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The paper is devoted to estimates of the S-numbers (see, for example, (1)) of
certain functions of positive operators. For them estimates are established which
coincide in order with the corresponding estimates for self-adjoint operators.

1. A linear operator A, acting in a space F, with dense domain of definition,
is weakly positive (w. p. E-operator) if

[(A+tDH)™ | <e(l+t)~t (t>0).

If, however,
I(A+ e < e+ [th!

for Ret > 0, then A is strongly positive (s. p. E-operator). If A is a w.
p. E-operator, then all its powers A% are defined, and A~ for a > 0 is
an analytic semigroup, and all A=% for a > 0 are completely continuous
if A=%0 is completely continuous for some o, > 0. If, however, A is an
s. p. E-operator, then it generates an analytic semigroup exp{—tA} with
exponentially decreasing norm, and for small ¢ > 0 the estimate

lexp{—tA}'] < ct™!

holds. The generator of the semigroup A™® (« > 0) is naturally denoted
by In A. We shall assume that it is an s. p. E-operator. This is always
true for the operator mA for sufficiently large m > 0. Then the operators
(In A)* are defined. The generator of the semigroup (In A)~® (a > 0) is
denoted by —Inln A, etc. (see (?) and the bibliography there).

2. Lemma 1. The inequalities
3 s(A) Selag—a) Y sM(A ) (0<a<ap m=1,2,..).

= i=1
(1)
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In the proof one uses the inequalities for the s-numbers of the sum of completely
continuous operators (see (1)) and the integral representation of fractional pow-

ers (see (2)).

Following (1), we shall call a sequence a; > 0 regular if
Zaingam (0<KR<o0, m=1,2,..). (2)
i=1

If a; = a;(6) is regular for every § in [0,5], ; > 0, and R(5) < R < oo, then
we shall say that the sequence a; is uniformly regular in ¢.

From Lemma 1 and the inequalities for the s-numbers of the product of com-
pletely continuous operators (see (1)) it follows that

Theorem 1. Let the sequence a; = SP(A~%) be uniformly regular in §. Then
the inequalities

(A7) < c(@)se{ (A=) (0<a<a m=1,2,..). (3)

Remark 1. Important examples of positive operators whose s-numbers are reg-
ular are operators in the space L, generated by various boundary-value problems
for semibounded elliptic operators.

Lemma 2. Let F be a linear closed operator with D(F) D D(A7Y) for some
v >0, and
|Fa| < clA72|Mz|' (z € D(A)). (4)

for some 0 < A < 1. Let, finally, Ay < a < ay + Ay. Then

S s (FAT) < op(a=y) Hagthy—a) Y s (Am0) (m=1,2,.),
i=1 i=1
(5)

Theorem 2. Let the conditions of Theorem 1 be satisfied, and let the operator
F be as in Lemma 2. Then

s, (FA™) < c(@)(a— M) Lsla M/ g=a0) My <a<a, m=1,2..).
(6)
Remark 2. If FA™" is bounded, then s,,(FA=®) < |[FA™M| - |s,, (A=),

and (6) follows from (3). As is known, (4) may also be valid when FA™ is
unbounded. Nevertheless, (6) still holds.

3. Theorem 3. If (I — A~!)~! is bounded, then (In A)~! is bounded and

sovietrxiv.org/items/ru-197001.31277 Machine Translation


https://sovietrxiv.org/items/ru-197001.31277

(nA)~t =T —-A1) =1 (A+tl)~tdt. (7)
o t 12 in’t

If, however, (I — zA™1)~! is bounded for all 0 < z < 1, then In A is a c.n. E-
operator, and for (In A+ AI)~! (A > 0) an integral representation is valid which
is obtained from (7) by replacing A by e*A.

This theorem makes it possible to estimate the s-numbers of the logarithm of a
positive operator in terms of the s-numbers of the operator itself. For simplicity
of formulation we put oy = 1.

Lemma 3. Let (I — A~1)~! be bounded. Then

isl In A]~ f:[ D—lns;(A )] (D>lns (A1), m=1,2..).

