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MATHEMATICAL PHYSICS

Ya. N. FELD

ON A METHOD FOR SOLVING PROBLEMS
OF MATHEMATICAL PHYSICS
(Presented by Academician M. A. Leontovich on 8 XII 1969)

1. The idea of the method. The overwhelming majority of problems of
mathematical physics reduce to finding a solution 𝑤 (𝑤 may be a scalar, vector,
matrix, etc.) satisfying certain 𝑁 conditions. These conditions are such that
the solution exists and is unique. One of these conditions is usually a differential
equation, while the others have the character of initial or boundary conditions,
conditions at infinity, and so on. As has already been said, the solution satisfying
all these conditions is unique; however, if at least one of them is excluded,
then there exists (usually) an infinite set of solutions satisfying the remaining
conditions. This circumstance makes it possible to outline the following way of
solving the problem. Let us exclude one* of the given 𝑁 conditions, for example
the 𝑛-th. Denote by 𝑤𝑛 a solution satisfying the remaining (𝑁 − 1) conditions.
There will be a set of such solutions; denote it by 𝐴𝑛 (𝑤𝑛 ∈ 𝐴𝑛). If any other 𝑚-
th (𝑚 ≠ 𝑛) condition is excluded, then the solutions 𝑤𝑚 satisfying the remaining
(𝑁 − 1) conditions will constitute some new set 𝐴𝑚. The sets 𝐴𝑛 and 𝐴𝑚 are
closed if the operators by means of which all 𝑁 conditions of the problem are
formulated are continuous. Obviously, both these sets have one common point,
which is precisely the solution of the original problem. Consequently, it may be
sought as the intersection of the indicated sets, 𝑤 = 𝐴𝑛 ∩ 𝐴𝑚. The success of
this approach depends on the ability to find general analytic expressions for the
elements of the functional sets 𝐴𝑛 and 𝐴𝑚. Usually they can be represented by
expressions of the type 𝐺𝑛𝜑 and 𝐺𝑚𝜓, where 𝐺𝑛 and 𝐺𝑚 are certain operators,
and 𝜑 and 𝜓 are functions belonging to the corresponding classes ℒ𝑛 and ℒ𝑚,
i.e.

𝑤𝑛 = 𝐺𝑛𝜑, 𝜑 ∈ ℒ𝑛; 𝑤𝑚 = 𝐺𝑚𝜓, 𝜓 ∈ ℒ𝑚. (I)

When 𝜑 and 𝜓 range over ℒ𝑛 and ℒ𝑚, 𝑤𝑛 and 𝑤𝑚 range over the sets 𝐴𝑛 and
𝐴𝑚, respectively. From the existence of a unique common point of 𝐴𝑛 and 𝐴𝑚
it follows that there is a fixed pair 𝜑 and 𝜓 for which the equality holds:

𝐺𝑛𝜑 = 𝐺𝑚𝜓. (II)
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These functions also determine the common point, which is the desired solution
of the original problem.

In a number of cases, for example when considering electrodynamic or acoustic
problems, the analysis and exposition can be considerably simplified if one passes
from the general solutions—the fields 𝑤, 𝑤𝑛, 𝑤𝑚 (and their corresponding sets
𝐴𝑛, 𝐴𝑚)—to their asymptotic expressions as 𝑅 → ∞, valid in the far zone:
𝑤 ∼ 𝑣, 𝑤𝑛 ∼ 𝑣𝑛, 𝑤𝑚 ∼ 𝑣𝑚 (𝐴𝑛 ∼ 𝑎𝑛, 𝐴𝑚 ∼ 𝑎𝑚). In this case the equalities (I)
and (II) pass into the following:

𝑣𝑛 = 𝑔𝑛𝜑, 𝜑 ∈ ℒ𝑛; 𝑣𝑚 = 𝑔𝑚𝜓, 𝜓 ∈ ℒ𝑚; (Ia)

𝑔𝑛𝜑 = 𝑔𝑚𝜓. (IIa)

* One may also exclude two or more conditions.

Here 𝑔𝑛, 𝑔𝑚 are the operators into which 𝐺𝑛, 𝐺𝑚 pass in the far zone. The
expression for the field 𝑣 in the far zone is considerably simpler and, at the
same time, it uniquely determines 𝑤 in all space except for a certain region
containing the sources.

