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Abstract
Full Text
UDC 531.51

PHYSICS

P. P. GRISHCHUK

ON SPATIALLY HOMOGENEOUS GRAVITA-
TIONAL FIELDS
(Presented by Academician Ya. B. Zel’dovich on 28 V 1969)

We shall call a metric spatially homogeneous (s.h.) if it admits a simply or
multiply transitive group of motions ̌𝐺𝑟 (𝑟 ≥ 3), acting on spacelike hypersur-
faces. Such a definition is often encountered in the literature (1−3), although
it is not entirely justified from the physical point of view (3). Let us consider
the case 𝑟 = 3. Metrics satisfying the stated requirements are known. Usually
one chooses a semigeodesic (synchronous) coordinate system in which the hyper-
surfaces of transitivity have equations 𝑥0 = const, and each component of the
Killing vectors 𝜉𝑖 is at most a function of 𝑥1, 𝑥2, 𝑥3. Then the metrics obtained
as a result of integrating the Killing equations can be written in the form (1,2)*

𝑑𝑠2 = 𝑑𝑥0 2 + 𝑔𝑖𝑘 𝑑𝑥𝑖𝑑𝑥𝑘 = 𝑐2𝑑𝑡2 + 𝛼𝑎𝑏𝑒𝑎
𝑖 𝑒𝑏

𝑘𝑑𝑥𝑖𝑑𝑥𝑘.

Here 𝛼𝑎𝑏 are arbitrary functions of 𝑡, and 𝑒𝑎
𝑖 are Killing vectors of the group ̌𝐺3,

reciprocal to the given ones (4). The quantities 𝑒𝑎
𝑖 are defined by the relations

𝑒𝑎
𝑖 𝑒𝑘

𝑎 = 𝛿𝑘
𝑖 , 𝑒𝑎

𝑖 𝑒𝑖
𝑏 = 𝛿𝑎

𝑏 . For each of the 9 types of real nonisomorphic structures
(5,7), 𝑒𝑎

𝑖 can be chosen so that the structure constants ̄𝐶 𝑎
𝑏𝑐 from the relations

𝑒𝑎
𝑖,𝑘 − 𝑒𝑎

𝑘,𝑖 = ̄𝐶 𝑎
𝑏𝑐𝑒𝑏

𝑖𝑒𝑐
𝑘 (1)

coincide with the structure constants 𝐶 𝑎
𝑏𝑐 of the given 𝐺3 (𝜉𝑖

𝑏,𝑘𝜉𝑘
𝑐 − 𝜉𝑖

𝑐,𝑘𝜉𝑘
𝑏 =

𝐶 𝑎
𝑏𝑐𝜉𝑖

𝑎). The form of the operators 𝜉𝑖
𝑎 and 𝑒𝑎

𝑖 is given in the Appendix.

S.h. metrics satisfying the Einstein equations 𝑅𝜇𝜈 = −𝜘(𝑇𝜇𝜈 − 1/2𝑔𝜇𝜈𝑇 ) are
being studied intensively in connection with their cosmological applications. As
the energy–momentum tensor of the medium one most often takes

𝑇𝜇𝜈 = (𝜌𝑐2 + 𝑝)𝑢𝜇𝑢𝜈 − 𝑝𝑔𝜇𝜈, (2)

where 𝜌𝑐2 and 𝑝 are the energy density and pressure; 𝑢𝜇 are the components
of the velocity of the medium, which in the present case have the form (2)
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𝑢0 = 𝑛0(𝑡), 𝑢𝑖 = 𝑛𝑎(𝑡)𝑒𝑎
𝑖 . Generally speaking, 𝑢𝑖 are not equal to zero, i.e. the

synchronous coordinate system used is not comoving with the medium. However,
in cosmological problems we are primarily interested in the behavior of the
medium—its density, deformation, rotation, etc.; for this it is convenient to use a
comoving reference system (c.r.s.). And in those cases where one seeks solutions
satisfying previously imposed requirements (for example, the requirement of a
specified dependence of the density on the proper time 𝜏 of an element of the
medium—

* Greek indices 𝜇, 𝜈, … take the values 0, 1, 2, 3; Latin 𝑖, 𝑗, 𝑘, …, 1, 2, 3.“Frame”
indices 𝑎, 𝑏, 𝑐, 𝑑, … take the values 1, 2, 3. A comma with an index denotes
partial differentiation.

which is important in calculating the chemical composition of matter), it is
practically impossible to do without an s.s.r. The aim of the article is to derive
the Einstein equations in an s.s.r. for all types of spatially homogeneous metrics.

