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Abstract
Full Text
UDC 517.947.42

MATHEMATICS

R. D. KULOV

ON EMBEDDING THEOREMS FOR BESOV
SPACES WITH MIXED NORM
(Presented by Academician S. L. Sobolev on February 17, 1970)

Embedding theorems for the spaces 𝑊 𝑙
(𝑝) (𝑙 integer), 𝐻 𝑙

(𝑝), 𝑆𝑟
(𝑝)𝐻, 𝐿𝑟

(𝑝),(𝜃) with
mixed norm have been considered in a number of works (5−15). In the present
note embedding theorems are given for the spaces 𝐵𝑙

(𝑝)(𝐸𝑛) with mixed norm.

Weighted spaces 𝐵𝑙
(𝑝),𝛼(

+
𝐸 𝑛) are also considered. Let 𝐸𝑛 be the 𝑛-dimensional

real Euclidean space of points x = (𝑥1, … , 𝑥𝑛);
+
𝐸 𝑛 = {x ∶ 𝑥𝑛 > 0}; 𝐸𝑛 =

𝐸𝑛1 × ⋯ × 𝐸𝑛𝑘 = 𝐸𝑚1 × ⋯ × 𝐸𝑚𝜏 ;
+
𝐸 𝑛 = 𝐸𝑛1 × ⋯ × 𝐸𝑛𝑘 = 𝐸𝑚1 × ⋯ × 𝐸𝑚𝜏 ,

and the decompositions into 𝐸𝑛𝑖 and 𝐸𝑚𝑗 (𝐸𝑛𝑖 and 𝐸𝑚𝑗) (𝑖 = 1, … , 𝑘; 𝑗 =
1, … , 𝜏) do not depend on one another; the vectors of the subspaces 𝐸𝑛𝑖 and 𝐸𝑚𝑗

will be denoted respectively by x𝑛𝑖
= (𝑥𝑖1, … , 𝑥𝑖𝑛𝑖

) and x𝑚𝑗
= (𝑥(𝑗)

1 , … , 𝑥(𝑗)
𝑚𝑗)

(𝑖 = 1, … , 𝑘; 𝑗 = 1, … , 𝜏); p = (𝑝1, … , 𝑝𝑘), q = (𝑞1, … , 𝑞𝜏), l = (𝑙1, … , 𝑙𝑛),
r = (𝑟1, … , 𝑟𝑛); 𝜈𝑖, ̄𝑙𝑖, ̄𝑟𝑖 (𝑖 = 1, … , 𝑛) are nonnegative integers, 𝛼 ≥ 0.

□𝜘𝑛𝑖
ℎ (x𝑛𝑖

) is an 𝑛𝑖-dimensional parallelepiped in 𝐸𝑛𝑖 with vertex at the point
x𝑛𝑖

and edges ℎ𝜘𝑖1 , … , ℎ𝜘𝑖𝑛𝑖 (𝑖 = 1, … , 𝑘).
Let 𝑓(𝑦) be a smooth finite function in 𝐸𝑛 and

‖𝑓‖
ℒ 𝑙𝑖

(𝑝),𝛼(
+
𝐸 𝑛)

= (∫
∞

0

𝑑𝑡
𝑡1+𝑝𝑘𝛼𝑖

∥𝑦𝛼/𝑝1𝑛 Δ2
𝑖 (𝑡)𝐷 ̄𝑙𝑖

𝑖 𝑓(𝑦)∥
𝑝𝑘

𝐿(𝑝)(
+
𝐸 𝑛)

)
1/𝑝𝑘

< ∞ (1)

(where 𝐿(𝑝)(
+
𝐸 𝑛) is the space with mixed norm (see (8)));

‖𝑓‖
𝐵𝑙

(𝑝),𝛼(
+
𝐸 𝑛)

= ‖𝑓‖
𝐿(𝑝)(

+
𝐸 𝑛)

+
𝑛

∑
𝑖=1

‖𝑓‖
ℒ 𝑙𝑖

(𝑝),𝛼(
+
𝐸 𝑛)

. (2)

Putting in (2) 𝛼 = 0 and replacing
+
𝐸 𝑛 by 𝐸𝑛, we obtain

sovietrxiv.org/items/ru-197001.39088 Machine Translation

https://sovietrxiv.org/items/ru-197001.39088


‖𝑓‖𝐵𝑙
(𝑝)(𝐸𝑛) = ‖𝑓‖𝐿(𝑝)(𝐸𝑛) +

𝑛
∑
𝑖=1

‖𝑓‖ℒ 𝑙𝑖
(𝑝)(𝐸𝑛). (3)

By the spaces 𝐵𝑙
(𝑝)(𝐸𝑛) and 𝐵𝑙

(𝑝),𝛼(
+
𝐸 𝑛) we shall mean the closures of the set of

smooth finite functions in the norms (2) and (3).

