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1. Consider a sequence of independent random variables X, X, ... with finite
variances 02,03, ..., not all of which are zero. Without loss of generality we
shall assume that the mathematical expectations are equal to zero: EX; =0

(j=1,2,..).

Introduce the following notation

B2 = iaj?, Z,=B'> X, L,= B,‘L?’i:EX?,
Jj=1 j=1

F (x)=P{Z, <z}, O(x) = \/% Z; exp{t;} dt.

In the present note a number of integral and local theorems for large deviations
are given for classes of functions introduced by Yu. V. Linnik (1).

2. Consider nondecreasing functions h(z), defined for > 1 and belonging to
one of the following three classes*.

Class I. h(xz)—functions with continuous first derivatives satisfying the condi-
tions

(Inz)?*% < h(x) < z'/2,

where ( is a positive constant which may be arbitrarily small.

Next, put

h(z) = exp{H(Inx)}
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and impose on H(z) the following conditions: H(z) is a monotone differentiable
function; H'(z) < 1; H'(z) — 0 as z — oo; H'(z)exp{H(2)} > ¢;2'*%, where
¢, and (; are positive constants.

Class II. h(xz)—functions satisfying the conditions:

po(x)Inz < h(z) < (Inz)?,

h(z) = M(z)lnz = N(lnz)Inz,

N’(z) is monotone; N’(z) — 0 as z = 00; py(z) is a function increasing to oo
arbitrarily slowly.

Class III. h(x) functions satisfying the conditions

3lnz < h(z) < Klnz,

where K > 3 is a constant.

*In (1), the continuity of h’(z) from class I and the monotonicity of N’(z) from
class II are not assumed to hold.

Let us introduce the condition

lim 1 iEexp{h(|Xj|)} < 0. (1)
=1

n—oo n

Define the function A(n) for each of the three classes considered above by means
of the equations

h(vnA(n)) = (A(n))?, (2)

Vh(n) =+ M(n)lnn = A(n), (3)

respectively.
3. Let a function h(zx) of class I be given.

Theorem 1. Suppose that conditions (1), (2), and the condition
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B2
lim =2 >0 (5)

n—oo n

are satisfied. Then
mexp{f%} [Ho(”ﬂjﬁlﬂ, (©)
(;((__j)) :exp{—x;Ln} {1+0 (%)] (7)

as m — oo in the region 0 < z < A(n)/p(n), where p(n) is an arbitrary function
satisfying the condition

lim p(n) = occ. (8)

n—0o0

Corollary. Suppose that the conditions of Theorem 1 are satisfied. Then

1—F F (—
m L@y, B
n—oo | — @(x) n—00 @(—;z:)

in the region 0 < = < A(n)/p(n), whatever the function p(n) satisfying condition
(8).

Theorem 2. Suppose

B2
lim —2 < oo 9)

n—oco 7N

and A(n) is determined from (2). Suppose, furthermore, that there exist positive
constants b; and b, and a function p(n) satisfying condition (8) such that

1—F,(z) <be 2  F (—z)<be b (10)

n

for 0 < 2 < A(n)p(n) and all sufficiently large n. Then

Eexp{h(|X;])} < oo (11)

for all j.
Analogous theorems are valid for functions h(zx) of class II.

Let a function h(z) of class III be given.
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Theorem 3. Suppose that conditions (1), (4), and (5) are satisfied. Then

=)

as n — oo in the region 0 < 2 < A(n)/p(n), where p(n) is an arbitrary function
satisfying condition (8).

A statement analogous to Theorem 2 is also valid.

4. We give the statements of the corresponding local theorems. Introduce the
notation:

. 1 x?
v.(t) = EeXi, r) = —— ex {}
%0 o@) = e {2

Denote by p,,(z) the derivative of the distribution function F,(z), if F,(z) is
absolutely continuous.

Let a function h(x) of class I be given.

Theorem 4. Suppose that conditions (1), (2), and (5) are satisfied. Suppose,
furthermore, that to every € > 0 there corresponds a § > 0 such that

()] dt = O (e?AM") (0 — o).
1

[t|>€ j=

Then, for all sufficiently large n, there exists everywhere a continuous density
p,,(x) of the distribution of the random variable z, ; moreover,

Py () {333 }[ (I$|+1>}

=expy —L, ¢ [1+0 (12)
o(x) 6 vn
as n — 0o in the domain |z| < A(n)/p(n), where p(n) is an arbitrary function
satisfying condition (8).

Corollary. Suppose the conditions of Theorem 4 are satisfied. Then

in the domain |x| < A(n)/p(n), whatever the function p(n) satisfying condition
(8).

Theorem 5. Suppose condition (9) is satisfied, A(n) is defined by (2), and the
random variable z,,, for somen = ny, has a continuous distribution with density
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p,(x). Suppose, furthermore, that there exist positive constants by and b; and
a function p(n) satisfying condition (8), such that

pa(@) < bye (13)

for |z| < A(n)p(n) and oll sufficiently large n. Then condition (11) is satisfied
for all i.

For classes IT and III, the corresponding local limit theorems for densities, anal-
ogous to the integral theorems, are valid.

5. We note that (10) and (13) hold, respectively, in the domains 0 < z <
A(n)p(n) and |z| < A(n)p(n) for a sufficiently slowly increasing function p(n),
if, respectively, relations (6), (7), and (12) hold in these domains and if the
expression |v/n L,,| is bounded.

6. The results of the present note are a continuation of the investigations of
works (173).

In conclusion I express my deep gratitude to V. V. Petrov for valuable sugges-
tions and attention to the work.
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