There exist coordinate transformations (containing 4 arbitrary functions of 𝑡)
that leave invariant the form of 𝜉𝑎

𝑖 and the equation 𝑥0 = const. Having found
these transformations, it is easy to show that, by a choice of the arbitrary
functions, all 𝑢𝑖 can be made equal to zero, i.e., an s.s.r. can be introduced.
The synchronicity of the coordinate system is thereby violated. Suppose that
the choice of s.s.r. has been made, and integrate Killing’s equations. As a result
we obtain

𝑔00 = 𝛼00, 𝑔0𝑖 = 𝛼0𝑎𝑒𝑎
𝑖 , 𝑔𝑖𝑘 = 𝛼𝑎𝑏𝑒𝑎

𝑖 𝑒𝑏
𝑘, (3)

where the 𝛼’s are arbitrary functions of 𝑡. In view of the possibility of direct
physical interpretation of the quantities entering the Einstein equations, we
write these equations in the chronometrically invariant (ch.i.) form proposed by
Zelmanov (6):

∗𝐷̇ + 𝐷𝑖𝑘𝐷𝑖𝑘 + 𝐴𝑖𝑘𝐴𝑘𝑖 + ∗∇𝑖
𝑖𝐹 − 𝐹 𝑖

𝑖𝐹 = −1
2(𝜌 + 𝑈), (4)

∗𝐷̇𝑖𝑘 − (𝐷𝑖𝑗 + 𝐴𝑖𝑗)(𝐷 𝑗
𝑘 + 𝐴 𝑗

𝑘) + 𝐷𝐷𝑖𝑘 − 𝐷𝑖𝑗𝐷 𝑗
𝑘 + 3𝐴𝑖𝑗𝐴 𝑗

𝑘+

+1
2(∗∇𝑖𝐹 𝑘 + ∗∇𝑘𝐹 𝑖) − 𝐹𝑖𝐹 𝑘 − 𝐶𝑖𝑘 = 1

2(𝜌ℎ𝑖𝑘 + 2𝑈𝑖𝑘 − 𝑈ℎ𝑖𝑘),

∗∇𝑘(ℎ𝑖𝑘𝐷 − 𝐷𝑖𝑘 − 𝐴𝑖𝑘) + 2𝐹 𝑖𝑘
𝑘𝐴 = 𝐽 𝑖,
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The constants 𝑐 and 𝜘 are equal to 1; a dot denotes 𝜕
𝜕𝑡 , while a dot with an

asterisk denotes ∗ 𝜕
𝜕𝑡 . Ch.i. quantities and operators (marked by ∗) are expressed

in terms of the ordinary operators and the metric 𝑔𝜇𝜈 as follows:

∗ 𝜕
𝜕𝑡 = 1√𝑔00

𝜕
𝜕𝑡 ; ∗ 𝜕

𝜕𝑥𝑖 = 𝜕
𝜕𝑥𝑖 − 𝑔0𝑖

𝑔00

𝜕
𝜕𝑡 ;

the metric tensor

ℎ𝑖𝑘 = −𝑔𝑖𝑘 + 𝑔0𝑖𝑔0𝑘
𝑔00

;

the tensor of deformation velocities

𝐷𝑖𝑘 = 1
2

∗ℎ̇𝑖𝑘;

the vector of gravitational-inertial force

𝐹𝑖 = (1 − 𝑤)−1(𝑤,𝑖 − ̇𝑉𝑖);

the tensor of angular velocity of rotation

𝐴𝑖𝑘 = 1
2(𝑉𝑘,𝑖 − 𝑉𝑖,𝑘) + 1

2(𝐹𝑖𝑉 𝑘 − 𝐹𝑘𝑉 𝑖),

where the auxiliary quantities 𝑤, 𝑉𝑖 are defined by 𝑔00 = (1−𝑤)2, 𝑔0𝑖 = −𝑉𝑖(1−
𝑤). Further, the Ricci tensor of space is

𝐶𝑙𝑘 = 𝐻𝑙𝑘 − 𝐴𝑘𝑖𝐷 𝑖
𝑙 − 𝐴𝑙𝑖𝐷 𝑖

𝑘 − 𝐴𝑘𝑙𝐷, where 𝐻𝑙𝑘 = 𝐻 𝑖
𝑙𝑘𝑖 ;

𝐻 𝑗
𝑙𝑘𝑖 𝑄𝑗 = (∗∇𝑖𝑘 − ∗∇𝑘𝑖)𝑄𝑙 − 2𝐴𝑖𝑘

∗𝑄̇𝑙; (5)

𝑄𝑙 is an arbitrary vector; ∗∇𝑖 is the operator of covariant differentiation, con-
structed according to the usual rules from the metric ℎ𝑖𝑘 and ∗ 𝜕

𝜕𝑥𝑖 . Finally,

𝜌 = 𝑇00(𝑔00)−1, 𝐽 𝑖 = 𝑇 𝑖
0 (𝑔00)−1/2, 𝑈 𝑖𝑘 = 𝑇 𝑖𝑘.