We formulate the main results.

Theorem 1. If 1 < 𝑝𝑖 ≤ 𝑞𝑖 < ∞ (𝑖 = 1, … , 𝑘; 𝑗 = 1, … , 𝜏); 𝑙𝑖 = ̄𝑙𝑖 + 𝛼𝑖,
0 < 𝛼𝑖 ≤ 1 (𝑖 = 1, … , 𝑛);

1 −
𝑛

∑
𝑖=1

1
𝑙𝑖

(1 + 𝜈𝑖) +
𝑘

∑
𝑖=1

1
𝑝𝑖

𝑛𝑖

∑
𝑗=1

1
𝑙𝑖𝑗

+
𝜏

∑
𝑖=1

1
𝑞𝑖

𝑚𝑖

∑
𝑗=1

1
𝑙(𝑖)𝑗

> 0,

𝑓 ∈ 𝐵𝑙
(𝑝)(𝐸𝑛), then 𝐷𝜈1

1 ⋯ 𝐷𝜈𝑛𝑛 𝑓 ∈ 𝐿(𝑞)(𝐸𝑛), and the inequality

∥𝐷𝜈1
1 ⋯ 𝐷𝜈𝑛𝑛 𝑓∥𝐿(𝑞)(𝐸𝑛) ≤ 𝐶‖𝑓‖𝐵𝑙

(𝑝)(𝐸𝑛) (4)

holds.

Theorem 2. If 1 < 𝑝𝑖 ≤ 𝑞𝑗 < ∞ (𝑖 = 1, … , 𝑘; 𝑗 = 1, … , 𝜏); 𝑙𝑖 = ̄𝑙𝑖 + 𝛼𝑖, 0 <
𝛼𝑖 ≤ 1, 𝑟𝑖 = ̄𝑟𝑖 + 𝛽𝑖, 0 < 𝛽𝑖 ≤ 1 (𝑖 = 1, … , 𝑛);

1 −
𝑛

∑
𝑖=1

1
𝑙𝑖

+
𝑘

∑
𝑖=1

1
𝑝′

𝑖

𝑛𝑖

∑
𝑗=1

1
𝑙𝑖𝑗

+
𝜏

∑
𝑖=1

1
𝑞𝑖

𝑚𝑗

∑
𝑗=1

1
𝑙(𝑖)𝑗

> 𝑟𝑠
𝑙𝑠

(𝑠 = 1, … , 𝑛),

𝑓 ∈ 𝐵𝑙
(p)(𝐸𝑛), then 𝑓 ∈ 𝐵𝑟

(q)(𝐸𝑛) and the inequality

‖𝑓‖𝐵𝑟
(q)(𝐸𝑛) ≤ 𝐶‖𝑓‖𝐵𝑙

(p)(𝐸𝑛) (5)

holds.

Theorem 3. If 1 < 𝑝𝑖 ≤ 𝑞𝑗 < ∞, 0 ≤ 𝛼 < 𝑝1/ max𝑖 𝑝′
𝑖 (𝑖 = 1, … , 𝑘; 𝑗 =

1, … , 𝜏); 𝑙𝑖 = ̄𝑙𝑖 + 𝛼𝑖, 0 < 𝛼𝑖 ≤ 1 (𝑖 = 1, … , 𝑛);

1 −
𝑛

∑
𝑖=1

1
𝑙𝑖

(1 + 𝜈𝑖) − 𝛼
𝑝1𝑙𝑛

+
𝑘

∑
𝑖=1

1
𝑝′

𝑖

𝑛̃𝑖

∑
𝑗=1

1
𝑙𝑖𝑗

+
𝜏

∑
𝑖=1

1
𝑞𝑖

𝑚̃𝑖

∑
𝑗=1

1
𝑙(𝑖)𝑗

> 0,

𝑓 ∈ 𝐵𝑙
(p),𝛼(

+
𝐸𝑛), then 𝐷𝜈1

1 ⋯ 𝐷𝜈𝑛𝑛 𝑓 ∈ 𝐿(q)(
+
𝐸𝑛) and the inequality
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‖𝐷𝜈1
1 ⋯ 𝐷𝜈𝑛𝑛 𝑓‖

𝐿(q)(
+
𝐸𝑛)

≤ 𝐶‖𝑓‖
𝐵𝑙

(p),𝛼(
+
𝐸𝑛)

(6)

holds.