1= =1

Let (I +2zA"1)"! be bounded for all 0 < z < 1. Then
Z s;([In A7) < ¢ Z —lIns; (A H]@
i—1
(D>1Ins (A7), 0<a<l, m=12..). 9)
Theorem 4. Let (I — A7')~! be bounded and let the sequence a; = [D —
Ins;(A~1)]! be regular. Then
sp(ImA]™Y) <¢[D—1Ins,, (A H]t (m=1,2,..). (10)

Let (I —2A)~! be bounded for all 0 < z < 1 and let the sequence a; = [D —
Ins;(A~1)]7% be uniformly regular in §. Then

Sm(In A7) <c(@)D—Ins;(A )] 0<a<a m=1,2,... (11)

Remark 3. Analogously one estimates the s-numbers of (Inln A)~%, etc. The
theorem below solves, in a certain sense, the inverse problem: from the s-
numbers of (In A)~! the s-numbers of A= are estimated.

Theorem 5. Let A be a c.n. E-operator, and let the sequence a; = s,(A™!) be
regular. Then

Ins,, (exp{—tA}) <c—Dts, (A7) (0<t<t,, m=12..). (12)
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In the proof, estimates of derivatives of semigroups are used (see § 1).

4. Here estimates of s-numbers in the norms of the classes o, are given (see
(1)). In this case the regularity conditions are dropped.

Theorem 6. Let A™% € 0, (ay >0, py>0). Then

1A=,

poa/ag

<cl@|A o3l (0<a<a) (13)

If the operator F' is the same as in Lemma 2, then

IEA=], <

<e@la—M)Am], (W <a<a). (14)

pola—Avy)/aqg

Remark 4. Similar assertions are also valid for s, ([In A]~%), etc.

Remark 5. In the proof of Theorem 6 only the boundedness in [, (p > 1) of the
Hardy operator is used. Therefore estimates (13) and (14) also hold for other
classes of completely continuous operators in which this operator is bounded.

5. Here, in the norms of symmetrically normed ideals g (see (1)), the s-
numbers of semigroups generated by S.P. E-operators A and B with D(A) =
D(B) are compared.

Theorem 7. Let
lexp{—tA}[,, <¢(1/t) (0<t<1),

where ¢(u) is a continuous function on [1,400) satisfying the condition

o(u) < e(a)p(au) (0<a<l). (15)

Then

lexp{~tB}|,, <cp(1/t)  (0<t<1).

Remark 6. The conditions of Theorem 7 are satisfied by elliptic operators.

If, however, conditions (15) are not fulfilled, one can use the following proposi-
tion, which, in our opinion, is also of independent interest.

Theorem 8. Let ¢(u) and ¥ (u) be absolutely continuous, monotonically in-
creasing positive functions on [1, +00), satisfying the conditions ¢(1) = 1 and

[y (w))” < e [lnp(u)]. (16)

sovietrxiv.org/items/ru-197001.31277 Machine Translation


https://sovietrxiv.org/items/ru-197001.31277

Let b(v) be a continuous decreasing positive function on [1,400), satisfying the
condition

blp(uw)le’ (u) < e’ (u). (17)

Finally, let a;(u) be a sequence of nonnegative functions on [1,400), bounded
for each u, and satisfying the condition

3 aw) < p(w). (18)

=1

Then on [1,400) the inequality

> bl ) < e [er + supaa) | w(w (19)

i=1
is valid.

Remark 7. The same assertion also holds for integrals. Now let (see (1))
m=1m, <m,i=12,.., and

lep{~tA}l,, 3 malesp(—tA) Sp(11)  (0<t<D),  (20)

but the function ¢(u) does not satisfy (15). Theorem 8 makes it possible to
construct a sequence 7, such that || exp{—tA}|, , < ¥(1/t), and ¥(u) already
satisfies (15). Then, by Theorem 6,

lexp{—tB}|, , < cy(1/t).

For example, if ¢(u) = expu, then one can put ¢(u) = u and 7, = %ﬂ'z
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