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Let S be the class of functions f(z) = z + ¢92% + -+, regular and univalent in
the unit disk, and let ¥ be the class of functions F(z) = z + ay + ay 271 + -,
meromorphic and univalent in the domain |z| > 1. Denote the expansions:

In @ = i%kz’“, f(z) € 8; (1)
k=1
n . t = 3 z7k z ;
(1—2)"= idk(h)zk, h > 0. (3)
k=0

In addition, by the symbol {¥(z)}, we shall denote the coefficient of z™ in the
expansion of the function 1(z) about z = 0, and by M(r, f) the maximum of
|f(2)] on the circle |z| =r, 0 <r < 1.

It is known (1) that for every function f(z) € S there exists

lirq(l —r)?*M(r,f)=a, 0<a<l,
r—

and, for o > 0, a radius of greatest growth of the function, i.e. such a ¢, € [0, 27]
that

liIr%(l—r)2|f(re“"0)| = a, 0<a<l (4)
r—

Using (4) and the “area inequality” (?):
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I. E. Bazilevich (3) proved for f(z) € S the inequality

2

11
<-In—.
<gh- (®)

1 .
_,elkéoo
Yk k

P
k=1
It is proved below that conditions (4) and (5) are already sufficient for the

regular growth of the Taylor coefficients even of non-univalent functions, i.e. the
following holds.

Theorem. For a function f(z) = 2+ cy2? + -+ satisfying conditions (4) and (5),
for any A > 1/4 the asymptotic equality

{(f(=)/2)*},

4 (2)) ~at exp{i[\arg f(rewo) — (n+ Mg} (n — o), (6)

holds, where r is connected with n by the relation

1—r=26/n, m<O<M (7)

(m and M are positive constants).

The proof of the theorem is based on two lemmas.

oo
Lemma 1. If the coefficients of the power series Z A2k satisfy—
k=1

satisfy the conditions:

a) Zk|Ak|2 < 00;
k=1

and if the power series is formed

ZDkzk = exp (Z Akzk> ) (9)
k=0 k=1

then for every h > 1/2 the following asymptotic equality holds:
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ka - - th) idn,k(h)ﬁk =0(1) (n— ). (10)

Denoting by 57@ the numerator of the Cesaro mean in (10), i.e

Sy = Zdnfk(h)Dk = {(1_12),7 exp (Z Akzk> } (n=0,1,...), (11)
k=1 n

we write for the Cesaro means the obvious identity

Sq(lh) S(h+1) n—1 h <h+ n
n k
xd,(h) =Y d, (h)> D, wA,[/(n+h)d, Z S kA, /(n+h)d,, (h).
k=1 v=1
(12)

Cauchy’ s inequality, applied to the right-hand side of (12), gives the estimate

S,(f” 57(1%1)
d,(h) d,(h+1)

1/2
§<n+h (Ds“”zzk?m |2> . (13)

In order to estimate ZZ;; \Sim |2, we note that, by the conditions of the lemma,
the relation

n

Zk‘%+Ak

k=1

@ N EE LD WD IENETD SRl

k=1

holds, and, consequently, as n — oo,

2 v 1
5n(h):1133<n{h22k’k+14k _;k}:ou). (14)

But earlier, for the coefficients of a compound function of exponential form,
inequality (4) was established:
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2

n—1 00 n—1
Z {eXp (Z (% + Ak) zk> } < exp(hd,,_ di(
k=0 k=1 3 k 0

using which, and taking into account (11) and (14), we shall have

S
,_.