The equality (II) or (IIa) can be used to find 𝜑 and 𝜓, after which the desired
solution is determined by the expressions

𝑤 = 𝐺𝑛𝜑 = 𝐺𝑚𝜓; 𝑣 = 𝑔𝑛𝜑 = 𝑔𝑚𝜓. (III)

Fig. 1

Depending on the nature of the problem, equations (II) and (IIa) may be of dif-
ferent types and complexities and may be solved by different techniques. How-
ever, one can indicate a general method of solution based on the fact that 𝑤
(𝑣) is the only common point of two sets 𝐴𝑛 and 𝐴𝑚 (𝑎𝑛 and 𝑎𝑚). Introducing
some metric space 𝑀 containing both these sets, it is easy to construct* an
iterative process leading to the desired solution. To do this, taking an arbitrary
element 𝑤0

𝑛 ∈ 𝐴𝑛, we find the element 𝑤(1)
𝑚 ∈ 𝐴𝑚 nearest to it; then we find the

element 𝑤(2)
𝑛 ∈ 𝐴𝑛 nearest to the latter, and so on. If this process converges,

then

𝑤 = lim
𝜈→∞

𝑤(2𝜈)
𝑛 = lim

𝜈→∞
𝑤(2𝜈+1)

𝑚 , (IV)

and 𝑣 is found analogously.

Let us illustrate these general arguments with concrete examples.

2. Diffraction of an electromagnetic wave by a metallic screen. Let a
primary wave E0, H0 be incident on a metallic ideally conducting screen 𝑆 (Fig.
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1); we denote the secondary—diffracted—field by E, H. It is uniquely determined
by the following conditions: 1) E, H is the field produced by currents distributed
on 𝑆; 2) E, H is a field having no sources outside the surface 𝑆+Σ and satisfying,
on the outer side of 𝑆, the equality [n(E + E0)] = 0. Here Σ is a surface
completing 𝑆 to a closed one (Fig. 1); in particular, it may close at infinity, and
n is the normal to 𝑆 + Σ. In the present case 𝑁 = 2. The set 𝐴1 consists of
all fields satisfying condition 2, and 𝐴2 of fields satisfying condition 1. As 𝑀 ,
it is convenient to consider the linear space whose elements are electromagnetic
fields 𝑤 = {E, H}, the sources of which are located inside the surface 𝑆 + Σ or
on it. We introduce in 𝑀 the norm

‖𝑤‖ = (Re∫
𝑆0

[EH∗] 𝑑s)
1/2

. (1)

Here 𝑆0 is an arbitrary surface enclosing 𝑆 + Σ.

Then ‖𝑤1 − 𝑤2‖ is the distance between the elements 𝑤1 and 𝑤2 of the space
𝑀 .

Let us further specialize the problem. We shall regard the screen 𝑆 as part of an
infinite cylinder along the generator 𝑧. If the field E0, H0 does not depend on
the coordinate 𝑧, and the vector E0 is polarized parallel to the 𝑧-axis, then the
problem reduces to a plane scalar problem with Dirichlet boundary conditions
on 𝑆, where 𝑆 should now be understood as the arc formed by the intersection
of the screen with the plane 𝑧 = const. The initial relations in this case are as
follows:

𝐸 = 𝐸𝑧; (∇2 + 𝑘2)𝐸 = 0; 𝐸 = −𝐸0 on 𝑆. (2)

For 𝐸, the radiation conditions and the Meixner conditions at the edges of the
screen must also be satisfied. Since the problem is formulated (see (2)) only
in terms of the component 𝐸𝑧 = 𝐸, it is convenient henceforth to put 𝑤 ≡ 𝐸,
retaining formula (1) for ‖𝑤‖.
* An analogous process is used in work (1), where the nearest elements of two
nonintersecting sets are found.

The elements of the sets 𝐴1 and 𝐴2 can now be written in the form:

𝑤1 = ∫
𝑆

𝐸0 𝜕𝐺
𝜕𝑛 𝑑𝑠 − ∫

Σ
𝜑𝜕𝐺

𝜕𝑛 𝑑𝑠, (3)

𝑤2 = ∫
𝑆

𝜓𝐻(2)
0 (𝑘𝑟) 𝑑𝑠, (4)
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where 𝐺 is the Green’s function of the Helmholtz equation for the domain 𝑉𝑒,
exterior to 𝑆 + Σ, vanishing on 𝑆 + Σ; formula (3) is valid only for 𝑉𝑒; 𝑟 is
the distance between the points of integration and observation; 𝜑 and 𝜓 are
arbitrary* functions having the following physical meaning: 𝜑 is the value of 𝐸
on Σ, and 𝜓 is the current** on 𝑆; 𝑑𝑠 is an element of arc. Equation (II) for
the problem under consideration has the form

∫
𝑆

𝜓𝐻(2)
0 (𝑘𝑟) 𝑑𝑠 + ∫

Σ
𝜑𝜕𝐺

𝜕𝑛 𝑑𝑠 = ∫
𝑆

𝐸0 𝜕𝐺
𝜕𝑛 𝑑𝑠 (5)

and must be satisfied for every point of 𝑉𝑒.

