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PHYSICS
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ON SPATIALLY HOMOGENEOUS GRAVITA-
TIONAL FIELDS

(Presented by Academician Ya. B. Zel dovich on 28 V 1969)

We shall call a metric spatially homogeneous (s.h.) if it admits a simply or
multiply transitive group of motions ér (r > 3), acting on spacelike hypersur-
faces. Such a definition is often encountered in the literature (172), although
it is not entirely justified from the physical point of view (). Let us consider
the case r = 3. Metrics satisfying the stated requirements are known. Usually
one chooses a semigeodesic (synchronous) coordinate system in which the hyper-
surfaces of transitivity have equations z° = const, and each component of the
Killing vectors £* is at most a function of ', 22, z3. Then the metrics obtained
as a result of integrating the Killing equations can be written in the form (%2)*

ds® = da? + g;, daida® = Pdt* + ageleldaidat.

Here a;, are arbitrary functions of ¢, and e are Killing vectors of the group 633,
reciprocal to the given ones (*). The quantities e? are defined by the relations
edel = 6k, edel = 52, For each of the 9 types of real nonisomorphic structures
(57), e¢ can be chosen so that the structure constants C}“C from the relations

ety — e = Creies (1)
coincide with the structure constants C). of the given Gy (fgkff — ak@’f =
C2&L). The form of the operators & and e is given in the Appendix.

S.h. metrics satisfying the Einstein equations R, = —x(T), —'/59,,T) are
being studied intensively in connection with their cosmological applications. As
the energy-momentum tensor of the medium one most often takes

T;,uj = (pc2 + p)uuuy - pguln (2)
where pc?

of the velocity of the medium, which in the present case have the form (?)

and p are the energy density and pressure; u,, are the components
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ug = ny(t), u; = n,(t)e?. Generally speaking, u’ are not equal to zero, i.e. the
synchronous coordinate system used is not comoving with the medium. However,
in cosmological problems we are primarily interested in the behavior of the
medium—its density, deformation, rotation, etc.; for this it is convenient to use a
comoving reference system (c.r.s.). And in those cases where one seeks solutions
satisfying previously imposed requirements (for example, the requirement of a
specified dependence of the density on the proper time 7 of an element of the
medium—

* Greek indices pu, v, ... take the values 0, 1, 2, 3; Latin ¢, j, k, ..., 1, 2, 3. “Frame”
indices a,b,c,d, ... take the values 1, 2, 3. A comma with an index denotes
partial differentiation.

which is important in calculating the chemical composition of matter), it is
practically impossible to do without an s.s.r. The aim of the article is to derive
the Einstein equations in an s.s.r. for all types of spatially homogeneous metrics.

There exist coordinate transformations (containing 4 arbitrary functions of t)
that leave invariant the form of £ and the equation z° = const. Having found
these transformations, it is easy to show that, by a choice of the arbitrary
functions, all u’ can be made equal to zero, i.e., an s.s.r. can be introduced.
The synchronicity of the coordinate system is thereby violated. Suppose that
the choice of s.s.r. has been made, and integrate Killing’ s equations. As a result
we obtain

_ _ a _ a b
Joo = Co0> Goi = Qpa®> Gire = Qap€; € (3)

where the o’ s are arbitrary functions of ¢. In view of the possibility of direct
physical interpretation of the quantities entering the Einstein equations, we
write these equations in the chronometrically invariant (ch.i.) form proposed by
Zelmanov (5):

. . . . . 1
"D+ Dy D* + Ay A¥ +*Vip — Fip = _5(/0 +U), (4)
D,y — (Dy; + Aij)(Dlz +A{)+ DDy, — DijDi + 3AijAlz+
L, . . 1
+§( Vipk +*Vpi) = Fipk — Cy, = i(phik +2U;, — Uhyy),
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0]
The constants ¢ and » are equal to 1; a dot denotes T while a dot with an

0
asterisk denotes * % Ch.i. quantities and operators (marked by ) are expressed

in terms of the ordinary operators and the metric g, as follows:

*Q_LQ *8_8_901‘3,
Ot /G0 Ot oxt  Jxt gy Ot
the metric tensor
hix = —gix + H0i0k
Y900
the tensor of deformation velocities
1,
Dy, = 3 s

the vector of gravitational-inertial force

Fy=(1—w) w, — V)

1 N

the tensor of angular velocity of rotation

1 1 .
Ay = Q(Vk,z‘ —Vip)+ i(Fin — Fyyi),

where the auxiliary quantities w, V; are defined by g,q = (1—w)?, go; = —V;(1—
w). Further, the Ricci tensor of space is