For the tensor (2), and in an s.s.r.,

𝐽 𝑖 = 0, 𝑈 𝑖𝑘 = 𝑝ℎ𝑖𝑘.
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For spatially homogeneous metrics (3), all the vector and tensor quantities con-
sidered can be“expanded”with respect to the frame vectors 𝑒𝑎

𝑖 , with coefficients
depending only on 𝑡. For example,

ℎ𝑖𝑘 = (−𝛼𝑎𝑏 + 𝛼0𝑎𝛼0𝑏
𝛼00

) 𝑒𝑎
𝑖 𝑒𝑏

𝑘 = 𝛾𝑎𝑏(𝑡)𝑒𝑎
𝑖 𝑒𝑏

𝑘.

With the help of 𝛾𝑎𝑏, frame indices are shifted. We denote the frame components
of the quantities 𝐷𝑖𝑘, 𝑉𝑖, 𝐹𝑖, 𝐴𝑖𝑘, 𝐶𝑙𝑘 by the corresponding lowercase letters; then

𝑑𝑎𝑏 = 1
2

∗ ̇𝛾𝑎𝑏, 𝑣𝑎 = − 𝛼0𝑎√𝛼00
, 𝑓𝑎 = −∗ ̇𝑣𝑎,

and, taking (1) into account,

𝑎𝑎𝑏 = 1
2𝑣𝑐𝐶𝑐

𝑏𝑎 + 1
2(𝑓𝑎𝑣𝑏 − 𝑓𝑏𝑣𝑎).

We find how 𝑐𝑎𝑏 is expressed in terms of 𝛾𝑎𝑏, 𝑣𝑎, 𝐶𝑎
𝑏𝑐. In (5), as 𝑄𝑖 we substitute

𝑒𝑑
𝑖 . We introduce the notation −Γ𝑑

𝑎𝑐 =

= 𝑒𝑖
𝑎𝑒𝑘

𝑐
∗∇𝑘𝑒𝑑

𝑖 .
Then

𝑒𝑖
𝑎𝑒𝑗

𝑏𝑒𝑘
𝑐

∗∇𝑗𝑒𝑑
𝑘𝑖 = −Γ𝑑

𝑎𝑐⊕𝑏 + Γ𝑑
𝑔𝑐Γ𝑔

𝑎𝑏 + Γ𝑑
𝑎𝑔Γ𝑔

𝑐𝑏,
where

Γ𝑑
𝑎𝑐⊕𝑏 = 𝑒𝑗

𝑏
∗∇𝑗Γ𝑑

𝑎𝑐.
Since

∗(𝑒𝑑
𝑙 )• = 0,

from (5) we obtain

𝐻𝑎𝑏 = 𝐻𝑎𝑏𝑐
𝑐 = −2Γ𝑐

𝑎[𝑐⊕𝑏] + 2Γ𝑐
𝑑[𝑏Γ𝑑

𝑎|𝑐] + 2Γ𝑐
𝑎𝑑Γ𝑑

[𝑏𝑐], (6)

where 𝑋[𝑎|𝑏|𝑐] = 1
2 (𝑋𝑎𝑏𝑐 − 𝑋𝑐𝑏𝑎). The required 𝑐𝑎𝑏 are related to 𝐻𝑎𝑏 by

𝑐𝑎𝑏 = 𝐻𝑎𝑏 − 𝑎𝑏𝑐𝑑𝑎
𝑐 − 𝑎𝑎𝑐𝑑𝑏

𝑐 − 𝑎𝑏𝑎𝑑. (7)