Z 192 = dg(h) (n—o0), h>0. (15)
0

>
Il

Simple calculations give, for the sum of squares of binomial coefficients when
h > 1/2, the estimate

which, together with (15), (13), and condition (8a), leads to the result
1
S d (h)— SV (h+1)=0(1) (n—o0), h> 5 (16)
In particular, for h = 1, it follows from (16) that
1 n
=3 kDy=o0(1) (n— o). (17)
n &

Now consider the difference

Since for h > 2 the sequence of numbers

=1, () — (1)

(k=1,2,...,n) is nondecreasing, by Abel’ s inequality, from (18) and (17) we
obtain

n S;h)
ZDk*d(h)ZO(U (n—o0), h>2 (19)
k=0 n

Equalities (16) and (19), considered together, prove the lemma completely.
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Lemma 2. Under the conditions of Lemma 1, the following asymptotic equali-
ties hold for h > %:

%h) S dy (WD~ S Dyt~ exp (Z Ak> (n—o0),  (20)
k=0 k=1

where r is connected with n by formula (7).

Taking into account Lemma 1 and condition (8b), it suffices to prove the rela-
tions

zn:Dk ~ i D7k ~ exp (i Ak) (n — 00). (21)
k=0 k=0 k=1

We first derive the second part of (21). To this end consider the difference

zn:Ak — iAkrk = zn:Ak(l — k) — i Aprk.
k=1 k=1 k=1

k=n-+1

Applying Cauchy’ s inequality, we have

n

1/2
(1 —rk)l +

Zn: A, — i Akrk
k=1 k=1

< [Z kA2 (1 =)
k=1 e

=1

1/2 1/2
SLY AR S W] < [Z A0 - r’f)] (1~ 2
[ k=n+1 k=1
- 1/2 .
+ k;_lkMk‘Q n(l—r)
whence, taking (7) and (8a) into account, we conclude that
iAk — iAkrk =o(1) (n— ), (22)
k=1 k=1

which, after exponentiation, gives the second part of (21).

Next, consider the other difference for 0 < r < 1:
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n o0

ipk—ip => Dy1—r)— Y Dy, (23)

k=0 k=0 k=0 k=n+1

The first sum on the right-hand side of (23) is estimated with the aid of Abel’
s inequality, namely

n n 1
> Dy(1—rk)| = ZkszE(l—r’f) (1—r) max Zka (24)
k=0 k=1
From (24), (7), and (17) we obtain
Y Dy(1—rF)=0(1)  (n—o0). (25)
k=0
The second sum can be estimated, also using Abel’ s transformation:
2n +1 1
D,r¥ r"“) - vD, (26)
kzn;rl (k%i B n+1 ni1ZheN & uzn;rl

If r is chosen according to (7), then the first factor in (26) is uniformly bounded
with respect to n and N, while the second factor, as n — oo, tends to zero
uniformly with respect to N by (17), and, consequently,

i D7k = o(1)

k=n-+1

which, together with (25) and (86), gives the first part of (21). The lemma is
proved.

Proof of the theorem. Without loss of generality one may assume that ¢, = 0,
since otherwise, instead of f(z), it suffices to consider e™*%o f(e*?0z).

Starting from the identity

and denoting

ln{f(z)l—z } ZAkZ Ak:2/\(’yk—%),

A oo
[f(;> (1—=z2 ] = exp (Z Az ) = ZDkzk, (28)
k=0

sovietrxiv.org/items/ru-197001.32831 Machine Translation


https://sovietrxiv.org/items/ru-197001.32831

we write the equality of the Taylor coefficients for the functions in (27):
OV
{ () } => d, y(h)D,  (n=0,1,..), h=2\ (29
z . k=0

It is not difficult to verify that the coefficients of the power series Zzil A2k
satisfy conditions (8). Therefore, for h > 1/2 and for r chosen according to (7),
by Lemma 2 we shall have:

NN D~ D k[u()“”zr (iXarg £(r))
) ke & 2 LT = r " exp(idarg f(r)),

k=0

which, together with (29) and (4), proves the theorem.

From the theorem just obtained there follows directly Hayman’ s regularity
theorem ! for the coefficients of univalent functions in the case o > 0 (proved
by him for p-valent functions). If & = 0, then the regularity theorem is proved
more elementarily.
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