Theorem 4. If 1 < 𝑝𝑖 ≤ 𝑞𝑗 < ∞, 0 ≤ 𝛼 < 𝑝1/ max𝑖 𝑝′
𝑖 (𝑖 = 1, … , 𝑘; 𝑗 =

1, … , 𝜏); 𝑙𝑖 = ̄𝑙𝑖 + 𝛼𝑖, 0 < 𝛼𝑖 ≤ 1, 𝑟𝑖 = ̄𝑟𝑖 + 𝛽𝑖, 0 < 𝛽𝑖 ≤ 1 (𝑖 = 1, … , 𝑛);

1 −
𝑛

∑
𝑖=1

1
𝑙𝑖

− 𝛼
𝑝1𝑙𝑛

+
𝑘

∑
𝑖=1

1
𝑝′

𝑖

𝑛̃𝑖

∑
𝑗=1

1
𝑙𝑖𝑗

+
𝜏

∑
𝑖=1

1
𝑞𝑖

𝑚̃𝑖

∑
𝑗=1

1
𝑙(𝑖)𝑗

> 𝑟𝑠
𝑙𝑠

(𝑠 = 1, … , 𝑛);

𝑓 ∈ 𝐵𝑙
(p),𝛼(

+
𝐸𝑛), then 𝑓 ∈ 𝐵𝑟

(q)(
+
𝐸𝑛) and the inequality

‖𝑓‖
𝐵𝑟

(q)(
+
𝐸𝑛)

≤ 𝐶‖𝑓‖
𝐵𝑙

(p),𝛼(
+
𝐸𝑛)

(7)

holds.

In inequalities (4)—(7) the constant 𝐶 does not depend on 𝑓 .

Let us indicate the scheme of proof, for example, of Theorem 2. Consider the
norm ‖𝑓‖ℒ𝑟𝑠

(q)(𝐸𝑛): its estimate, in view of Theorem 1, reduces to estimating the
expression

𝑁 = (∫
ℎ𝜒𝑠

0

𝑑𝑧
𝑧1+𝑞𝜏𝛽𝑠

‖Δ2
𝑠(𝑧)𝐷 ̄𝑟𝑠𝑠 𝑓(𝑥)‖𝑞𝜏

𝐿(q)(𝐸𝑛))
1/𝑞𝜏

, where 𝜒𝑠 = 1
𝑙𝑠

(𝑠 = 1, … , 𝑛).

Using the integral identity of V. P. Il’in (3), and making the necessary trans-
formations and estimates, we obtain

𝑁 ≤ 𝐶 [∫
ℎ𝜒𝑠

0

𝑑𝑧
𝑧1+(𝛽𝑠−2)𝑞𝜏

ℎ(−𝛿− ̄𝑟𝑠𝜒𝑠−2𝜒𝑠)‖𝑓‖𝑞𝜏
𝐿(p)(𝐸𝑛)]

1/𝑞𝜏

+ 𝐶
𝑛

∑
𝑖=1

⎡⎢
⎣

∫
ℎ𝜒𝑠

0

𝑑𝑧
𝑧1+𝛽𝑠𝑞𝜏

× ∥∫
𝑧1/𝜒𝑠

0

𝑑𝑣
𝑣1+𝜆𝑖−𝜀+𝛾𝑖𝜒𝑖+𝑟𝑠𝜒𝑠

∫
𝑣𝜒𝑖

0
𝑡𝛾𝑖−( 1

𝑝𝑘
+𝛼𝑖) 𝑑𝑡 ∫

𝑥+𝑣𝑘

𝑥
Δ2

𝑖 ( 𝑡
2) 𝐷 ̄𝑙𝑖

𝑖 𝑓(𝑦) 𝑑𝑦∥
𝑞𝜏

𝐿(q)(𝐸𝑛)

⎤⎥
⎦

1/𝑞𝜏

+ 𝐶
𝑛

∑
𝑖=1

[∫
ℎ𝜒𝑠

0

𝑑𝑧
𝑧1+(𝛽𝑠−2)𝑞𝜏

∥∫
ℎ

𝑧1/𝜒𝑠

𝑑𝑣
𝑣1+𝜆𝑖−𝜀+ ̄𝑟𝑠𝜒𝑠+2𝜒𝑠+𝛾𝑖𝜒𝑖

∫
𝑣𝜒𝑖

0
𝑡𝛾𝑖−(1/𝑝𝑘+𝛼𝑖) 𝑑𝑡

× ∫
𝑥+𝑣𝑘

𝑥
Δ2

𝑖 ( 𝑡
2) 𝐷 ̄𝑙𝑖

𝑖 𝑓(𝑦) 𝑑𝑦∥
𝑞𝜏

𝐿(q)(𝐸𝑛)