Let us compute the quantities Γ𝑐
𝑎𝑏. Applying the operator ∗∇𝑘 to 𝛾𝑎𝑏 = 𝑒𝑖

𝑎𝑒𝑏𝑖,
we get

Γ𝑎𝑏𝑐 + Γ𝑏𝑎𝑐 = 𝑣∗
𝑐𝛾𝑎𝑏,

and from the definition of Γ𝑑
𝑎𝑐 and (1) it follows that

Γ𝑑
𝑏𝑐 − Γ𝑑

𝑐𝑏 = 𝐶𝑑
𝑐𝑏.
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If one uses the equalities obtained from these by a cyclic interchange of indices,
one can find

−Γ𝑎𝑏𝑐 = 1
2(𝐶𝑎𝑏𝑐 + 𝐶𝑏𝑐𝑎 − 𝐶𝑐𝑎𝑏 − 𝑣∗

𝑐𝛾𝑎𝑏 − 𝑣∗
𝑏𝛾𝑎𝑐 + 𝑣∗

𝑎𝛾𝑏𝑐).

After minor transformations,

−Γ𝑐
𝑎𝑏 = 1

2 [𝐶𝑐
𝑎𝑏 + 𝛾𝑐𝑑(𝛾𝑎𝑔𝐶𝑔

𝑏𝑑 + 𝛾𝑏𝑔𝐶𝑔
𝑎𝑑)] − 𝑣𝑎𝑑𝑏

𝑐 − 𝑣𝑏𝑑𝑎
𝑐 + 𝑣𝑐𝑑𝑎𝑏. (8)

Since Γ𝑐
𝑎𝑏 depend only on 𝑡, we have

Γ𝑐
𝑎𝑏⊕𝑑 = 𝑣∗

𝑑(Γ𝑐
𝑎𝑏)•,

and, taking this fact into account, formulas (6)—(8) solve the problem posed. In
the Appendix are given ̄𝑐𝑎𝑏, computed by (6)—(8) under the condition 𝑎00 = 1,
𝑎0𝑎 = 0. Let us also introduce the notation

∗∇𝑖 = 𝑒𝑐
𝑖□𝑐.

It is not difficult to prove that for any quantity

𝑋…𝑘
𝑖… = 𝑥…𝑏

𝑎…(𝑡)𝑒𝑎
𝑖 ⋯ 𝑒𝑘

𝑏

one has
∗∇𝑗𝑋…𝑘

𝑖… = 𝑒𝑐
𝑗𝑒𝑎

𝑖 ⋯ 𝑒𝑘
𝑏 □𝑐𝑥…𝑏

𝑎…,
where

□𝑐𝑥…𝑏
𝑎… = 𝑣∗

𝑐(𝑥…𝑏
𝑎…)• − 𝑥…𝑏

𝑑…Γ𝑑
𝑎𝑐 − ⋯ + 𝑥…𝑑

𝑎…Γ𝑏
𝑑𝑐.

Finally, let us pass to proper time by means of

𝑑𝜏 = √𝑎00 𝑑𝑡

(which is equivalent to the choice 𝑎00 = 1) and write equations (4) in the s.s.o.
in the form of a system of ordinary differential equations for functions of 𝜏 (
𝑑/𝑑𝜏 is denoted by a dot):

̇𝑑 + 𝑑𝑎𝑏𝑑𝑏𝑎 + 𝑎𝑎𝑏𝑎𝑏𝑎 + □𝑎𝑓𝑎 − 𝑓𝑎𝑓𝑎 = −1
2(𝜌 + 3𝑝),

□𝑏(𝛾𝑎𝑏𝑑 − 𝑑𝑎𝑏 − 𝑎𝑎𝑏) + 2𝑓𝑏𝑎𝑎𝑏 = 0,
̇𝑑𝑎𝑏 − (𝑑𝑎𝑐 + 𝑎𝑎𝑐)(𝑑𝑏

𝑐 + 𝑎𝑏
𝑐) + 𝑑𝑑𝑎𝑏 − 𝑑𝑎𝑐𝑑𝑏

𝑐 + 3𝑎𝑎𝑐𝑎𝑏
𝑐

+1
2(□𝑎𝑓𝑏 + □𝑏𝑓𝑎) − 𝑓𝑎𝑓𝑏 − 𝑐𝑎𝑏 = 1

2(𝜌 − 𝑝)𝛾𝑎𝑏.

(9)

Let us note that from the hydrodynamic equations

̇𝜌 + 𝑑(𝜌 + 𝑝) = 0, 𝑣𝑎 ̇𝑝 = (𝜌 + 𝑝)𝑓𝑎,
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which are a consequence of (9), it follows that

𝑓𝑎𝑣𝑏 − 𝑓𝑏𝑣𝑎 = 0,

i.e.
𝑎𝑎𝑏 = 1

2𝑣𝑐𝐶𝑐
𝑏𝑎.

