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1°. Let

p(X) = Jpax, fi(X), (1)

where X € E,, and the functions f; (i = 1, ..., N) are continuously differentiable

on a bounded open set S C E,, containing a convex compact set €2. It is required
to find

R P

As established in (}17), the function ¢ is continuous and directionally differen-
tiable.

Theorem 1 (see (1739)). In order that at a point Y € Q the function ¢ attain
its minimal value on §, it is necessary (and, in the case of convezity of ¢ on £,
sufficient) that

0fi(Y)
oY

min max (

ZeQ ieR(Y)

where R(X)={i|i=1,...,N, f;(X)=p(X)}.

A point Y satisfying (2) is called a stationary point of the function ¢ on the set
Q.

Let «(X) be the cone of feasible directions at the point X € §2; let I'(X) be the
closure of v(X), and let T'"(X) be the cone conjugate to T'(X).

Then condition (2) means that at the minimum point one must have

LY)NT*(Y) # A, (3)
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where L(Y) is the convex hull of the set

H(Y)={0f;(Y)/0Y, i € R(Y)}.

Let

AX) = min |V - 2.
S
Zel* (X)

If d(X) = 0, then the point X is stationary; if, however, d(X) = |V(X) —
Z(X)| > 0, then the direction g(X) = d~}(X)(Z(X)—V (X)) (clearly, |g(X)]| =
1) is a direction of steepest descent of the function ¢ at the point X €  on the
set Q. Moreover, such a g(X) is unique and g(X) € T'(X).

2°. We now consider the case where

Q={X|X€E, hjX)<0, j=1,..,N,}, (4)

where the functions h;(X) (j = 1,...,N;) are continuously differentiable and
convex on S, and Slater’ s condition is satisfied,

B, 2, M0 <O )

i.e., there exists a strictly interior point of the set 2. Without loss of generality
we assume that the set € is bounded.

In (7-10) various methods of successive approximations were obtained for finding
stationary points of ¢ on .

To obtain other algorithms, we use the necessary condition (3). In the present
case

F*(X){gg Z ajahg;X), ozj20}.
)

jeQ(X
If Q(X) = A, then T'H(X) = {0}.

By virtue of condition (5), there exists p, > 0 such that, for any X such that

< _ . <
po < max, k;(X)h(X) <0, (6)

we have
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k(X oh;(X) X)) < 0
je&ao}&)(j( ) =ox 4 )> S =0
(7)

min max (kj(X)
lgl<1 j€Q,., (X)

)

where

on,(x)|

0X

Qu(X) = (17 € Lo Ny, —pig < Ry(X)h,(X) <0}, y(X) = H

It is clear that k;(X) < K, j € Q,, (X), for all X satisfying (6). Then there
exists ag > 0 such that, for any X € €2, one has X + aq(X) € Q for « € [0, ay].

We now describe a method of successive approximations which is a generalization
of the steepest descent method (11). Let &’ > 0, p’ > 0 (and p’ < py), p* >0
be fixed. Introduce the function

ds,u(X) - Venllzl?X) “V - Z||>
ZeT; (X)

where

20, p>0, L(X)=coH.(X), H.(X)={0f;(X)/0X, ic R.(X)},

€

[R.(X)]={i[i€l,...N, o(X) — fi(z) < e},

Oh.(X)
FZ(X){glg > R ozj>0},
J€

€Q,.(X)

Qy(X) = {] | .7 € 17"'7M13 —H < kJ(X>hj(X) < 0},

ky(X) = [|0h;(X)/0X] .

