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Consider a hollow sphere of outer radius b and inner radius a, acted upon by
an external ¢ (¢ > 0) and an internal p (p > 0) uniform pressure. Suppose that,
under the influence of the prescribed system of forces, at the instant ¢t = 0 a
plastic zone arises in the sphere, completely embracing its inner surface. Since
the material of the sphere is assumed to possess elastic-plastic properties with
aftereffect, the radius of the plastic zone with hardening R(t), for ¢ > 0, will
vary with time.

We shall investigate the quantity R(t) as a function of time t. We shall start
from a physical equation of the form

0; = 3ag;[1 —w(e;)], (1)

where o; and ¢; are the intensities of stresses and strains, respectively (1),
(g9 = ago(1 — R3) is the operator shear modulus, ay is the instantaneous shear
modulus, and R} is an integral operator with kernel R,(¢,7). When acting on
some function of time it has the form

ax§(t) = ay lf(t) _‘é Ry(t, 7)&(T) dT] .

Here the function w is determined in accordance with (). In the case of linear
hardening,

0; = 3aqe; foro, <o, (2)

0; = age; +¢(t) foro; >o,. (3)

sovietrxiv.org/items/ru-197001.34705 Machine Translation


https://sovietrxiv.org/items/ru-197001.34705

Here o(t) = [(3ay, — asg;)/3aq]0; as, is the operator hardening modulus, con-
structed analogously to the operator ay, with kernel R5(t,7); o, is the yield
limit of the material. Taking into account that for a sphere (1) o, = (05 —0,)x;
g; = 2/3(gg — €,)x, from (3) we obtain

(09 — 0,.)x = ?/3a3,(cg — £,)Xx + @(1). (4)

Here o, and oy; €, and €4 are the radial and tangential components of stresses
and strains, respectively; v is the radial displacement of a point on the sphere;
X = signu.

To relation (4) there is adjoined the linear dilatational equation in operator form
o =aq,b, (5)
where the operator a,;, = a,y(1 — R}); 30 = 209+ 0,; 0 = 2¢5 +¢,..

From the system of equations (4) and (5) it follows that

0, = ay(2u/r + du/dr) —*/gaz,(u/r — du/dr) =2 /3x (1),

g = ay,(2u/r + du/dr) + 2 /gag,(u/r — du/dr) + 1 /3x o(t). (6)

Substituting o, and oy from (6) into the equilibrium equation (1), we obtain an
integro-differential equation in displacements

(@ + Dy = 20 (1, = 4/ay), ©

where the differential operator is

d*u 1du u

The general solution of equation (7) is found in two stages. We shall have

w=At)r+B(t)/r* +1/3K(t)Inr. (8)
Here the known function K (t) = (aqy; + ) 12¢(t)x. The functions A(t) and

B(t) are to be determined. Substituting into formulas (6), in place of the dis-
placement u(r,t), the expression found for it, we obtain

0, = 3ay, A(t) = 3, (1) /17 + ay, K(#) Inr + 1 /3(ay, + p) K (1) = 2/3x0(t), (9)
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09 = 3ay A(t) +°/opp(t) /1% + ay, K(#) Inr + 1 /5(ay, — e /2) K () + 1 /5x0(1).

The expressions for the stress components of and ag in the elastic zone are
determined according to the scheme adopted above, with the original physical

relation of the form (2). We shall have

ot = 3ay,C; — 4ay,Cy /13, oy = 3ay,Cy + 2a,,C, /3. (10)

Here C, (t) and Cy(t) are functions of time to be determined. From the condition

U’l-|T:R =% taking into account expressions (10), it follows that

6C,(t) = Ryo,az;. (11)

To determine the unknown function C,(t), we use the boundary condition
U¥|r:b = —q. We obtain

. R _
Ci(t) = 2/9Xm3a2ta1t1 - ?O’sa’%l - 2/9a1t1qa

where m = b/a. Taking into account the condition of equality of the corre-

sponding stresses at the boundary of the elastic and plastic regions, we obtain
a system of equations whose solution gives

9B(t) = p; "R (t)[x0s + /apexc (t) — x0(t)], (12)

9a,,A(t) = 9a,,C; (t) — 3a, K(t) In R(t) — a,,. K (¢).