Moreover,
𝑣𝑎 = −𝑎0𝑎 = 𝑘𝑎 exp∫ 𝑑𝑝

𝜌 + 𝑝 ,

where 𝑘𝑎 are arbitrary constants.

The author thanks A. L. Zelmanov for discussion.

Appendix
Introduce the notation

𝑋𝑎 = 𝜉𝑖
𝑎

𝜕
𝜕𝑥𝑖 = 𝜉𝑖

𝑎𝑝𝑖;

denote the determinant of the matrix 𝛾𝑎𝑏 by 𝛾; then:
Type I.

𝑋1 = 𝑝1, 𝑋2 = 𝑝2, 𝑋3 = 𝑝3, 𝑒1
𝑖 = (1, 0, 0), 𝑒2

𝑖 = (0, 1, 0), 𝑒3
𝑖 = (0, 0, 1), ̄𝑐𝑎𝑏 = 0.

Type II.

𝑋1 = 𝑝1, 𝑋2 = 𝑝2, 𝑋3 = 𝑥2𝑝1 − 𝑝3, 𝑒1
𝑖 = (1, 𝑥3, 0), 𝑒2

𝑖 = (0, 1, 0),

𝑒3
𝑖 = (0, 0, 1), ̄𝑐2

1 = ̄𝑐3
1 = ̄𝑐3

2 = 0, − ̄𝑐1
1 = ̄𝑐2

2 = ̄𝑐3
3 = 1

2𝛾 𝛾2
11.

Type III.

𝑋1 = 𝑝1, 𝑋2 = 𝑝2, 𝑋3 = 𝑥1𝑝1 − 𝑝3, 𝑒1
𝑖 = (𝑒𝑥3 , 0, 0), 𝑒2

𝑖 = (0, 1, 0),

𝑒3
𝑖 = (0, 0, 1), ̄𝑐3

1 = ̄𝑐3
2 = 0, ̄𝑐2

1 = − 1
𝛾 𝛾11𝛾12, ̄𝑐1

1 = ̄𝑐3
3 = 𝛾33+ 1

2𝛾 𝛾2
12, ̄𝑐2

2 = − 1
2𝛾 𝛾2

12.

Type IV. 𝑋1 = 𝑝1, 𝑋2 = 𝑝2, 𝑋3 = (𝑥1 + 𝑥2)𝑝1 + 𝑥2𝑝2 − 𝑝3, 𝑒1
𝑖 =

(𝑒𝑥3 , 𝑥3𝑒𝑥3 , 0), 𝑒2
𝑖 = (0, 𝑒𝑥3 , 0), 𝑒3

𝑖 = (0, 0, 1), ̄𝑐3
1 = ̄𝑐3

2 = 0, ̄𝑐2
1 = 1

𝛾 𝛾2
11, ̄𝑐1

1 =

2𝛾33 − 1
2𝛾 × 𝛾11(𝛾11 + 2𝛾12), ̄𝑐2

2 = 2𝛾33 + 1
2𝛾 𝛾11(𝛾11 + 2𝛾12), ̄𝑐3

3 = 2𝛾33 + 1
2𝛾 𝛾2

11.

Type V. 𝑋1 = 𝑝1, 𝑋2 = 𝑝2, 𝑋3 = 𝑥1𝑝1 + 𝑥2𝑝2 − 𝑝3, 𝑒1
𝑖 = (𝑒𝑥3 , 0, 0), 𝑒2

𝑖 =
(0, 𝑒𝑥3 , 0), 𝑒3

𝑖 = (0, 0, 1), ̄𝑐𝑎𝑏 = 2𝛾33𝛾𝑎𝑏.
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Type VI. 𝑋1 = 𝑝1, 𝑋2 = 𝑝2, 𝑋3 = 𝑥1𝑝1 + 𝑞𝑥2𝑝2 − 𝑝3, 𝑒1
𝑖 = (𝑒𝑥3 , 0, 0), 𝑒2