Cy, = Hy, — Ay D — Ay, D}, — Ay D, where Hy, = Hy,. "

Hlkiij = ("Vip — Vi) Q — 24,,.7Q); (5)

Q; is an arbitrary vector; *V, is the operator of covariant differentiation, con-

K2

0
structed according to the usual rules from the metric h;;, and *ﬁ Finally,
x

p=Too(g00) Jt =T (ge0) V2, Uik — ik,

For the tensor (2), and in an s.s.r.,

Ji=0, U*=pht.
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For spatially homogeneous metrics (3), all the vector and tensor quantities con-
sidered can be “expanded” with respect to the frame vectors ef, with coefficients
depending only on ¢. For example,

An,, X

_ 0a®0b \ a.b _ a b

h, = (—%b + T ) efen = Yap(t)efer.
00

With the help of v,;, frame indices are shifted. We denote the frame components
of the quantities D,;,, V;, F;, A;i, Cj by the corresponding lowercase letters; then

1 g

— A _ s
dab_§ Yab> Vg = — fa__ Va»

and, taking (1) into account,

1

1
Agp = §Ucccba + §(favb - fbva>'

We find how c,;, is expressed in terms of 7y,;,v,, C%.. In (5), as Q; we substitute
ed. We introduce the notation —I'¢,, =

= egef*vke?.
Then A
epepee Ve = —Taogy + Lol + Ta,TY,
where ,
Fgce)b = ei*vjrgc'
Since .
“(ef) =0,
from (5) we obtain
Hyy = Hypo® = =205 0y + 205,00 + 205,00 (6)

where X, = (X ape — Xopa)- The required ¢, are related to H,, by

C

Cap = Hab - a’bcdac - aacdbc - a’bad' (7)

Let us compute the quantities I'¢,. Applying the operator *V to v,, = el ey,
we get
Fabc + Fbac = ’UZ’YU,IN

and from the definition of 'Y, and (1) it follows that

d d _ d
1—‘bc - Fcb =C cb*
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If one uses the equalities obtained from these by a cyclic interchange of indices,
one can find

1 * * *
_Fabc = i(cabc + Cbca - Ccab — UeYab — UpVac + Ua’ch)'

After minor transformations,
1
7F2b = 5 [Ccab + 76d<7agcgbd + ngcgad)] - vadbc - vbdac + vcdab' (8)

Since I'¢, depend only on ¢, we have
Lovea = va(l',)"

and, taking this fact into account, formulas (6)—(8) solve the problem posed. In
the Appendix are given ¢,;,, computed by (6)—(8) under the condition ay, = 1,
ap, = 0. Let us also introduce the notation

V, =ei,.
It is not difficult to prove that for any quantity

Xph =gt (t)ef - ef

. 7

one has
* .k _ _coa k b
VX = efel ey Uoay?,
where

) .bd ..d7b
(xa...) — Ty Iwac -t xamrdc'

Wb
Dcxau. - vc

Finally, let us pass to proper time by means of

dT = \/aoodt

(which is equivalent to the choice ay, = 1) and write equations (4) in the s.s.o.
in the form of a system of ordinary differential equations for functions of 7 (
d/dr is denoted by a dot):

. 1
d+doyd™ + agya + 0, f* — fof* = =5 (p + 3p),
Db(’y“bd _ dab _ aab) + beaab — 07
dab - (dac + aac)(dbc + abc) + ddab - dacdbC + 3aacabC

1 1
+§(Dafb +0ufa) = folfo — cap = §(P = P)Vab-
Let us note that from the hydrodynamic equations

p+d(p+p) =0, v,p = (p+p)fa,
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which are a consequence of (9), it follows that

favb - fbva = 07
i.e.
1 c
Agp = 5“50 ba*
Moreover,
Vg = —Qpq = ka exXp dp y
ptp

where k, are arbitrary constants.

The author thanks A. L. Zelmanov for discussion.

Appendix

Introduce the notation

x, =0

1
@Ot

denote the determinant of the matrix v,; by ~; then:

— g .
= SaPis

Type I.

Xl = D1 X2 = P2, X3 = P3; el = (13070)7 61'2 = (07 1a0)7 6? = (0707 1)7 Eab =0.

(2

Type II.

Xl =DP1s X2 = D2 X3 = $2p1 — P3, ezl = (17$370)7 61'2 = (Oa 1a0>7
el =(0,0,1), G=&=c3=0, —c=¢=2¢=-—1.
Type III.