Let us test the effectiveness of the proposed method on a simple example, when
𝑆 is the segment of the straight line 𝑏− ≤ 𝑥 ≤ 𝑏+ (a strip), while Σ completes it
to the whole 𝑥-axis; 𝑉𝑒 is a half-plane. The Green’s function then has the form

𝐺(𝑝, 𝑞) = 1
4𝑖{𝐻(2)

0 (𝑘𝑟𝑝𝑞) − 𝐻(2)
0 (𝑘𝑟𝑝𝑞∗)}, (6)

where 𝑞 and 𝑞∗ are points mirror-symmetric with respect to the 𝑥-axis, and 𝑟𝑝𝑞
(𝑟𝑝𝑞∗) is the distance between the points 𝑝 and 𝑞 (𝑝 and 𝑞∗). Equality (5) will
now be written as follows:

∫
Σ

𝜑(𝑝)𝐻(2)
1 (𝑘𝑟𝑝𝑞) sin𝛼 𝑑𝑥𝑝 − 2𝑖

𝑘 ∫
𝑆

𝜓(𝑝)𝐻(2)
0 (𝑘𝑟𝑝𝑞) 𝑑𝑥𝑝 =

= ∫
𝑆

𝐸0(𝑝)𝐻(2)
1 (𝑘𝑟𝑝𝑞) sin𝛼 𝑑𝑥𝑝, (𝑞 ∈ 𝑉𝑒), (7)

where 𝛼 is the angle between r𝑝𝑞 and the 𝑥-axis. Placing the observation point
𝑞 in the far zone and replacing 𝐻(2)

0 , 𝐻(2)
1 , 𝑟𝑝𝑞, and 𝛼 by their asymptotic

expressions, we obtain, instead of (7), an equation of type (IIa)

sin𝛽 ∫
Σ

𝜑(𝑥)𝑒𝑖𝑘𝑥 cos 𝛽 𝑑𝑥 − 2
𝑘 ∫

𝑆
𝜓(𝑥)𝑒𝑖𝑘𝑥 cos 𝛽 𝑑𝑥 = sin𝛽 ∫

𝑆
𝐸0(𝑥)𝑒𝑖𝑘𝑥 cos 𝛽 𝑑𝑥. (8)

Here 𝛽 is the angle between the radius vector drawn from the origin to the
observation point and the 𝑥-axis. Introducing the analytic functions

𝐹(𝑢) = 2 ∫
𝑏+

𝑏−

𝜓(𝑥)𝑒𝑖𝑢𝑥 𝑑𝑥; 𝑓(𝑢) = ∫
𝑏+

𝑏−

𝐸0(𝑥)𝑒𝑖𝑢𝑥 𝑑𝑥,
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Φ+(𝑢) = ∫
∞

𝑏+

𝜑(𝑥)𝑒𝑖𝑢𝑥 𝑑𝑥, Im𝑢 ≥ 0; Φ−(𝑢) = ∫
𝑏−

−∞
𝜑(𝑥)𝑒𝑖𝑢𝑥 𝑑𝑥, Im𝑢 ≤ 0,

(9)

where 𝐹 and 𝑓 are entire for |𝑏+| < ∞ and |𝑏−| < ∞, while Φ+ and Φ− are
holomorphic in the corresponding half-planes, we reduce (8) (using the notation
𝑢 = 𝑘 cos𝛽) to the functional equation

−𝐹(𝑢) +
√

𝑘2 − 𝑢2(Φ+(𝑢) + Φ−(𝑢)) =
√

𝑘2 − 𝑢2𝑓(𝑢). (10)

Owing to the analyticity of all expressions entering into (10), it must be satisfied
throughout the entire 𝑢-plane. This equation can be solved exactly, for example,
in the case when 𝑏− = 0, 𝑏+ = ∞ (a half-plane). Indeed, then Φ+(𝑢) = 0, while
𝐹(𝑢) = 𝐹+(𝑢) and 𝑓(𝑢) = 𝑓+(𝑢), i.e., they turn out to be holomorphic only in
the upper half-plane. Equality (10)

* They must be sufficiently smooth, and 𝜓 may have a singularity at the ends
of the arc 𝑆 allowed by Meixner’s conditions.