Using the condition on the inner contour o) = —p and taking into account

‘r:a
relations (11) and (12), we obtain a nonlinear integral equation for finding the

sought function R(t). We shall have

oz — Bylnz = F(t), (13)
where
o
3

oz = 2/3Xm75a2tza5t1 —2/3x03z — 1 [3z2pepc () + 2 /3x20(t);

By="1/500,K(t);  F(t)=—p+q—"/amxt)+?/sxpt);  2=R’/d’.
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For what follows it is expedient to reduce equation (13) to the form

2 = 2 exp(—x2), (14)

where

Xe =Bl 2= expl—B F (1))
We shall solve equation (14) by the method of successive approximations. As
the zeroth approximation we take z,. Then successively—

the approximations are determined as follows

Zn = %0 eXp(i%th—l)'

Let us establish a two-sided estimate of the solution z(¢) = lim z,,(t) of equation
(14).

First consider the first approximation

21 = zgexp(—u,2p)- (15)
Taking into account that the operator », = (m3 —m?®y, — 1)x; !, where 3y, =
(3ag, — asy) - aja5t(agy + 1)~ Y, and assuming m3(1 — y,) > 1, we find that
n, - 1> 0. Applying further the mean-value theorem in (15), we obtain

21 (t) = 2 (t) exp[—z,(0t)N] (N=w,-1; 0<6<1). (16)

Let xoo > xo- The latter holds at least in the case of absence of dilatational
aftereffect and when the piecewise-linear approximation is realized with respect
to Rabotnov’ s nonlinear physical dependence (?). Then, taking into account
that z, = exp[(p — ¢ — x¢)Xx; 1], we find 2y(0c0) < zo(t) < 2,(0). It follows from
(16) that

21(t) < 2o(t) exp[—zy () N].

Since zy(t) > 1, then Inzy(t) < 2y(t). Therefore 1 < z; < z;~. Similarly, for

the second approximation: 1 < zy < zé*N +N* For the n-th approximation we
shall have the estimate

1<z, < ZIHEDH/AEN) (17)
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From the expression for %, it follows that the inequalities 0 < IV < 1 hold under
the condition

m3(L—x,) <m® < (1+x)(1—x) (18)

In this case it follows from (17) that

1< lim z, < 2/, (19)
n—oo
If conditions (18) are not satisfied, the solution of the problem is realized by

introducing the quantity k = aN, where 0 < a < N~'. Then 0 < k < 1, and
inequality (19) retains its meaning also for N > 1.

A problem of determining the plasticity zone in an infinite cylinder is also re-
duced to an equation of the form (13). Thus, in the case of a cylinder reinforced
by an elastic shell, we have

2(Ar +6y)

A+ 20, v,

a2z = 4(6,2f(t) — ay,€,2); By =—

o 5, —V3va
F t) = 2 s _ 7t 2t
(® (p i 3ag,y 0y + ayy ’

where
3 3
S l“zt% f(t) = Ts Viay, + ’m2t7
V3 ay + 90 6v/3vay,
€0 = 6aryay, — v/3b L Os oo p*(1 —v(02)
VB (b+20a,,)m? T Gyay, EOL

p, h are the radius and thickness of the shell, E© 1) are the modulus of elas-

1
ticity and Poisson’ s ratio of the shell material, A\, = a;, — d;; ¥(t) = ﬁgo(t),

7 is the approximating coefficient according to A. A. Ilyushin (?), which figures
in the approximate representation ¢; = y(gg —€,.).

In the case of a cylinder not placed in a shell, the corresponding two-sided
estimate of the solution of an equation of the form (13) will hold irrespective of
the fulfillment of conditions of type (18), whereas for a reinforced cylinder such
an estimate can be established only under certain restrictions concerning the
thickness of the cylinder, the elastic characteristics of the shell material, and
the rheological constants that ensure convergence of successive approximations
to the desired solution.

sovietrxiv.org/items/ru-197001.34705 Machine Translation


https://sovietrxiv.org/items/ru-197001.34705

Dnepropetrovsk Mining Institute
Dnepropetrovsk State University

Received
8 VI 1970

References

L A. A. Ilyushin, Plasticity, Moscow—Leningrad, 1948.
2 Yu. N. Rabotnov, Vestn. Moscow Univ., No. 10 (1948).
3 A. A. Tlyushin, PMM, 10, issue 3 (1946).

Note: Figure translations are in progress. See original paper for figures.

Source: Math-Net.Ru and CyberLeninka. Machine translation. Verify with the
original.

sovietrxiv.org/items/ru-197001.34705 Machine Translation


https://sovietrxiv.org/items/ru-197001.34705

	Abstract
	Full Text
	INVESTIGATION OF THE PLASTICITY ZONE UNDER AFTEREFFECT FOR CERTAIN BODIES WITH CENTRAL AND AXIAL SYMMETRY
	References


