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MATHEMATICS

V. B. KOROTKOV

CLASSIFICATION AND CHARACTERISTIC
PROPERTIES OF CARLEMAN OPERATORS
(Presented by Academician S. L. Sobolev, 2 VII 1969)

1°. Classification of Carleman operators.
Let (𝑋, 𝑆, 𝜇) be a space with a completely 𝜎-finite measure ((1), p. 77) and
let 𝐾(𝑠, 𝑡) be a (𝜇 × 𝜇)-measurable function defined on 𝑋 × 𝑋. Below we
consider integral operators with kernels satisfying the following (not necessarily
all*) conditions:

(I) T. Carleman’s condition (2, 3)

∫
𝑋

|𝐾(𝑠, 𝑡)|2 𝑑𝜇(𝑡) < ∞

for 𝜇-almost all (a.e.) 𝑠 ∈ 𝑋.

(II) 𝐾(𝑠, 𝑡) = 𝐾(𝑡, 𝑠) for (𝜇 × 𝜇)-a.e. (𝑠, 𝑡) ∈ 𝑋 × 𝑋.

(III) N. I. Akhiezer’s condition (3, 4): there exists a 𝜇-measurable, 𝜇-a.e. finite,
nonnegative function 𝑃(𝑠), defined on 𝑋, such that

|𝐾(𝑠, 𝑡)| ≤ 𝑃(𝑠)𝑃 (𝑡)

for (𝜇 × 𝜇)-a.e. (𝑠, 𝑡) ∈ 𝑋 × 𝑋.

Functions satisfying conditions (I), (II) are called Carleman kernels (2, 3) (abbre-
viated (𝐶)-kernels). Functions satisfying condition (I) are called semi-Carleman
kernels (5) ((𝑆𝐶)-kernels). Functions satisfying condition (III) are called 𝐵-
kernels (4). A (𝐶)-kernel satisfying condition (III) will be called a (𝐵𝐶)-kernel.
An (𝑆𝐶)-kernel satisfying condition (III) will be called a (𝐵𝑆𝐶)-kernel.
A densely defined integral operator acting in 𝐿2(𝑋, 𝑆, 𝜇),

𝐿𝑓 = ∫
𝑋

𝐾(𝑠, 𝑡)𝑓(𝑡) 𝑑𝜇(𝑡), 𝑓 ∈ 𝐷𝐿, (1)
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with (𝜇 × 𝜇)-measurable kernel 𝐾(𝑠, 𝑡), will be called: a (𝐶)-operator, if 𝐾(𝑠, 𝑡)
is a (𝐶)-kernel; an (𝑆𝐶)-operator, if 𝐾(𝑠, 𝑡) is an (𝑆𝐶)-kernel; a (𝐵𝐶)-operator,
if 𝐾(𝑠, 𝑡) is a (𝐵𝐶)-kernel; a (𝐵𝑆𝐶)-operator, if 𝐾(𝑠, 𝑡) is a (𝐵𝑆𝐶)-kernel.
As in (6), a densely defined linear operator 𝑇 acting in 𝐿2(𝑋, 𝑆, 𝜇) will be called
an operator of type (𝐶) if it is unitarily equivalent to a (𝐶)-operator. Operators
of types (𝑆𝐶), (𝐵𝐶), and (𝐵𝑆𝐶) are defined analogously.

Finally, following (6), we shall call an operator 𝑇 a strong (𝐶)-operator if, for
every unitary operator 𝑈 in 𝐿2(𝑋, 𝑆, 𝜇), the operator 𝑈𝑇 𝑈−1 is a (𝐶)-operator.
Strong (𝑆𝐶)-, strong (𝐵𝐶)-, and strong (𝐵𝑆𝐶)-operators are defined analo-
gously.

In the present paper, for each of the classes (𝐶), (𝑆𝐶), (𝐵𝐶), (𝐵𝑆𝐶), the
following three problems are considered**:

* But necessarily Carleman’s condition (I). We call such operators Carleman
operators.

** The first two problems for the class (𝐶) were posed in (7). The third problem
(for the class (𝑆𝐶)) was posed in (6) and studied in (6, 9).
Find necessary and sufficient conditions under which the operator 𝑇 is: 1) an
operator of the given class; 2) an operator of the given type; 3) a strong operator
of the given class.

The paper gives solutions of each of the three problems for all four classes. The
results obtained are, in a certain sense, final, with the exception of one case
(𝐵𝑆𝐶)—2)—the problem is solved only for normal operators.