𝑖 =
(0, 𝑒𝑞𝑥3 , 0), 𝑒3

𝑖 = (0, 0, 1), ̄𝑐3
1 = ̄𝑐3

2 = 0, ̄𝑐2
1 = 1

𝛾 𝛾11𝛾12(𝑞 − 1), ̄𝑐1
1 = 1

2𝛾 𝛾2
12 × (1 −

𝑞2) + (1 + 𝑞)𝛾33, ̄𝑐2
2 = − 1

2𝛾 𝛾2
12(1 − 𝑞)2 + 𝑞(1 + 𝑞)𝛾33, ̄𝑐3

3 = 1
2𝛾 𝛾2

12(1 − 𝑞)2 + (1 +
𝑞2)𝛾33, where 𝑞 ≠ 0, 1.
Type VII. 𝑋1 = 𝑝1, 𝑋2 = 𝑝2, 𝑋3 = −𝑥2𝑝1 + (𝑞𝑥2 + 𝑥1)𝑝2 + 𝑝3, 𝑒1

𝑖 =
[𝑒− 1

2 𝑞𝑥3(𝑞 sin 𝑝
2 𝑥3 + 𝑝 cos 𝑝

2 𝑥3), 2𝑒− 1
2 𝑞𝑥3 sin 𝑝

2 𝑥3, 0], 𝑒2
𝑖 = [−2𝑒− 1

2 𝑞𝑥3 ×
sin 𝑝

2 𝑥3, 𝑒− 1
2 𝑞𝑥3(−𝑞 sin 𝑝

2 𝑥3 + 𝑝 cos 𝑝
2 𝑥3), 0], 𝑒3

𝑖 = (0, 0, 1), 𝑞2 < 4, 𝑝 =
√4 − 𝑞2, ̄𝑐1

1 = 1
2𝛾 [𝛾2

22−(𝛾11−𝑞𝛾12)2], ̄𝑐2
2 = − 1

2𝛾 [𝛾2
22+(𝛾11+𝑞𝛾12)2−2𝛾11(𝛾11+

𝑞𝛾22)], ̄𝑐3
3 = 1

2𝛾 [−(𝛾11 + 𝛾22 + 𝑞𝛾12)2 + 2(𝛾2
11 + 𝛾2

22 + 2𝛾2
12) + 2𝑞2𝛾11𝛾22], ̄𝑐3

1 =

̄𝑐3
2 = 0, ̄𝑐2

1 = − 1
𝛾 [𝛾12(𝛾11 + 𝛾22) − 𝑞𝛾11𝛾22].

Type VIII. 𝑋1 = 𝑝2, 𝑋2 = 𝑥2𝑝2 + 𝑝3, 𝑋3 = 𝑒𝑥3𝑝1 + 𝑥2 2𝑝2 + 2𝑥2𝑝3, 𝑒1
𝑖 =

(1, 𝑥1𝑒−𝑥3 , −𝑥1), 𝑒2
𝑖 = (0, −2𝑥1𝑒−𝑥3 , 1), 𝑒3

𝑖 = (0, 𝑒−𝑥3 , 0), ̄𝑐2
1 = −2 ̄𝑐3

2 =
−4 (𝛾23 + 1

𝛾 𝛾12𝐴) , ̄𝑐3
1 = −2 (2𝛾33 − 1

𝛾 𝛾11𝐴) , ̄𝑐1
1 = ̄𝑐3

3 = −2 (2𝛾13 − 1
𝛾 𝛾22𝐴) , ̄𝑐2

2 =

2 [𝛾22 − 1
𝛾 (𝛾22 + 𝛾13)𝐴] , where 𝐴 = 𝛾22 − 𝛾13.

Type IX. 𝑋1 = 𝑝2, 𝑋2 = cos𝑥2𝑝1 − ctg𝑥1 sin𝑥2𝑝2 + sin𝑥2

sin𝑥1 𝑝3, 𝑋3 =

− sin𝑥2𝑝1 − ctg𝑥1 cos𝑥2𝑝2 + cos𝑥2

sin𝑥1 𝑝3, 𝑒1
𝑖 = (cos𝑥3, sin𝑥3 sin𝑥1, 0), 𝑒2

𝑖 =

(− sin𝑥3, cos𝑥3 sin𝑥1, 0), 𝑒3
𝑖 = (0, cos𝑥1, 1), ̄𝑐2

1 = −2𝛾12 − 1
𝛾 𝛾12𝐴, ̄𝑐1

1 =
1

2𝛾 𝐴2−𝐵−𝛾11− 1
𝛾 (𝛾2

11+𝛾2
12+𝛾2

13), where 𝐴 = 𝛾11+𝛾22+𝛾33, 𝐵 = 𝛾11+𝛾22+𝛾33;
the remaining components ̄𝑐𝑏

𝑎 are obtained by a cyclic replacement of the indices
1, 2, 3.
For some geometrical properties of the metrics considered, see (3,8 ).
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