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ON THE REPRESENTATION OF ENTIRE
FUNCTIONS OF ARBITRARY ORDER OF
GROWTH

(Presented by Academician N. N. Bogolyubov, 24 IV 1970)

We shall prove a Fourier-type representation for entire functions of arbitrary
order of growth. The proof carried out is a generalization of the method given
by I. M. Gel' fand and G. E. Shilov (!) for entire functions of first order of
growth. Another proof of the theorem on the representation of entire functions
of arbitrary order of growth on the basis of the theory of Dirichlet series was
given by A. F. Leont’ ev (?).

We shall consider classes of entire analytic functions of one complex variable
z =z +1y. Let g(z) be an entire function; then

M (r) = max |g(2)|.

g "
|zl=r

Let h(r) be a monotone twice differentiable function, and

h(r) >0,  RK(r)>0, R'(r)>0.
If
In M
i M)
r—00 h(r)

then we shall say that the entire function g(z) has exact order of growth A(r).
If h(r) = ar?, then it is customary to say that the entire function has order of
growth p and finite type a.

We shall say that the entire function g(z) belongs to the space 3, if for this
function g(z) there exist constants 6 > 0 and B > 0 such that

l9(2)] < BeMU1=0lD. (1)
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We shall prove

Theorem. If g(z) € 3,,, then this function can be represented in the form

o(z) = / ¢ do (¢), @)

where 09(5) is a complex completely additive measure in the complex plane &,
and for this measure there always exists an € > 0 such that the integral

/eH((Ha)I&\) |do,(§)] < oo, (3)

converges, where the function H(s) is conjugate in the sense of Young (see, for
example, (%)) to the function h(r), i.e.

H(s) = max(sr — h(r)). (4)

>0

First of all let us prove that if the entire function g(z) is representable in the
form (2) with condition (3), then it belongs to 3;. Indeed, g(z) is entire, since
the integral (2) converges for all z, and

9(2)| < /e\z\‘mudgg(@\ < H‘lﬁxelzr\a—H((He)\a)/6H<<1+e>\s|>|d0g(§)| <
£

< B exp {h (1|+|)} = Byexp{h((1— 6|2}

where

€
1+¢

B, = / (do, (O] exp{H'((1 +<)[c)} and &, =

Consequently, g(z) € B,.

Introduce the linear countably normed space of entire functions Z, for which
the following system of norms is defined:

I£1l, =Sl§p|f(C)|exp{—H((1+1/p>\CI)} (5)

for p = 1,2,3,.... The functions M, (s) = exp{—H((1 + 1/p)s)} satisfy the
inequalities 0 < M, (s) < M,(s) < --- and the so-called condition (P):
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For a given ¢ > 0 and any p, one can indicate a p’ > p and an N such that, for
those s for which s > N, the inequality

M, (s) <eM,(s)

holds.

Under these conditions the norms (5) are consistent, so that the space Zy is
complete and, moreover, it is perfect (1).

If f(¢) € Zy, then for every € > 0 there exists a number C, > 0 such that

[F(O] < el (6)

Let us find the general form of a linear continuous functional on the space Z;.
It is enough to find a general linear functional (F, f) on the normed space Z;?
—the completion of the space Z; with respect to the norm | f|,. The space

Z;? consists of certain analytic functions f(¢). This space is closed with re-
spect to uniform convergence. Extending, by the Hahn-Banach theorem, the
functional F' to the space of all continuous functions and applying the Riesz-
Radon theorem, we obtain

(F, f) = / £(0) du(c), (7)

where 1(¢) is a complex completely additive measure in the complex plane ¢,

for which the integral
Jlaucrness {ar ((1+) 1)}

By virtue of theorem (1) on the structure of the space conjugate to a countably
normed space, formula (7), for all possible p, gives the general form of a linear
continuous functional on the space Zy;.

is finite.