Everywhere below in the paper it is assumed that (𝑋, 𝑆, 𝜇) is a separable space
((1), p. 165) with a completely 𝜎-finite measure ((1), p. 77), and that 𝑇 is a
densely defined linear operator in 𝐿2(𝑋, 𝑆, 𝜇).
Theorem 1. 1) The operator 𝑇 is an (𝑆𝐶)-operator if and only if 𝑇 has a
majorant, i.e., if there exists a 𝜇-measurable, 𝜇-a.e. finite nonnegative function
Λ(𝑠) defined on 𝑋 such that for all 𝑓 ∈ 𝐷𝑇

|(𝑇 𝑓)(𝑠)| ≤ Λ(𝑠)‖𝑓‖ for 𝜇-a.e. 𝑠 ∈ 𝑋. (2)

2) Suppose that the measure 𝜇 is not purely atomic∗. The operator 𝑇 is an
operator of type (𝑆𝐶) if and only if the adjoint operator 𝑇 ∗ is densely
defined and the limiting spectrum of 𝑇 ∗ contains 0.

3) Suppose that the measure 𝜇 is not purely atomic. The operator 𝑇 is
a strong (𝑆𝐶)-operator if and only if its closure is a Hilbert–Schmidt
operator.

The second assertion of Theorem 1, in the case where 𝑇 is a normal operator,
𝑋 = (𝑎, 𝑏), and 𝜇 is Lebesgue measure, coincides with Theorem 1 of paper (6).
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The third assertion of Theorem 1, in the case where 𝑋 = (𝑎, 𝑏) and 𝜇 is Lebesgue
measure, is a strengthening of Theorem 4 of paper (6) and Theorem 3 of paper
(9).
Remark. Condition (2) of Theorem 1 is equivalent to the following conditions
((3), p. 463):

𝐷𝑇 ∗ ⊃ [𝐿2]Λ = {𝑓 ∶ 𝑓 ∈ 𝐿2(𝑋, 𝑆, 𝜇), ‖𝑓‖Λ = ∫ Λ(𝑠)|𝑓(𝑠)| 𝑑𝜇(𝑠) < ∞} (3)

‖𝑇 ∗𝑓‖ ≤ ‖𝑓‖Λ for all 𝑓 ∈ [𝐿2]Λ.

Theorem 2. 1) The operator 𝑇 is a (𝐶)-operator if and only if the operator 𝑇
has a majorant Λ(𝑠) such that the inclusion (3) holds and∗∗

(𝑇 ∗𝑓, 𝑔) = (𝑓, 𝑇 ∗𝑔) for all 𝑓, 𝑔 ∈ [𝐿2]Λ. (4)
2) Suppose that the measure 𝜇 is not purely atomic. The operator 𝑇 is an

operator of type (𝐶) if and only if there exists a symmetric operator 𝐴
such that 𝐴 ⊆ 𝑇 ∗ and the limiting spectrum of the operator 𝐴 contains 0.

3) Suppose that the measure 𝜇 is not purely atomic. The operator 𝑇 is
a strong (𝐶)-operator if and only if its closure is a self-adjoint Hilbert–
Schmidt operator.

The first assertions of Theorems 1 and 2 for the case 𝑋 = Ω ⊆ 𝑅𝑛, 𝜇 Lebesgue
measure, were proved in (8). The second assertion of Theorem 2 is a generaliza-
tion of a well-known theorem of J. von Neumann ((7); (3), p. 467).

∗ We shall say that the measure 𝜇 is not purely atomic if in 𝑋 there exists a set
𝐸 of finite nonzero 𝜇-measure such that, for any atom 𝜏 , 𝜇(𝐸 ∩ 𝜏) = 0. It can
be shown that if 𝜇 is purely atomic, then any bounded operator in 𝐿2(𝑋, 𝑆, 𝜇)
is a strong (𝐵𝑆𝐶) and, consequently, a strong (𝑆𝐶)-operator.
∗∗ Condition (4) ensures the Hermiticity of the kernel and was first considered
by N. I. Akhiezer ((4), p. 129).
Theorem 3. 1) The operator 𝑇 is a (𝐵𝑆𝐶)-operator if and only if the operator
𝑇 has a majorant Λ(𝑠) such that 𝐷𝑇 ∗ ⊃ [𝐿2]Λ and, for all 𝑓 ∈ [𝐿2]Λ,

|(𝑇 ∗𝑓)(𝑡)| ≤ Λ(𝑡)‖𝑓‖Λ for 𝜇-a.e. 𝑡 ∈ 𝑋, (5)

where

‖𝑓‖Λ = ∫
𝑋

Λ(𝑠)|𝑓(𝑠)| 𝑑𝜇(𝑠).
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2) Suppose that the measure 𝜇 is not purely atomic. A normal operator 𝑁
is an operator of type (𝐵𝑆𝐶) if and only if the residual spectrum of the
adjoint operator 𝑁 ∗ contains 0.

3) Suppose that the measure 𝜇 is not purely atomic. The operator 𝑇 is a
strong (𝐵𝑆𝐶)-operator if and only if its closure is a nuclear operator.