⎤⎥
⎦

1/𝑞𝜏

= 𝑁1 + 𝑁2 + 𝑁3,
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where

𝛿 =
𝑛

∑
𝑖=1

𝜒𝑖 −
𝑘

∑
𝑖=1

1
𝑝𝑘

𝑛𝑖

∑
𝑗=1

𝜒𝑖𝑗 −
𝜏

∑
𝑖=1

1
𝑞𝑖

𝑚𝑖

∑
𝑗=1

𝜒(𝑖)
𝑗 ,

0 < 𝛾𝑖 ≤ 1
𝑝𝑘

+ 𝛼𝑖, 𝜆𝑖 = 𝜒𝑖
𝑝𝑘

+
𝑛

∑
𝑗=1

𝜒𝑗 − 𝛿, 𝜀 = 1 − 𝛿.

Let us estimate one of the expressions, for example 𝑁2 (𝑁1, 𝑁3 are estimated
analogously). For this we choose 𝛾𝑖 so that 𝜀 − 𝑟𝑠𝜒𝑠 > 𝛾𝑖𝜒𝑖 (𝑖 = 1, … , 𝑛; 𝑠 =
1, … , 𝑛); then, after elementary estimates, we shall have

𝑁2 ≤ 𝑐ℎ𝜀−𝑟𝑠𝜒𝑠
𝑛

∑
𝑖=1

⎡
⎢⎢⎢⎢
⎣

∫
ℎ𝜒𝑠

0

𝑑𝑧
1 + 𝑞𝜏

𝜒𝑠
(𝛾𝑖𝜒𝑖 − 𝜇)

∥
∥
∥
∥
∥
∥

⎛⎜⎜⎜⎜⎜⎜⎜
⎝

∫
𝑧1/𝜒𝑠

0

𝑑𝑣

1 + 𝑝𝑘
𝜏

∑
𝑖=1

1
𝑞𝑖

𝑚𝑖

∑
𝑗=1

𝜒(𝑖)
𝑗 + 𝜇𝑝𝑘

× ∫
𝑣𝜒𝑖

0
𝑡𝜒𝑖𝑝𝑘−(1+𝑝𝑘𝛼𝑖) 𝑑𝑡 ∥Δ2

𝑖 ( 𝑡
2) 𝐷̄ 𝑙𝑖

𝑖 𝑓(𝑦)∥
𝑝𝑘

𝐿(𝑝)[□𝑣𝑥𝑛1 (𝑥𝑛1 ),…,□𝑣𝑥𝑛𝑘 (𝑥𝑛𝑘 )]
)

1/𝑝𝑘

∥
𝑞𝜏

𝐿(𝑞)(𝐸𝑛)

⎤
⎥
⎦

1/𝑞𝜏

≤

(where 𝜇 is an arbitrary positive number); using the generalized Minkowski
inequality and lemma (1) of A. Kh. Gudiev 5 the required number of times, we
shall have

≤ 𝑐ℎ𝜀−𝑟𝑠𝜒𝑠
𝑛

∑
𝑖=1

⎡⎢⎢
⎣

∫
ℎ𝜒𝑠

0

𝑑𝑧
1 + 𝑞𝜏

𝜒𝑠
(𝛾𝑖𝜒𝑖 − 𝜇)

(∫
𝑧1/𝜒𝑠

0

𝑑𝑣
𝑣1+𝜇𝑝𝑘

∫
𝑣𝜒𝑖

0
𝑡𝜒𝑖𝑝𝑘−(1+𝑝𝑘𝛼𝑖) 𝑑𝑡

× ∥Δ2
𝑖 ( 𝑡

2) 𝐷̄ 𝑙𝑖
𝑖 𝑓(𝑦)∥

𝑝𝑘

𝐿(𝑝)(𝐸𝑛)
)

𝑞𝜏

]
1/𝑞𝜏

≤

changing the order of integration; choosing 𝜇 so that 𝛾𝑖𝜒𝑖 − 𝜇 > 0, we obtain

≤ 𝑐ℎ𝜀−𝑟𝑠𝜒𝑠
𝑛

∑
𝑖=1

‖𝑓‖𝐿 𝑙𝑖
(𝑝)(𝐸𝑛).
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From the estimates obtained, for ℎ = 1 we obtain inequality (5).

In conclusion I express my deep gratitude to Acad. S. L. Sobolev for his attention
to this work, and also to A. Kh. Gudiev for posing the question and for valuable
advice.

Institute of Mathematics
Siberian Branch of the Academy of Sciences of the USSR
Novosibirsk

Received
9 II 1970
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