1 0
n hXs
dz
x| [ i

i=1

/zl/x VLT =T X+ 2X Vi X
.

x / 3 (3) phswa
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oG [ 82(4) Dlstay

du / Y= (/prtey) gt

qr

Lig(E"
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where

1 X; &
o 2%

Let us estimate one of the expressions, for example N, (N7, N5 are estimated
analogously). For this we choose v, so that ¢ —r ,x, > vx; (i =1,...,n; s =

1,...,n); then, after elementary estimates, we shall have
n hXs 21/xs
Ny < cheroxs 3 / = e
b 1+L& 0 1=
i 3 i = i) L Y= S 4y
— —

1/q,

N 1/py||*
t\ =1 Pk
> / txiPr—(1+pray) gt ‘A? (*) Dzbf(y) )
; 2 L) [I:Ivmnl(xnl),-u 0Ty (T >]

L@ (E™)

(where p is an arbitrary positive number); using the generalized Minkowski
inequality and lemma (1) of A. Kh. Gudiev ° the required number of times, we
shall have

n hXs d 21/xs d vXi
< ChE X Z / z / 17” / Xipe—(14Pp ) ¢
Tl 1+ T b 0T

- ¢, ar
:(3) D f<>L(m<En)H <

changing the order of integration; choosing p so that ~,x; — p > 0, we obtain

n
< ch®7TeXs Z “.f”L’z (B
=1 (p)
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From the estimates obtained, for h = 1 we obtain inequality (5).

In conclusion I express my deep gratitude to Acad. S. L. Sobolev for his attention
to this work, and also to A. Kh. Gudiev for posing the question and for valuable
advice.
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Note: Figure translations are in progress. See original paper for figures.
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