Remark. Condition (5) of Theorem 3.1) is equivalent to the condition

|(𝑇 ∗𝑓, 𝑔)| ≤ ‖𝑓‖Λ‖𝑔‖Λ

for all 𝑓, 𝑔 ∈ [𝐿2]Λ, introduced by N. I. Akhiezer in the study of symmetric
(𝐵𝐶)-operators ((4), p. 129).
Theorem 4. 1) The operator 𝑇 is a (𝐵𝐶)-operator if and only if the conditions
of Theorem 3.1) and condition (4) of Theorem 2.1) are satisfied.

2) Suppose that the measure 𝜇 is not purely atomic. An operator is an
operator of type (𝐵𝐶) if and only if there exists a symmetric operator 𝐴
such that 𝐴 ⊆ 𝑇 ∗ and the residual spectrum of the operator 𝐴 contains 0.

3) Suppose that the measure 𝜇 is not purely atomic. The operator 𝑇 is a
strong (𝐵𝐶)-operator if and only if its closure is a self-adjoint nuclear
operator.

3°. Some generalizations of Theorem 1.

A. A densely defined linear integral operator 𝐿 in 𝐿2(𝑋, 𝑆, 𝜇), taking values
in 𝐿2(𝑋0, 𝑆0, 𝜇0), will be called a Carleman operator if its kernel 𝐾(𝑠, 𝑡) is
(𝜇0 × 𝜇)-measurable and

∫
𝑋

|𝐾(𝑠, 𝑡)|2 𝑑𝜇(𝑡) < ∞ for 𝜇0-a.e. 𝑠 ∈ 𝑋0.

Theorem 5. 1) The operator 𝜏 is a Carleman operator if and only if 𝜏 has a
majorant.

2) Suppose that (𝑋0, 𝑆0, 𝜇0) is a separable space and that the measure 𝜇0 is
not purely atomic. In order that there exist in 𝐿2(𝑋0, 𝑆0, 𝜇0) a unitary
operator 𝑈 such that 𝑈𝜏 is a Carleman operator, it is necessary and
sufficient that the adjoint operator 𝜏∗ be densely defined and that in the
domain 𝐷𝜏∗ there exist an orthonormal sequence {𝑓𝑛} such that

lim
𝑛→∞

‖𝜏∗𝑓𝑛‖ = 0.

3) Suppose that (𝑋0, 𝑆0, 𝜇0) is a separable space and that the measure 𝜇0 is
not purely atomic. The operator 𝑈𝜏 is a Carleman operator for every uni-
tary operator 𝑈 in 𝐿2(𝑋0, 𝑆0, 𝜇0) if and only if the closure of the operator
𝜏 is a Hilbert–Schmidt operator.
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B. A densely defined linear operator 𝐿 in 𝐻, taking values in 𝐿2(𝐻0; 𝑋0, 𝑆0, 𝜇0)
(𝐻, 𝐻0 are separable Hilbert spaces; for the definition of 𝐿2(𝐻0; 𝑋0, 𝑆0, 𝜇0), see
(10), p. 103), will be called Carleman if there exists a strongly 𝜇0-measurable
operator function 𝐿(𝑠) defined on 𝑋0 ((10), p. 88), taking values in the space
of bounded linear operators acting from 𝐻 to 𝐻0, such that (𝐿ℎ)(𝑠) = 𝐿(𝑠)ℎ for
𝜇0-a.e. 𝑠 ∈ 𝑋0 (ℎ ∈ 𝐷𝐿). For such operators a theorem analogous to Theorem
5 is valid.

In conclusion, we note that the sets of full measure on which (1), (2), (5) are
fulfilled depend on 𝑓 .
Institute of Mathematics
Siberian Branch of the Academy of Sciences of the USSR
Novosibirsk

Received
12 VI 1969

REFERENCES
1. P. Halmos, Measure Theory, IL, 1953.

2. T. Carleman, Sur les équations intégrales singulières a noyau réel et
symetrique, Uppsala, 1923.

3. N. I. Akhiezer, I. M. Glazman, Theory of Linear Operators in Hilbert
Space, Moscow, 1966.

4. N. I. Akhiezer, UMN, 2, issue 5 (21), 93 (1947).

5. M. Schreiber, Acta Sci. Math., 24, No. 1–2, 82 (1963).

6. B. Misra, D. Speiser, G. Targonski, Helv. phys. acta, 36, No. 7, 963
(1963).

7. J. Neumann, Actualités Sci. et Ind., 229 (1935).

8. V. V. Korotkov, DAN, 165, No. 4, 748 (1965).

9. J. Weidmann, Bull. Am. Math. Soc., 74, No. 4, 735 (1968).

10. E. Hille, R. Phillips, Functional Analysis and Semigroups, IL, 1962.

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.39032 Machine Translation

https://sovietrxiv.org/items/ru-197001.39032

	Abstract
	Full Text
	CLASSIFICATION AND CHARACTERISTIC PROPERTIES OF CARLEMAN OPERATORS
	REFERENCES