Xy =p, Xo=py, X3= Ilpl — D3, ezl = (em3,0,0)7 612 = <0a 13())7

1
2y

1
2 2
Y12, €2 72’Y

2

_ _ _ 1 _ _
6? =(0,0,1), Ci’ = CS’ =0, = _;7117127 C} = Cg = ’733—'_ i

T2

Type IV. X; = py, Xy = po, X3 = (2" + 2%)p; + 2°py — p3, €] =

1
(e“s,x?’emS,O), e = (O,exg,O), e =(0,0,1), ¢ =c3 =0, & ==, ¢ =
1 B 1 . 1
2y%3 — 2 X 11 (1 +2m2), 6 =293+ %’711(711 +27p5), 65 =27+ %7%1-
Type V. X; = pi, X; = py, Xy = z'p, 4 22py — py, el = (€°,0,0), €2 =
(Ovem 70)7 6? = (anv 1)’ 6ab = 27337ab'

sovietrxiv.org/items/ru-197001.33284 Machine Translation


https://sovietrxiv.org/items/ru-197001.33284

Type VL. X, = p;, Xy = py, Xy = x'p, + qz?py — ps, €l = (7°,0,0), 2 =

1 _ 1
(Oveqwgﬂo)v (0 0, 1) cl = 02 =0, C1 = ;711712((]_1)7 C% = %7122 x(1—

nn 1 nn 1
)+ (1+qn*, & = *g’vfz(l*q)QM(Hq)v“g, e = 5752(1*Q)2+(1+
a®)v*3, where ¢ # 0, 1.
Type VIL. X; = p;, Xy = Dy, X3 = —2%p; + (¢2® + 2Y)py + ps, e} =

3

1 _1 1
e 297 (gsinEa® + pcospx?’) 2¢ 29 sinBa?, 0], € = [-2e29 x

sin 8z3, e~ 20 (— gsin5a® + peosBa?), 0], ¢ = (0,0,1), ¢*> < 4, p =

(2

_ 1 . 1
\/4—612, Ci = g[’Yzz_(Vu—Q’Ym) ]a C% = —%[7324‘(711 +QV12)2—2’YH(’Y11+
L1
QV20)]s C3 = g[‘(’?u + Yoo + q112)? + 20081 + 932 + 27%0) + 263711 Y20, & =

~ _ 1
c5 =0, ¢f = *;[’712(711 + Y22) — @V11722]-

3
Type VIIL. X, = p,, X, = 2°p, + p3, X3 =€ p + x?%py + 23521’3, ej =

(1,9B16’$3,—x1)7 e? = (0,—2xle’$3,1), el = (076’””3,0), 3 = -2 =

1 . 1 1
—4 (723 + 771214) , G = =2 (27 - 5711A> , €] = ¢ = —2 (2713 - ;mfl) :

1
9 [722 _ ;(722 4 713),4] , where A = v95 — 13-

sin .’172

Type IX. X; = py, X, = cosa?p; — ctgalsinap, + Ry X; =
inx
2
. cos T ) .
—sinz®p; — ctga' cosa®py + ———p3, € = (cosx® sinz’sinzt,0), ef =
sin x
N . : _ 1 _
(—sina3, cosx3sinz!,0), €3 = (0,coszl, 1), ¢ = —2912 — —q,A, ¢ =
0

1 1
EAQ_B_’YH_;(V% +712+713), where A = 411 +795+733, B = 7' 4+722 4773

the remaining components ¢ are obtained by a cyclic replacement of the indices
1,2,3.

For some geometrical properties of the metrics considered, see (3,8).
Sternberg State Astronomical Institute

Received
26 V 1969

CITED LITERATURE

L' A. H. Taub, Ann. Math., 53, 3, 472 (1951).

2 E. Schiicking, In: Gravitation, 1963.

3. , Astr. Zh., 44, 5, 1097 (1967).

4. , Continuous Groups of Transformations, IL, 1947.

5 L. Bianchi, Lezioni sulla teoria dei gruppi continui finiti di trasformazioni

sovietrxiv.org/items/ru-197001.33284 Machine Translation

2
Ca


https://sovietrxiv.org/items/ru-197001.33284

sperm Pisa, 1918.
. , DAN, 107, 6, 815 (1956); Proceedings of the VI Conference on
Cosmogony, 1959
. , New Methods in General Relativity, “Nauka,” 1966.
8 G F. R Ellis, M. A. H. MacCallum, Comm. Math. Phys., 12, 108 (1969).

Note: Figure translations are in progress. See original paper for figures.
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