** 𝜓 differs from the current by a constant factor.

takes the form (an inhomogeneous Hilbert problem)

−𝐹+(𝑢) +
√

𝑘2 − 𝑢2 Φ−(𝑢) =
√

𝑘2 − 𝑢2 𝑓(𝑢). (11)

This equation is solved elementarily by the known method (2). Temporarily
assuming Im 𝑘 < 0, we obtain

Φ−(𝑢) = 𝑖
2𝜋

√
𝑘 + 𝑢 ∫

∞

−∞
𝑓(𝑡)

√
𝑘 + 𝑡

𝑡 − 𝑢 𝑑𝑡, Im𝑢 < 0. (12)

To compute this integral, one must specify the field 𝐸0. If 𝐸0 =
exp[−𝑖𝑘𝑅 cos(𝛽 − 𝛽0)] is a plane wave and cos𝛽0 > 0, then (see (9))

𝑓(𝑡) = 𝑖(𝑡 − 𝑘 cos𝛽0)−1. (13)

Substituting this expression into (12), we obtain

Φ−(𝑢) = 1
𝑖(𝑘1 − 𝑢) + 𝑖√𝑘 + 𝑘1/

√
𝑘 + 𝑢 (𝑘1 − 𝑢); 𝑘1 = 𝑘 cos𝛽0. (14)
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Knowing Φ− and 𝑓 , with the aid of (11) we find the directivity diagram 𝐹+(𝑢)
(𝑢 = 𝑘 cos𝛽)

𝐹 ≡ 𝐹+ = (2𝑖 sin𝛽/2 cos𝛽0/2)/(cos𝛽0 − cos𝛽).

It corresponds to a cylindrical wave emanating from the edge of the half-plane.
To obtain the current 𝜓(𝑥), it is sufficient to take the Fourier transform of 𝐹(𝑢).
In the case of a finite strip (𝑏 = 𝑏+ = −𝑏−), equation (10) can be solved using
the iterative process indicated above. Generalizing it somewhat, we introduce
two norms ∗

‖𝑣‖1 = (∫
∞

−∞
∣𝑣(𝑢) − 𝑣(0) − 𝑐+(𝑒𝑖𝑏𝑢 − 1) − 𝑐−(𝑒−𝑖𝑏𝑢 − 1)∣2 𝑑𝑢

𝑢2 )
1
2

;

‖𝑣‖2 = (∫
∞

−∞
∣ 𝑣(𝑢)√

𝑘2 − 𝑢2 ∣
2

𝑑𝑢)
1
2

, (15)

where

𝑐+ = ℱ𝑏−0
𝑣(𝑢) − 𝑣(0)

𝑖𝑢 ; 𝑐− = ℱ−𝑏+0
𝑣(𝑢) − 𝑣(0)

𝑖𝑢 ; ℱ𝑥 = 1
2𝜋 ∫

∞

−∞
𝑑𝑢 𝑒−𝑖𝑢𝑥.

We shall use the first of these to determine 𝑣2 ∈ 𝑎2, closest to the given 𝑣1, and
the second to find 𝑣1 ∈ 𝑎1, closest to the given 𝑣2. The elements 𝑎2 and 𝑎1 are
now the functions (see (9))

𝑣2 = 𝐹(𝑢), 𝑣1 =
√

𝑘2 − 𝑢2{Φ+(𝑢) + Φ−(𝑢) − 𝑓(𝑢)}. (16)

The iterative process is determined by the conditions

‖𝑣(2𝜈)
2 − 𝑣(2𝜈−1)

1 ‖1 = min; ‖𝑣(2𝜈+1)
1 − 𝑣(2𝜈)

2 ‖2 = min .

Hence, taking into account (15), (16), (9), the recurrence formulas follow:

𝑣(2𝜈)
2 (𝑢) = 𝑣(2𝜈)

2 (0) + 𝑢 ∫
𝑏

−𝑏
𝑒𝑖𝑢𝑥ℱ𝑥{[𝑣(2𝜈−1)

1 (𝜉) − 𝑣(2𝜈−1)
1 (0)]𝜉−1} 𝑑𝑥−

−𝑐(2𝜈−1)
+ (𝑒𝑖𝑏𝑢 − 1) − 𝑐(2𝜈−1)

− (𝑒−𝑖𝑏𝑢 − 1),
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𝑣(2𝜈+1)
1 (𝑢) =

√
𝑘2 − 𝑢2 [(∫

−𝑏

−∞
+ ∫

∞

𝑏
) 𝑒𝑖𝑢𝑥ℱ𝑥 { 𝑣(2𝜈)

2 (𝜉)
√𝑘2 − 𝜉2 } 𝑑𝑥 − 𝑓(𝑢)] .

Here

ℱ𝑥 = 1
2𝜋 ∫

∞

−∞
𝑑𝜉 𝑒−𝑖𝜉𝑥;

𝑣(2𝜈)
2 (0) is found from the condition 𝑣(2𝜈)

2 (𝑢) → 0 as 𝑢 → ±∞ along the real
axis.
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∗ [(𝑣(𝑢) − 𝑣(0))𝑢−1 ∈ 𝐿2[−∞, ∞], Im 𝑘 < 0.
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