Set I'7(X) = {0} if Q,(X) = A.
If d.,(X) > 0, then d_,(X) = ||V, (X) — Z_,(X)|, and the vector g_,(X) =

cn
d_}(X)(Z.,(X) —V_,(X)) is unique, moreover g_,(X) € I'(X).
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As the first approximation, take an arbitrary point X; € Q. Suppose that
X, € Q has already been found. If d(X,) = 0, then the point X, is a stationary
point of the function ¢ on 2, and the process terminates. If d(X,) > 0, set
€r1 =€ iy = 1, ppy = p’, and find d Xp)-

5191/1191(
I_f dskl,ukl (Xk> = Pr1s then set €k = k1> Mk = Hr1 Pk = Pr1s 9k = geklukl (X)7
dip, =d., ., (X}). Otherwise, if dgk-lufkl(Xk) < pp, take g9 = %51@1’ Py = %,ukl,
Pr2 = %Pm» again find d
7, such that

. (X}), and so continue until we find the smallest
k2HM k2

dekw By, (Xk> = pk’rk . (8)
(such a finite r, will necessarily be found, since d(X,) > 0), and set
€k = €kr,> Mk = Hkr,> Pk = Pkry,>
9 = gskrkykrk (Xk)a gk = dekrkpkrk (Xk)

It is clear that

gr €T(X}), (0fi(X,)/0X,g;) < —dy (i € R (X)),

(0h;(X)/0X,g,) <0 (€ Q,, (X))-

Further, to correct the direction g;, one may proceed in one of the following
ways.

Method 1. Let
K = max |0, (2)/0X].

Take the ray

d_k
X, =X, +a g+ — .
ko k ( k 2F:Qk)

Then for j € @, (X)) we have

K60y (Xia) < K(60h,(X,) — aakaq + ofa),

Fi(Xia) < F(X0) = god +ofa) (i € R, (X))
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i.e., for sufficiently small o it will turn out that X, , € Q, o(X.,) < ¢(X})-
Method 2. Let

LX) =colglg=aZ, [|Z—|V[TV]<E a=0, V#£0, VeI (X)}

Find the maximal ;, such that

. |
e, e, (Xi) = VGEH?X,C) IV —=2Z| =|Vy — Zl = idk-
€k

.
Zery, ¢, (Xi)

It is clear that, by condition (5), & > 0 if d;, > 0. Let

9 = (Z, = V)V = Zil.-

It is not difficult to obtain that

(0,(X,)/0X, g}) < —3d, (i € R, (X)),

K (Xp)(0hi(Xy)/0X, 91) < =& (G € Qp, (Xy))s

i.e., the direction g;, is feasible.

Consider now the ray X, = X, +ag;,. Thus, applying Method 1 or 2, we have
X,o- Find a;, > 0 such that

P(Xpa,) = mit 9(Xyo)
Xia€Q

and set Xj ., = X, (a; is finite, since the set © is bounded). It is clear that
Xip1 CO (X ) < (X)), if d(Xy) > 0.

We then continue analogously. Thus we construct a sequence of points { X, } C Q.
If this sequence consists of a finite number of points, then its last obtained point
is a stationary point of the function ¢ on . Otherwise the following is true.

Theorem 2. Every limit point of the sequence {X .} is a stationary point of
the function ¢ on the set .

Remark 1. If all functions h; are linear, then one need not find and use the
vector ¢(X},) (or ¢;.), setting
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Xpa = X + agy,.

Remark 2. Let

Q= {X [ h(X) <0, jE1,..,Np; (A, X)+b, =0, €N, +1,..., Ny},
In this case condition (5) is replaced by the condition

min  max h;(X) <0,
XeQ, jel,.,N,

where Q) = {X | (A;,X)+0b; =0, j€ Ny +1,..., Ny}, and the cone I'"(X) is
defined as follows:

. Oh(X) &
r'X)=<g g:—Zaj X + Z BiAj; a; >0, —00 < B; < oo p.
JEQ(X) j=Ni+1

The cone T'; (X) is defined analogously.

Remark 3. As in (173), the results obtained can be extended to the case when
©(X) = maxycq f(X,Y), where Qy € E,, is some compact set.

Remark 4. All auxiliary problems whose solution is necessary at each step
may be solved approximately.

Remark 5. It is not difficult to prove that r;, — oo as k — 0o. To reduce the
amount of computation required, note that e, pi;, p, may be found from the
formulas:

€k = Egp, = €p1/277, My = Pgp, = fe—1 /27, P = pkrk/ZTk_17
where 7, is the smallest integer (not necessarily nonnegative) for which (8) holds.
In addition, it must be that e, <&’
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