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This note considers characteristics of algorithmic languages connected with how
briefly it is possible to encode various algorithms in these languages. In con-
nection with this, a certain classification of algorithmic languages is introduced,
and the place of some concrete languages in this classification is investigated.

We shall use the terminology and concepts introduced in the work (!). Every-
where below, n.a. is an abbreviation for the expression normal algorithm.

1. By a natural number we shall mean an arbitrary word in the alphabet
{0, |}. Here, in the role of the successor operation, there will figure an n.a.
f over {0,]} such that for any word P in {0,|} one has

f(A)=0,  f(PO)~P|,  [f(P|)= f(P)0.

Let A; and A; be alphabets; [J ¢ A; U A;; Q a recursive set of words in 4;; U
an n.a. over A; U A; such that, for every word P in A; and word X from €, if
'U(XOP), then U(XOP) is a word in A;. A list

y/:, <Aj7Az'a97U>7 (1)

satisfying the conditions stated above, will be called an algorithmic language,
and every word from 2 a message of this language.

Let ¥, = (4,,4,;,,9,,U;) and ¥y, = (4;,, 4, ,Q,,U,) be two languages, and
let an n.a. § over A U A]2 be a fixed one- to one mapping of the set of words in
A; onto the set of Words in A; . We shall call an n.a. T over A, UA; Ul a
translator from Y, to Y, if it is applicable to every message X of the language

Y, with T(X) € Qy, and for every word P in A;

O(U(XTIP)) =~ Uy (T(X)DIO(P)).
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We shall say that ¥, is reducible to Y, if there exists a translator 1" from ¥, to
Y.

Renumber all messages of the language ¥ in the order of increasing lengths. Let
an n.a. € over A; U{0,|} transform each message of the language ¥, into its
number. Ann.a. Ly over A; U{0, |} will be called a complexity criterion of the
language Y, if, for every message X of the language ¥, one has

ILy(X) & Ly(X) =~ [€(X)]°,

and L, (X) will be called the complexity of the message X.

Let L (respectively, L,) be a complexity criterion of the language Y, (respec-
tively, ¥5), and let an n.a. T be a translator from Y, to Y,. We shall say that
T is an additively bounded (respectively, multiplicatively bounded) translator
if there exist constants ¢ and d such that, for every message X of the language
Y., the inequality

Ly(T(X)) < Li(X) +¢

holds (respectively,

Ly(T (X)) < eLy(X) +d

).

We shall say that T is an asymptotically bounded translator if for every natural
n one can construct an my such that, whatever the natural number m and the
message X of the language ¥, may be, the following holds:

m > me&Ly(X) <m D Ly(T(X)) < (1+2)m.

We shall say that an algorithmic language ¥ is universal if every other language
is reducible to it.

A universal language ¥ will be called additively optimal (respectively, asymp-
totically optimal, multiplicatively optimal) if for every language ¥, one can
construct an additively bounded (respectively, asymptotically bounded, multi-
plicatively bounded) translator from Y, into 4.

It is obvious that every additively optimal language is asymptotically optimal,
and every asymptotically optimal language is multiplicatively optimal. It is
also easy to prove that additively optimal languages exist, and that there exist
universal languages which are not multiplicatively optimal.
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2. Language of normal algorithms (LNA). Let A, be some alphabet;
a, 8,7, a, b distinct letters not contained in A,; = the set of descriptions
of n.a. in the alphabet A, U {a,b} (see (1)); V a universal n.a. over the
alphabet A, U {«a, 3,7,a,b,0} for n.a. in A, U {a,b}. The list

<Ap7 'Ap U {a7 /37 FY’ a7 b}’ E? V>7
whose elements satisfy the conditions described above, is a language. We shall
call it LNA.
Theorem 1. FEvery LNA is asymptotically optimal.

3. Messages X and Y of the language (1) will be called equivalent if, for every
word P in A;, the following holds:

U(XOP) ~ U(YDP).

It is obvious that for every natural m there quasi-exists a sequence of pairwise
nonequivalent messages of the language (1)

X, Xy, ..., X, (2)

of complexity < m such that, for every message X of complexity not exceeding
m, there quasi-exists an ¢ such that 1 < ¢ < h and X; is equivalent to X. The
sequence (2) will be called the m-th section of the language.

We shall say that a rational number e is an entropic upper estimate of an
algorithmic language if there is a natural number m such that, for every m-th
section (2) of the language (1), where m > my, the following holds:

[R?/(m +1)] <e.
Theorem 2. If a rational number e is an entropic upper estimate of an LNA,
then e > 1.

Corollary. If a rational number e is an entropic upper estimate of some asymp-
totically optimal language, then e > 1.

4. Language of recursive functions (LRF). Let us describe a certain set
Y of words in the alphabet R & {Q, S, 7,0,n, u} as follows:

1) QeX.
2) Sek.

3) f AeX, BeX, then: a) cABe€ X, b)7AB€ X, c) nd e X, d) uA e x.
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Let the normal algorithm W over the alphabet RU{0, |, d} satisfy the following
conditions:

1) W(SOn) ~n+ 1.

2) W(QUOn) ~n = [y/n]2.

3) W(rABOn) ~ W(AOW (BOh)).

4) W(oABOn) ~ W(ADn) + W (BOn).
5)

0, ifn=20,
WnAGin) ~ {W(ADW(nADn L 1), ifn0.
6) W(pAOn) =~ pm(W(AOc(n,m)) =~ 0).

Here ¢(n,m) is the Cantor number of the pair of natural numbers n and m (see,
for example, (?)). The list

({0, [} R, 2, W),
whose elements satisfy the conditions written above, is a language. We shall
call it YaRF.

Theorem 3. There exists a rational number e < 1 that is an entropic upper
estimate for YaRF.

Corollary. YaRF is not asymptotically optimal.
Theorem 4. YaRF is multiplicatively optimal.

In conclusion, I consider it my pleasant duty to express deep gratitude to A.
A. Markov and I. D. Zaslavsky for posing the problem and for their constant
attention to the work.
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