Next, the Taylor series

FO =D fuCm
n=0

converges in the topology of the space Z;. Indeed, applying Cauchy’ s formula
and the estimate (6), we obtain
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1 [d¢f(Q) H((1+2)5) L
1ful = |5, ?{ it | < Cemin —— C.(1+4¢&)reBm),
where
B(n) = 12135((71 Ins— H(s)). (8)

The norm |¢™|,, is, according to definition (5),

lp
o7l = mapsme O = (14 1/p) P,
5>

Then we have the estimate

N n [ 1+ 1"
;ynrmusqgﬁyum]. ©

Since the number ¢ can be chosen arbitrarily small, the series (9) converges for
each given p.

Consequently,

(F.) = fuF (10)
n=0

where F,, = (F,£") is a fixed sequence of constants. Conversely, any sequence
of constants F,, such that the series (10) converges for every function f(&) € Zy
and defines a continuous linear functional on the space Zy by formula (10) can
be represented in the form

a:/@w@, (11)

which is obtained from the general formula (7) for f(£) = &".

Let now

9(2) = g,2"
n=0

be an entire function from the space 3,,, i.e., satisfying an inequality of the form
(1). We shall show that the numbers F,, = (—i)"g,,n! define a linear functional
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on the space Zy;, where the function H(s) is conjugate in the sense of Young to
the function h(r) according to (4). Indeed, we have the following estimates:

1 h((1=0)r)
9. = |5= % dzgi(z) < Bmin " — B(1 — §)ne=Am),
21 zn >0 rn
where
A(n) = max(nlnr — h(r)), (12)

r>0

and, according to the well-known Stirling formula,

n! = V2 E, ernn
where E,, — 1 as n — oo. Further, we have

o0

S OIfF,l <

n=0

< \/%CEBi VN E, (14¢)"(1—0)"exp{—B(n) — A(n) + nlnn —n}.
n=0

We shall show that

B(n)+ A(n) =nlon —n. (13)
Indeed, according to (12), we have

A(n) =nlnr(n) — h(r(n)), (14)
where the function r = r(n) is the solution of the following equation:

n =r(n)h'(r(n)). (15)

On the other hand, according to (4), we have

H{(s) = su(s) — h(u(s)) = u(s)h" (u(s)) — h(u(s)),

since s = h'(u(s)). Hence,

sovietrxiv.org/items/ru-197001.33100 Machine Translation


https://sovietrxiv.org/items/ru-197001.33100

B(n) =max(nlns — H(s)) = max[nlnh’(u(s)) — u(s)h' (u(s)) + h(u(s))]

s>0 s>0

= max[nlnh'(u) — uh’(u) + h(u)].

u>0

The maximum condition is written in the form

n = u(n)h’ (u(n)). (16)

It is easy to see that equation (16) coincides with equation (15). Therefore

one can write

B(n) =nlnn—nlnr(n) —n+ h(r(n)). (17)

Adding the functions A(n) and B(n), in accordance with (14) and (17), we
obtain the identity (13).

Finally, for the series we have the estimate

S Ul < VIR CBS Vi B, (14 ) (1— )", (18)
n=0 n=0

Since ¢ is a fixed number, while € can be chosen small, the series (18) converges
for any function f(¢) € Zy. At the same time we have obtained the boundedness
of the functional (10) with respect to the norm |- ||, for p > 1/d — 1, which also
means the boundedness of the functional (10) on the whole space Z;.

By what has been proved, there exists a measure o(¢) such that

F, = (i) gon! = / ¢ do(C),

and moreover

/ do(C)] exp{H (1 +1/p)|C} < oo

for p > 1/§ — 1. Consequently,
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Multiplying by 2" and summing, we obtain on the left and on the right a
convergent series, and finally

z) = 3 2" = 3 (izQ)" o(() = [ e*Cdo
9= 3 0= [ a0 = [ ean(o),

as was asserted.

In conclusion I express my deep gratitude to V. S. Vladimirov, A. F. Leont’ ev,
and A. Epshtein for useful discussions.
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