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Let H be a Hilbert space. Consider the set of all Bochner-integrable functions
f(z) (—oo < z < c0) with values in H. This set forms a new Hilbert space Hy,
if the inner product in it is defined by the equality

(o), = / (), ga)) p da-

Consider in the space H; the differential operator

Ly = [d*/dz® — Q(x)]e, (1)

defined on the set of functions from H; with values in D (here D is the do-
main of definition of the operator Q(z)) and having a strong second continuous
derivative.

In the present note conditions are determined on a family of linear, generally
speaking unbounded in H, operators Q(x), under which the differential oper-
ator (1) (more precisely, its closure) is the generator of a strongly continuous
contraction semigroup. It will also be shown that the resolvent of this operator
is an integral operator with a certain kernel, which by analogy with the scalar
case is called the operator Green’ s function.

We shall assume that:

a. The closed linear operator Q(x), for each x € R, has a dense in H, z-
independent domain of definition D, and for any A > 0 the operator Q(z) + Al
has a bounded inverse. The operator Q(z) is uniformly bounded below:

Re(Q(x)p, ) g > 0(0,0) g, peD.

The condition that the domain of definition D be independent of x, by virtue
of the closed graph theorem, entails the boundedness in H of the operator
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Q(r)-Q (y), and the norm of this operator, generally speaking, is bounded by
a constant depending on = and y. The following condition imposes a restriction
on the growth of this constant.

B. There exist constants C' and k& > 0 such that

1Q@)Q ()| < Cexp{klz —yl}

and the operator Q(x)Q ! (y) for |x — y| < 1 satisfies the Holder condition

IQ(z) —QWIQ (W < Clz—yl, € (0,1);

moreover,
Q7 ()[Q(z) = Q]I < Clz —yl*,  §<e,
or
I[QY2(x) — Q*())Q*(y)| < Clz — yl°.
Let

1 1
Qp= §(Q+Q*) and Q= ﬂ(Q—Q*)

—the real and

imaginary components of the operator ). We impose additional restrictions on
these components.

v. The operators Qp and @Q; are semibounded on a set dense in H, and one of
the three self-adjoint extensions in the Friedrichs sense, Q R Q 5 orQp+Qr,
has a completely continuous resolvent, while the least eigenvalue a, () satisfies
the condition of A. M. Molchanov

r+tw

lim aq(z)dxr =00 for any w > 0.
|z|—=00 J,,

Condition a makes it possible to construct the operator x(z) = {Q(x)+pu2I}"/?
whose resolvent set is the entire right half-plane (}). In this case the operator
X generates a strongly continuous contraction semigroup U} (t) = exp{—tx(z)},
for which

Ix® exp{—tx}| < Ct *exp{yut}, «a >0, (2)
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where v > 0 and does not depend on g > py and ¢ > 0. Using, moreover,
condition 8 and (2), one can show that

Q@)@ ()~ QW < Cla—yf forf—d>ai (3
QU2 (@)U (¢ + A~ U] < CLAN 2espl—pty; (4)
e @z~ U@ < OO e}, ()

where n = 0,1,2; k=0,1; n—k <1 and § < e. From condition 8 and (2) it
follows that for any x # y € R

I(Q(e) - QU@ )UKy < STz,

therefore the integral equation
Gy = Flag) + [ Gla20[Q) — Q@IF (oyon) d,

1
Pl o) = 5 M(y)e 7o (6)

has a unique solution G(x,y, i), which is determined by the formula

G(a,y.p) = Fla,y,p) + / F(z, 2 1) (2, y, ) dz, (1)

where ®(z,y, u) is an operator for which the following inequality holds: for any
IL% <n<e,

|®(z + Az, y, 1) — @2,y w)| < ClAz[*z —y[&h,  Jz—y| <1
Theorem 1. If the positive number p is sufficiently large and conditions o and

B are satisfied, then equation (6) has a unique solution G(x,y, i), which is the
Green’ s function for the equation

[L—quf}(p: _fa

i.e., for any function f € H, satisfying the Hélder condition, the integral
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g=Af=/wG@wwﬁ@My (®)

gives a solution of equation (7).

The proof of the theorem is based on the method of P. E. Sobolevskii (?), and
results (1) are used here. In proving the existen-

of the second continuous strongly differentiable with respect to = operator func-
tion G(z,y, p), the uniform boundedness with respect to x and the continuity
of the operator

/Oo Q(x)F(x,y, 1) dy,

which follow from inequalities (2), (3), and (5).

Since the set of functions f(x) satisfying the Holder condition is dense in H;, it
follows from the theorem of B. M. Lidskii ((3), p. 110) and B. M. Levitan and
T. A. Suvorchenkova ((4), p. 56) that the operator (8) is completely continuous
in Hy, if the family of operators Q(x) satisfies, in addition, condition v. From
condition « it is easy to obtain that in H; the inequality

fif
0 < Re(Af, fu, < ((SJF)NHl

holds.

Therefore, by what was said above, p is a regular point of the operator A ((5),
p. 302), and the integral equation

GmeG@um+/(%wwW@wW (9)

has a unique solution.

Splitting the integral operator in (9) into a finite-dimensional operator and
an integral operator whose norm is sufficiently small, one can show that the
operator G(z,y) is uniformly bounded in H. By virtue of the properties of the
operator Green’ s function G(z,y, 1), one can prove the following theorem.

Theorem 2. If conditions «, 3, are satisfied, then there exists a unique Green’
s function G(x,y) for the problem Ly = —f.

The extension by continuity of the integral operator generated by the operator
Green’ s function G(z,y) to all of H; leads to a certain closed extension of the
operator L, whose range is all of H;. If one uses condition o and the Hille-
Yosida theorem ((1), p. 109), one can obtain
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Corollary 1. Under the assumptions of Theorem 2, the closure of the operator
L is the infinitesimal generator of a strongly continuous contraction semigroup
T, = exp{—tL}; moreover,

dTw/dt = d*T,v/dx?® — Q(x)T,v

for any v € D(L) and t > 0.

If the semigroups generated by the operators d?/dz? and Q(zx) are denoted by
R, and @, respectively, then, applying Trotter’ s theorem (6), one can obtain
a representation of the semigroup 7T, in terms of R, and @Q,.

Corollary 2. Under the assumptions of Theorem 2, the equality

Ty = lim(Ryqh) [t/h]y

holds for any v € H,.

Remark 1. If one uses the result of article (7), condition vy can be somewhat
weakened.

Remark 2. In the case of a self-adjoint operator Q(x), results analogous to
Theorem 1 were obtained in (8), and in the case of a finite interval results
analogous to Theorems 1 and 2 were obtained in (9).

In conclusion, I take the opportunity to express my gratitude to B. M. Levitan,
conversations with whom substantially contributed to the writing of this paper.
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